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Brief Contents 


Marx’s critique of Hegel relates not to Hegel’s dialectical method as such, 
but mainly to Hegel’s obsession with reconciling the realms of pure thought 
(Logic) and of nature in his theory of society. Hegel’s treatment of ideas as 
self-contained entities rather than entities contained in man, actually inspired 
Marx’s category of alienation. Alienation is one of the by-products of gener- 
alised exchange. When there is generalised exchange, the abstraction of value 
must materialise as money. As a result categories pertaining to capitalism are 
real and ideal at the same time. By implication, Marx’s own dialectical theory 
was to allow for unreconciled oppositions between ontologically quantitative 
abstractions-in-practice (Chapter 1). 

Since mathematics is firmly rooted in the realm of pure thought (as far as 
Hegel is concerned) and its application requires qualitative mediation so as to 
allow for measures to be formed, Hegel’s obsession with reconciliation forbade 
him from applying mathematical techniques directly to the study of society 
(Chapter 2). 

Marx was not hindered by such inhibitions, because part of the abstractions 
in society represents abstractions-in-practice and he did not believe in Hegel's 
imperative of reconciliation. So, for Marx, there were no fundamental philo- 
sophical objections to the articulation of mathematical models alongside, 
and integrated with, his systematic-dialectical account. However, he never got 
round to presenting his models as part of his systematic dialectics in his forays 
into mathematical modelling, such as his schemes of reproduction (Chapter 3). 

Hence some reconstructive work to improve these schemes is possible and 
warranted (Chapter 4). 


Note on the Style of Referencing and the Use of 
Capitalisation and Emphasis in this Work 


A large part of this book is concerned with (interpretations of) the historical 
works of Hegel and Marx and the methodical connections between them. But 
since both Marx and Hegel wrote in German and this text is written in English, 
quoting the publication date of the translation when referencing would ob- 
scure the chronological order in which the original German texts were written. 
This is also true regarding posthumously published texts. When referencing 
historical texts, I therefore mention (at least) two dates. The first date men- 
tioned refers to the year of publication of the copy that I actually used. The 
second date (or dates) refers to the underlying historical text. It is placed in 
square brackets — [ ] - when the text was previously published. Curly brackets — 
{} — are placed around the years of composition of posthumously published 
manuscripts or letters. 

Since only the first and second editions of Das Kapital I were published dur- 
ing Marx’s lifetime and under his own supervision, I deviate from this general 
rule when referring to the other two volumes of Das Kapital, which were post- 
humously published after thorough editing by Engels, simply because of the 
years of the first publication in German being so well known in Marxist circles. 
Engels’s editorial activities have long fuelled controversies regarding whether 
Engels had done Marx justice. The last word in these disputes might be pro- 
vided by the editorial teams of the Marx-Engels Gesamtausgabe (MEGA), 
that from the 1970s onwards have been working on deciphering Marx’s (and 
sometimes Engels’s) original manuscripts and rendering them into readable 
and meticulously annotated form. So as to make it easier for the reader to see 
the wood for the trees, I will refer to all variations by citing the year of the 
first publication in German in straight brackets, suffixing this with F for the 
Fowkes (translator of Volume 1) or Fernbach (translator of Volumes 11 and 111) 
translation, M for Marx’s manuscripts and E for Engels’s editorial manuscripts 
(the latter two were both published in the MEGA series). The meticulous an- 
notations are provided by the editorial teams of the MEGA in a separate vol- 
ume: Das Apparat. Since I consider these annotations as secondary literature 
in their own right, I quote MEGA as author and the year of publication of the 
volume concerned as date, when referring to the latter. 

When quoting translations of German or Dutch originals, my page refer- 
ences are to the relevant translation. When paraphrasing, I refer to the original 
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text. When a work comes in several editions, I use superscripts behind the pub- 
lication year to denote the editions (as was already indicated in footnote 9 in 
the Introduction). The edition that was actually used is always cited first. Thus 
“1930 [18303, 1817!]” means that the current text relies on the third edition of 
the Encyclopddie and that the first edition of that work was published in 1817. 

Regarding Hegel’s texts, I am primarily concerned with the Encyclopédie, 
but sometimes I will also refer to the Wissenschaft.! This latter work is divided 
first into parts, then into books, then into segments [Abschnitte] and next into 
chapters. The chapters are subdivided into Sections A, B, and C, which are usu- 
ally, but not always, subdivided again into Subsections a, b, and c. In order to 
enable comparisons to translations and to other editions, I will not only refer 
to the page number in the Suhrkamp edition of this book, but also specify the 
segment, chapter, section, and subsection, respectively. All references to the 
Wissenschaft are to the first book of the first part, so the part and the book in 
question need not be specified. Thus 11A means (Part 1, Book 1) Segment 1, 
Chapter 1, Section A (the first chapter of the Wissenschaft has no subsections). 

The Encyclopddie is divided into parts and subdivisions [Abteilungen]. Just 
as with the Wissenschaft, the subdivisions are divided into Sections A, B, and C, 
which are usually, but not always, subdivided again into Subsections a, b, and 
c. But since it is partitioned into continuously numbered and sufficiently small 
§§, a reference to those (notation: §#) suffices to enable comparisons to trans- 
lations and to other editions than the Lasson edition usually referred to in this 
book. Finally, Grundlinien der Philosophie des Rechts (which will be referred to 
in examples only) is divided into parts and segments, but it too is partitioned 
into continuously numbered and sufficiently small §§, so a reference to those 
(§#) will suffice here as well.” 

In this book, categories that are dialectically important to Hegel (and thus 
function as moments — compare Chapter 1, Section 2) will always be written 
with a capital letter, enabling the reader to see whether a word is used dialec- 
tically or not. In German, all nouns are written with a capital letter. So, this 
practice (although common among native English-speaking Hegelians) has no 
warrant in German.? However, since this linguistically questionable conven- 
tion usually clarifies dialectical exhibitions significantly, I will adopt it here. To 
avoid confusion between Hegel’s moments (as mainly discussed in Chapter 2) 
and Marx’s (as mainly discussed in Chapters 3 and 4), Marx’s are stressed by 
italicising them. 


1 Hegel 1930 [1830°, 18171] and 1986 [1812, 1813, 1816], respectively. 
2 Hegel 1930 [1821]. 
3 Inwood 1992, p. 6. 


List of Symbols 


For the formal representation of Marx’s models the following symbols were 


used: 


constant capital, the value of the means of production applied; 
variable capital, the value of the social labour power applied; 
surplus-value, the value that is added by labour minus the re- 
placement of the variable capital advanced; 

the total value of the yearly produce in a department or the econ- 
omy as a whole; 

surplus-value consumed by or via capitalists (“unproductive 
consumption”); 

surplus-value accumulated in constant capital; 

surplus-value accumulated in variable capital; 

proportional growth rate; 

growth rates for department p and c respectively (during 
transition); 

the value composition of capital = c/(c + v); 

an alternative definition of the value composition of capital= c/v 
the rate of surplus-value = s /v; 

the rate of accumulation out of surplus-value= (Av + Ac)/s; 

the growth rate of ¢ 

the profit rate s/(c+v) 

time, also denoted as a (numerical) subscript where the 

base year = 0; 


The subscripts „and , indicate whether we are considering the department 


producing means of production or means of consumption respectively. When 


an equation or expression is valid for each department, subscript ; was used to 


indicate indeterminacy. 


Introduction 


Both Hegel and Marx adopted in their work a “historical dialectic” next to a 
“systematic dialectic”. For Marx the former method is confined to his earlier 
work (up to 1848), whereas he uses the latter method for his study of the “sys- 
tem” of capitalism in his magnum opus Capital. This book is a contemporary 
appraisal of Marx’s work, which takes distance from Engels’s interpretation 
of Marx’s Capital that pervaded much of the twentieth-century both within 
Marxian circles and among their critics. This modern interpretation stems 
from research over the past two decades into Marx’s Capital in light of Hegel’s 
systematic-dialectical works.! As a result the Hegelian systematic-dialectical 
methodology is experiencing a true revival in Marxist circles, a revival that 
Arthur calls “the New Dialectic”. On the one extreme within it, one finds ma- 
terialist re-evaluations of Hegel. On the other extreme, Marx is viewed as an 
innovator who struggled to break free from his idealist Hegelian heritage in 
order to create a truly new materialist dialectical methodology. What binds 
these new dialectical Marxists together is their acknowledgement of Hegel's 
profound influence on Marx’s method.? 

Although Marx studied mathematics thoroughly and utilised it in his 
Capital for two important fields at least, one does not usually find instances of 
its use in the writings of these Hegelian Marxists.%° The aim of this book is to 
critically examine whether it is methodologically possible to combine math- 
ematical rigour with a systematic-dialectical methodology and, if so, to pro- 
vide an indication of how mathematics may be instrumental to a systematic 
dialectician and of how a systematic-dialectical perspective may help math- 
ematical model builders.® The first three chapters respectively deal with dif- 
ferences and similarities regarding the systematic-dialectical position of Hegel 


1 See, for example, Murray 1988, Reuten and Williams 1989, Smith 1990, Arthur 2004, which 
collects some of his earlier essays dating from 1988-2001, and Fraser and Burns 2000 (eds). 

2 Arthur 2004, p. 1. 

3 Arthur 2004, p. 2. 

4 See Cyril Smith 1983, p. 256 and Smolinski 1973, pp. 1193-4, for Marx’s knowledge of and ac- 
quaintance with mathematics. Throughout this book the name Smith refers to Tony Smith. 
When referring to other Smiths (e.g. Adam Smith and Cyril Smith) I cite their first names as 
well. 

5 Reuten - as exemplified by e.g. his 20024, 2004a, 2004b, and 2004c - is somewhat of an 
exception. 

6 In this book this question is only dealt with in respect of Marx’s schemes of reproduction. 
How the indicated guidelines may be beneficial to model builders generally is beyond the 
scope of what can be achieved in this work. 
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2 INTRODUCTION 


and Marx, Hegel’s systematic-dialectical perspective on the mathematical, and 
finally Marx’s use of mathematics (specifically with regard to his schemes of 
reproduction) within his systematic-dialectical framework. From the evalua- 
tion of the latter, it is concluded that there is room for improvement in respect 
of how Marx’s mathematics are embedded in his overall systematic-dialectical 
framework. The aim of Chapter 4 is therefore to reconstruct Marx’s schemes 
of reproduction in such a way that it makes maximum use of its place within 
Marx’s dialectics with respect to informing its assumptions and at the same 
time informs how the dialectical exhibition might proceed from there. 

As indicated, Chapter 1 will deal with the method of systematic dialectics 
in general, and it takes up the following themes. Systematic dialectics is a two- 
phase methodology. In the first phase, the researcher tries to get to grips with 
the world of the field of enquiry. To do this, one may utilise preliminary cat- 
egorisations, measurement instruments, models and whatever else enhances 
our understanding of phenomena pertinent to the field of study (i.e. in our 
case, the study of capitalism). All research done in this phase endows the re- 
searcher with a partial and analytical understanding of phenomena, i.e. as- 
pects of reality. Marx and Marxists refer to this kind of research as exploration 
[Forschung].” To Hegel the research methods to be used in this phase are al- 
most exclusively confined to getting to grips with contemporary developments 
in the empirical sciences through desk research, but do not encompass any 
empirical research on the part of the dialectician himself.®° 


7 Reuten 2000, p. 143. 

8 Compare Hegel 1930 [1830%, 18171], §259. Superscripts behind a publication year denote edi- 
tions. The edition that was actually used is always cited first. Thus (1930 [1830°, 1817!]) means 
that the current text relies on the third edition of the Encyclopédie and that the first edition 
of that work was published in 1817. 

9 Note that from the vantage point of the twenty-first century this is still an insurmountable 
task, for “the empirical sciences” encompass almost all disciplines: all humanities (languages, 
history, economics, etc.), all sciences (physics, astronomy, chemistry, engineering, etc.). The 
only two Hegel would perhaps not consider empirical are mathematics and philosophy it- 
self. But, according to Hegel, systematic dialectics is philosophy and hence its practitioner 
should be conversant with philosophical writings; while an understanding of mathematics 
is required to understand everything else (even though Hegel, in contrast to Marx, did not 
believe direct applications of it were warranted anywhere, as this book will show). 

Since Marx’s systematic-dialectical social theory is much more limited in scope than 
Hegel's attempt at linking up all disciplines in one grand framework, the task posed for some- 
one attempting to formulate a modern-day systematic-dialectical theory of capitalism is for- 
midable but not insurmountable, even if one sets oneself the additional task of undertaking 
exploratory empirical investigations of one’s own (cases in point are Reuten and Williams's 
1989 book, Value Form and the State, and Reuten’s The Unity of the Capitalist Economy and 
State (2019)). 
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In the second phase, the dialectician systematically pieces together what 
he has analytically ripped apart in the first. The first question to ask in this 
phase is what defines the system we are interested in. To the founding father 
of systematic dialectics, Hegel, the answer to this question is a category with- 
out which the whole of the field in question would be rendered unintelligible. 
Space, for example, is the universal principle of the natural sciences, because 
all material things are spatial. Hence, the study of material observables pre- 
supposes the category Space.!° Marx, in adapting Hegel’s methodology to the 
study of capitalism, found his universal principle not so much in a category 
as in the most abstract expression of capitalist relations. For him, this is the 
commodity." So, in contrast to Hegel, Marx’s abstractions are informed not 
only by the thought about a field, but also by the reality of that field: they are 
abstractions-in-practice.!? 

The existence of abstractions-in-practice and the conflict-ridden take Marx 
had on social reality implied that he had no fundamental philosophical ob- 
jections to the articulation of mathematical models alongside, and integrated 
with, his systematic-dialectical account. As indicated, the difference of opin- 
ion between the two on this matter hinges upon the nature of the categories 
they appropriate for their systematic dialectics. This difference with respect to 
the kind of abstractions the two utilise itself stems from their respective object 
of investigation. Where Hegel discusses mathematics, this object is thought. 


10 Hegel 1930 [1830°, 1817!], §254. Throughout this book, the word “presuppose” is used in 
connection to dialectics to indicate that certain categories can only exist in thought if 
certain more abstract or more concrete categories also exist. When this is the case, it is 
said that categories are presupposed. 

In connection with mathematics and mathematical modelling, however, I use 
“assume”. One reason for this is that it is the standard terminology in mathematics and 
model building. Another is that one goal of this book is to figure out whether the assump- 
tions Marx posits when building his schemes of reproduction are dialectically defensible. 
Making a clear distinction between assumptions for mathematics and models and dia- 
lectically defensible presuppositions emanating from systematic dialectics helps further 
this aim. 

11 _Lagree with Reuten (1989; 2019) that an expression of relations is less abstract and hence 
less universal than the relation expressed (i.e. the exchange relation) and this, in turn, is 
less abstract than the institutional arrangement (i.e. the dissociation of units of produc- 
tion from those of consumption) upon which the relation is predicated. However, even 
if one were to rewrite Marx in this spirit, the abstractions involved are still “tangibly” 
abstract instead of (as with Hegel) conceptually abstract only. 

12 Among other things, this claim stems from Marx’s critique of Hegel (elaborated upon 
in Chapter 1) that he estranged thought from the thinker, and thus denied it any poten- 
tial of empirical practicality. So if Marx’s abstractions can indeed be legitimately called 
abstractions-in-practice, it appears that this was precisely what Marx was aiming for. 
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His deeply philosophical question in this context is: what is it that enables us 
to think at all? His answer — one that, under his influence, is perhaps obvious 
today — is that thought requires language. If this is the case, Hegel reasons, the 
structure of language can inform us about the structure of the world we think 
about (less obvious, though relevant for the mere possibility of knowledge). 
Mathematical and formal thinking has a place in this structure of language, 
but it cannot be directly applied at more concrete levels (e.g. the level of soci- 
ety) without elaborate qualitative empirical considerations about these fields. 
So mathematical models may play a role in the empirical sciences, but not in 
dialectics. 

Marx’s subject is capitalism. Commodities in capitalist societies are of some 
particular use to buyers, while they represent only universal exchange value, 
ie. monetary value, to sellers. This universal exchange value permeates all enti- 
ties and categories in the economic domain as commodification. Consequen- 
tially, all concrete capitalist entities and categories — like commodity, price, 
cost, profit, value, etc. - can also be understood abstractly, as elements in the 
produce of the system at large. In other words, where Hegel sees qualitative 
and quantitative reflection as reconcilable modes of thinking only, Marx sees 
this world itself as being both qualitatively and quantitatively constituted. So, 
quantities are an integral part of capitalism, rather than being externally im- 
posed on it. It is this characteristic of capitalism that enables a (mathematical) 
modelling methodology to be integrated with systematic dialectics all the way 
through, albeit with regard to the study of capitalism only (that is, amongst the 
systems that Marx knew of). 

Once the universal principle is identified, the first thing to ask is how the 
principle appears in total categorial isolation (e.g. in isolation a commodity is 
just a product that can be of use and hence is imbued with use value). Second- 
ly, one could ask how it manifests itself in the world (e.g. when a commodity is 
produced to be exchanged, it is primarily evaluated on the basis of its exchange 
value). Hence, the answers to those questions usually involve oppositional cat- 
egories (e.g. although commodities are desired for their potential uses, they are 
only produced because of their exchange value). Finally, the tension between 
those categories needs to be resolved, in order to show why the two opposi- 
tional categories do not annihilate one another (e.g. how it is that useful prod- 
ucts are produced when the producer does not care about use values). 

Resolving an opposition of this sort involves either showing how one half of 
the opposition becomes the other half, or showing how the two halves can co- 
exist (e.g. in generalised exchange in the market, exchange values are to some 
extent held in check by perceived use values). Sometimes the condition for co- 
existence cannot be found immediately. In that case there often are successive 
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stages of coexistence. The first categories in this succession only partially re- 
solve the tension between the answers to the first two questions, which is fully 
resolved at subsequent stages. 

By asking the first two questions again about the last of the categories 
found, a new opposition will generally be found which can be resolved again, 
and so on. It is claimed that all entities and processes found in answer to the 
aforementioned questions are necessary to the field under scrutiny, now repre- 
sented as an interrelated system. 

Chapter 2 researches Hegel’s determination of the categorial foundations 
of mathematics. Hegel provided some tantalising insights into the nature and 
essence of mathematics.!° The aim of this chapter is to take up in particular 
Hegel’s thoughts on what we would nowadays call the relations between sets 
and elements, and his views on why these are only an intermediate step to- 
wards understanding the world in both quantitative and qualitative terms.!* 
Therefore, Hegel would probably view the representation of more concrete 
constellations — such as society - in purely formal (i.e. set-theoretical or, in this 
case, mathematical model) language as regressive. 

Despite the amenability of capitalism to mathematical treatment, Marx 
presumably never got round to exhibiting the models he made alongside and 
integrated with his dialectics. However, as was said above, there are at least 
two important fields where he represents aspects of or partial interactions 
in his theory in “schematic” or algebraic form. The most famous of these are 
his schemes of reproduction (“schemes” or “models”; Tinbergen, in his early 
work, also used the term “scheme” for what he later called “model”). If the 
assumptions Marx calls upon in formulating these schemes are scrutinised 
from a dialectical perspective, it can be concluded that most of the assump- 
tions that are indispensable for Marx’s model are dialectically defensible as 
either foundational (formally recapping a dialectically obtained result), heu- 
ristic (temporarily abstracting from some tendency that was already exhibited 


13 Specifically his correct recognition of the subject of mathematics as an external reflec- 
tion on many distinguishable but divisible elements has received praise (Kol’man and 
Yanovskaya 1931, p. 5; Baer 1932, p. 104; Fleischhacker 1982, p. 194); as well as his views 
on the nature of the mathematical infinite (Baer 1932, p. 12; Ellsworth de Slade 1994, 
p. 213; Lacroix 2000, pp. 311-5). Paterson (19974) goes so far as to argue that the problems 
that the formal systems that were proposed in the twentieth century as foundations for 
mathematics have run into can be resolved if they are properly grounded in a Hegelian 
philosophy of mathematics. 

14 Although there was no set theory around in Hegel's day (its founding father Cantor was 
born in 1845, while Hegel died in 1831), Hegel’s Unit and Amount are clearly akin to what 
we would nowadays call elements and sets. 
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dialectically), absence (merely reminding the reader that some entities have 
not been exhibited and thus cannot be taken into consideration at the current 
level of abstraction) or because they anticipate the presence of mechanisms 
that, though not exhibited yet, are crucial to the unhindered working out of a 
necessary tendency that was exhibited. 

Marx did not live long enough to reintegrate the models he built with the 
overall structure of his work (presuming this was his intention). As a result, 
he hardly ever defends his assumptions dialectically and makes more of them 
than he needs to from a mathematical model point of view. Also, the math- 
ematical formulations and expressions he chose are far from ideal from both a 
mathematical model and a systematic-dialectical point of view. As such, there 
is room for improvement on all those points. These improvements are worked 
out with respect to Marx’s schemes in Chapter 4. Thus, these schemes and 
their subsequent improvement indicate how systematic-dialectical accounts 
may be instrumental in guiding the way to appropriate assumptions and how 
mathematical models may in turn guide the progress of dialectical accounts. 
The generalised guidelines that can be formulated as a development and gen- 
eralisation of this insight form the backbone of this book’s conclusion. 


CHAPTER 1 


On Marx’s and Hegel’s Dialectical Methods 


Introduction 


A central claim in the current work is that, throughout Capital, Marx was com- 
mitted to a systematic-dialectical method inspired by Hegel. The idea that 
Marx’s thought is somehow connected to Hegel’s is acknowledged by most if not 
all Marxists, be it in the present or the past. Thus, it is not the Hegel-Marx con- 
nection as such that is debated, but rather the precise nature of this connection! 

Most of the debate revolves around the differences between Hegel and Marx 
regarding their respective accounts of society and its history. And indeed there 
are great differences of opinion between the two thinkers regarding these top- 
ics. However, this chapter will show that these differences, though ontological, 
are hardly epistemological in nature. Marx and Hegel both employed a form of 
systematic dialectics. The ontological differences are shown to imply a greater 
potential for the use of quantitative methods in a Marxist than a Hegelian sys- 
tematic-dialectical theory of society. 

To argue this, Section 1 describes the chronological order in which Hegel 
conceived of his systematic and historical dialectic respectively, and establish- 
es the fact that Marx criticises Hegel’s historical dialectic before starting his 
systematic-dialectical work in Capital. Next, Section 2 describes the essential 
elements of the systematic-dialectical method as they appear in Hegel’s works 
and the way they shaped his historical dialectics. Thus the stage is set for an in- 
vestigation in Section 3 of Marx’s most important comments on Hegel and the 
major implications thereof for his own social theories and particularly for the 
method he employed in Capital. Finally, Section 4 discusses some contempo- 
rary authors who contend that Marx’s method in the Grundrisse and/or Capital 
was essentially a systematic-dialectical one inspired by Hegel. The conclusion 
alluded to in the previous paragraph follows. 


1 The Chronology of Hegel’s and Marx’s Historical and Systematic 
Dialectic 


In the works of both Hegel and Marx two types of dialectical method are at 
play: a historical and a systematic type. The systematic type scrutinises the 


ı Fraser and Burns 2000. 
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architecture of a given system, while the historical type scrutinises the mecha- 
nism by which a system develops into another system.” Although both are best 
known for their historical dialectic — dubbed historical materialism in Marx’s 
case and historical idealism in Hegel's — most of their work is systematic rather 
than historical in nature. In fact Hegel’s use of the historical dialectical meth- 
od is limited to his Vorlesungen tiber die Philosophie der Weltgeschichte, which 
was based on the lectures he gave “for the first time in the winter semester 
of 1822-3 in Berlin. The lectures were repeated on four occasions, in 1824-5, 
1826-7, 1828-9, and 1830-1” (note that these were not published during Hegel’s 
lifetime which lasted until 1831, when he fell prey to a cholera epidemic).® In 
these lectures he basically applies the same principles to history that he used 
to get to grips with the relation between subject and object in his Phänom- 
enologie des Geistes, the nature of thought in his Wissenschaft der Logik and 
society in his Grundlinien der Philosophie des Rechts, and finally to outline 
the interrelations between all scientific disciplines in his Encyclopädie der 
Philosophischen Wissenschaften.* All of the latter four works were systematic- 
dialectical works. So Hegel only conceived of his historical dialectic when his 
systematic-dialectical system was virtually complete. 

Marx, by contrast, formulates his version of historical dialectics — together 
with Engels - in Die Deutsche Ideologie in reaction to Hegel’s before starting 
work on his systematic-dialectical magnum opus Capital.’ As a result, as will 
be elaborated upon later, historical considerations explicitly codetermine the 
system under scrutiny in Marx’s subsequent systematic dialectics, while this is 


2 Both illustrate what they think is the mechanism at work by pointing out the rise and fall of 
past empires or eras and their subsequent supersession by a new one. In the case of Marx, 
one can reasonably argue that he held that system-changes could only come about by rev- 
olutionary Umwertunge aller Werte (the phrase is Nietzsche's (2008 [1888]) and translates 
as “trans-valuations of all values”), but the mechanism Hegel thinks is responsible for his- 
tory’s dynamism does not necessarily preclude gradual evolution of one system into another. 
(Footnote to the footnote: Since material redistributions are the core of Marx’s historical 
dialectic, the multi-layered meaning that Nietzsche's phrase acquires in the context of Marx 
was too good to miss. However, Hegel — and by extension Marx — can be considered the 
last system philosophers, whereas Nietzsche was the first proponent of a new philosophical 
era in Germany in which “big philosophy” was replaced by piecemeal stories accompanied 
by a somewhat pessimistic belief that all big stories and philosophy itself are bound to fail 
(Schnädelbach 1984, p. 3, refers to these two developments as “the ‘collapse of Idealism” and 
“the age of [...] ‘disillusionment” respectively). So it is unlikely Nietzsche would have ap- 
proved of this admittedly anachronistic pun.) 

3 Hegel 1996 {1823-31} [1837]; and Brown and Hodgson 20u, p. 1. References in curly brackets 
refer to dates of composition of manuscripts that have been posthumously published (see 
the Note on the Style of Referencing and the Use of Capitalisation and Emphasis in This Work). 

4 The references to these works of Hegel are: Hegel 1986 [1807]; 1986 [1812, 1813, 1816]; 1930 
[1821]; and 1930 [1830%, 18171] respectively. 

5 Marx 1969 {1846}. 
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only implicitly - if at all - so for Hegel. Neither Hegel nor Marx ever published 
a comprehensive work on the method they employed as such. As a result, 
what is involved in their dialectics and how Marx’s method differs from Hegel’s 
must be distilled from their respective applications to realms of science. 

The following two sections will attempt this distillation in chronological 
order. Thus, the basic principles of Hegel’s systematic-dialectical method are 
identified and described first. Next, Hegel’s historical dialectical assertions are 
described as the outcome of his systematic dialectics (Section 2). After that, 
Marx’s criticism of Hegel can be understood and the methodical elements of 
continuity and dissent described (Section 3). 


2 Hegel’s Method 


The main tenet of systematic dialectics is that all that can be known about 
the world is known in language. Things that cannot be expressed in a form of 
language cannot actually be known at all. The upshot of this is that the basic 
structures of language are the basic structures of intelligibility of the world. 
In other words: for the world to be represented in thought, it must be repre- 
sentable in language. If so, the structure of language must harmonise with the 
structure of the world to exactly the same extent as an individual can make 
sense of it.”8 It follows that the systematicity of the world’s intelligibility and 


6 Even so, in his published work Hegel is more explicit about the method than Marx who after 
some ten manuscript pages of 1857-58 (not prepared for publication) wrote no more than a 
few sentences about it in the Postface to the Second Edition of Capital 1 (1968 [18737], 1968 
[1890*, 18671]; and 1976 [1867F]). 

7 This thought has also been expressed by Hofstadter 1979. The main theme in Hofstädter’s 
work is that any sufficiently strong representational system, in mathematics, music, art, 
language or computer science alike, has the ability to self-reference. This ability means a 
Gédelian trap opens up at its core. That is, a sentence can be constructed that says of itself 
that it cannot be proven. If such a sentence is true, not all truths can be proven within the 
system. If it is not true, the system is able to prove falsehoods. So a representational system 
is either incomplete or inconsistent. This is similarly true for the category of self in language, 
leading Hofstadter to claim that “I” is a strange loop (2007). In other words, the category “I” 
is the Gédelian hole in the system of language. What Gédel did for mathematics, Hegel did 
for language. That is, Gödel took a formal system and turned its attention to itself. Similarly, 
Hegel uses language to analyse language, hoping to determine the limits of the knowledge 
that can be achieved within it. Completion of this project brings about what Hegel calls self- 
consciousness of the Absolute [Selbsterkenntniss des Absoluten] (compare Peperzak 1987). In 
light of the above, one might say that this is the height of humankind’s awareness of its own 
strange-loopiness. 

8 For this reason, “learning the ropes” in any discipline, to a large extent, means appropriat- 
ing terminology and jargon as well. This is true not only for e.g. physicists learning about 
quarks or economists learning about Pareto efficiency, but also for furniture handlers that 
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the fundamental interrelations between everything we can claim about it can 
be discovered by mapping the basic systematic relationships between catego- 
ries in language.’ 

Amajor proviso for sucha project to work is that the dialectician has sufficient 
and sufficiently adequate categories at his or her command to commence this 
mapping. Thus, systematic-dialectical exhibition, or concrete determination, 
is preceded by a “stage of appropriation” or “abstract determination’, or “phe- 
nomenological inquiry” in which categories are articulated.!° Although Hegel 
acknowledges the importance of “the working out of the empirical sciences on 
their own account” and contends that “[p]hilosophy ... owes its development 
to the empirical sciences’, it is something he trusts can be safely delegated to 
its practitioners." The dialectician just needs to “become acquainted with em- 
pirical nature”; he need not engage in those studies himself.!#8 


have different names for different types of trolleys, parts of elevators, etc. That is, if there 
is a part of the world that, for whatever reason, one needs to understand better than other 
parts, one tends to know more words pertaining to it. 

9 According to Marx, Hegel “fell into the illusion of conceiving the real as the product of 
thought” (Marx 1983 {1857-58}, p. 101). Approvingly echoing this verdict, some Marxists 
(mainly those that Fraser and Burns 2000 label “appropriationist”) dismiss Hegel’s think- 
ing as Christian dogma in philosophical disguise, because they take Hegel’s thinking to be 
on a par with biblical verses like: “In the beginning was the Word [viz. the Idea], and the 
Word was with God, and the Word was God. ... All things were made through him; and 
without him was not anything made that hath been made” (John 11, 3). In post-Kuhnian 
terminology, however, one might also interpret Hegel’s thinking as a form — and the initia- 
tion — of ontological constructivism. From that perspective, Hegel’s alleged claim appears 
much less mystical: he simply claims that for something to exist for us consciousness 
must be able to distinguish something as existent, and we can only do that if our cat- 
egories are adequate. Hence, for all practical purposes at least, the world as we know it is 
co-created (nowadays we would say constructed) with the development of language and 
its subsequent systematic-dialectical exhibition. 

10 The term concrete determination was borrowed from Reuten and Williams (1989, 
pp. 18-9; compare Smith 1990, p. 5). “[S]tage of appropriation” was coined by Smith (1990, 
pp. 4-5). Marx himself (1983 {1857-58}, p. 101) calls this “abstract determination’, as do 
Reuten and Williams (1989, pp. 18-9). Murray (2000, pp. 36-42) referred to this stage as 
“phenomenological inquiry”. 

11 The first quote was copied from Hegel 1986 {1825-26}, p. 176, while the second is from 
Hegel 1930 [1830°, 18171], §12. When quoting translations of German or Dutch originals, my 
page references are to the relevant translation. When paraphrasing, I refer to the original 
text. 

12 The quote is from Hegel 1986 {1825-26}, p. 175. 

13 As Hegel famously put it: “The owl of Minerva spreads its wings only with the falling 
of the dusk” (Hegel 1930 [1821], Preface, p. 13), meaning that philosophy is not fortune- 
telling. Philosophers can only make sense of the world they find themselves in. Or, in 
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Categories are never entirely specific, unique and individual. As predicates 
they refer to what more particular categories have in common and thus show 
what unites them (such as “is car” or “has value”). By doing so they obscure the 
differences between the particular categories they unite. Although this renders 
the differences more implicit, it does not make them disappear. Thus categori- 
sation of the world around us acts like a double-edged sword: by explicating 
what particulars have in common, the use of categories also implies the cate- 
gorised particulars may differ in all respects to which the employed category — 
or the more abstract categories it is itself subsumed under — does not pertain 
(e.g. since a car is a vehicle, all particulars that are united by their “carness” are 
also united by their “vehicleness”, but may differ in colour, number of doors, 
horsepower, etc.).!* 

Once the dialectician feels she has a sufficient grasp of the categories 
that she might need, concrete determination can begin. As alluded to above, 
Hegel’s goal is to find the fundamental interrelations between everything we 
can claim. He provides an overview of this project in his Encyclopddie.!® Thus 
the Encyclopddie encompasses all sciences in their systematic interconnected- 
ness; thus it also encompasses Hegel’s more specific and detailed accounts of 
Logic and Society in his Wissenschaft der Logik and Grundlinien der Philosophie 
des Rechts respectively.'* Using the structure of the Encyclopddie as a template, 
these three works and the systematic-dialectical method of concrete determi- 
nation employed therein will now be discussed. 

In his Encyclopddie der Philosophischen Wissenschaften Hegel takes on 
the outline of all sciences and all knowledge in their interconnectedness.!7 
According to Hegel, this totality (and therefore the Encyclopädie itself) in turn 
consists of three parts, each of which is an object totality in its own right. An 
object totality is a part of the world whose intelligibility depends on one uni- 
versal principle without which the totality cannot be thought.!® 

The first part is the logic, the philosophy of our most abstract ideas of reality 
and the categories in which these are embodied. At this level of abstraction, 
it is impossible to point at something in the world and say: “that is what this 
category means”. Therefore, only the categories themselves and their categorial 
interrelations can be studied in the logic. Hence, Hegel calls this “the science of 


other words: They can piece together the bits of knowledge available, but cannot create 
missing pieces. 

14 Smith ıggo, pp. 5-6. 

15 Hegel 1930 [18303, 1817]. 

16 Hegel 1986 [1812, 1813, 1816], and 1930 [1821] respectively. 

17 Hegel 1930 [18303, 18171]. 

18 Reuten and Williams 1989, pp. 16, 20-1. 
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the Idea in and for itself”.!9 This object totality is described at length in Hegel’s 
Wissenschaft der Logik.2° It is also the most abstract of the object totalities. 
Hence the Encyclopddie and the Wissenschaft start with the universal principle 
of the totality of everything, rather than of a particular object totality.?! This 
universal principle is Being.?? 

The second part of the Encyclopddie is the philosophy of nature. Our 
knowledge of nature cannot alter its basic laws, although it enables us to use 
them to our advantage. Nature therefore is separate from our ideas about it.?? 
This prompted Hegel to call this object totality “the science of the Idea in its 
otherness”.?* The category that first describes this otherness is Space, for the 


19 Hegel 1930 [1830°, 18171], §18. All quotes are from the translation by Geraets, Suchting and 
Harris (1991), unless specified otherwise. 

20 Hegel 1986 [1812, 1813, 1816]. 

21 Note that “theorising from the totality of everything” is not the same as what Stephen 
Hawking calls “a theory of everything”. The latter is an audacious attempt to formulate 
a theory that would fit all physical observations and of which all current partial theories 
(specifically general relativity and the partial theories of gravity and weak, strong and 
electromagnetic interactions between particles) can be shown to be special cases (Hawk- 
ing 1998, p. 213). The method for arriving at this theory is still mainly inductive, whereas 
Hegel’s Systematic Dialectic is neither deductive nor inductive. Rather, Hegel analyses 
categories in language as labels for observations that at the same time produce observa- 
tions. So, for Hegel, the dichotomy between observations and theory does not exist. 

22 Hegel 1930 [1830°, 1817'], §86; Hegel 1986 [1812, 1813, 1816], pp. 82-3, 1.1A. References to page 
numbers would make comparison to translations and other editions harder. I have there- 
fore opted for a different style of referencing (explicated in Note on the Style of Referencing 
and the Use of Capitalisation and Emphasis in This Work). 

23 This separateness is borne out in at least two ways in Hegel's introductory sections to 
part two of his Encyclopddie. First, he considers the whole object totality to be outside 
[äußerlich] of the sensing individual [sinnliches Individuum] (Hegel 1930 [1830°, 18171], 
§245). Secondly, he consistently identifies the object of the Philosophy of Nature as a 
Gegenstand rather than an Objekt. The German word Gegenstand also translates as resis- 
tance and hence is connotated as a concrete tangible object - a distinction lost in English 
that was crucial to Hegel (compare Inwood 1992, pp. 203-4). The word also emphasises 
that Nature might resist our attempts at understanding and categorising it. These remarks 
on Nature and the most adequate way of studying it add further weight to the arguments 
in this chapter for the claim that Marx’s criticism was not generally true of Hegel’s phi- 
losophy. In the context of Hegel’s philosophy of right, however, Marx’s criticism is well 
taken in the sense that Hegel exhibits society as the resolution of the opposition between 
the object totality of the Logic and that of Nature. Thus, he effectively claims that the 
form society takes is only limited by people’s capacity for thought and the natural limits 
to the realisation of whatever they want it to be, which is admittedly optimistic and has 
quite a utopian feel to it (this argument is further elaborated upon in the next Section of 
this chapter). 

24 Hegel 1930 [1830°, 18171], §18. 
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distinctions in Space are necessarily material in nature.?? Taking Space as the 
universal principle of this object totality therefore ensures that this realm stays 
separate from our immaterial thoughts.?® 

In the third part ofthe Encyclopädie, the philosophy of mind, Hegel sets out 
to describe that part of reality that is the result of human agency, viz. society.?7 
When we comprehend society, we can actively change it. Hegel therefore de- 
scribes this object totality as the science “of the Idea that returns into itself out 
of its otherness”.?® In Hegel’s view the foundation of human agency is Spirit 
and since our Spirit is Free, the starting point for a comprehensive description 
of society is Freedom and more specifically Free Will.?9 

The idea is that an abstract principle, such as Being, Space or Free Will, by 
virtue of its double-edged nature as a unifier of particulars, encompasses all 
concrete instances of it, albeit implicitly, not immediately. There are a lot of 
categories that are less abstract than their principle, but that are nevertheless 
far from concrete. For example, man is part of a family (meant in a rudimen- 
tary sense — man is not made in a factory but by two people), families are part 
of society, society is bound by law and morality and these, in Hegel's view, are 
the result of human agency and thus a product of Free Will.?° Hegel wants to 
work his way back through the elements in the last sentence. That is, he first 
wants to show the most abstract instances of the universal principle (and as 
instances these are already more concrete than the principle), next the most 
abstract instances of these, and so on until something can be said about con- 
crete and tangible things. 

Hegel and Marx refer to this as a process of Darstellung. In ordinary German, 
Darstellung means representation or exhibition, but its root verb, darstellen, is 
composed of there [dar] and place or posit [stellen].3! Thus, it not only con- 
notes the representation or exhibition of something that is already there, but 
also the positing [stellung] of new ideas, opinions, and theories in a new con- 
text [dar]. It is exactly this double meaning that is aimed for by dialectical 


25 More precisely, the study of nature primarily involves studying its spatial manifestations, 
which is not to say that its ultimate Essence may turn out to reside in a realm we would 
not traditionally consider spatial (that is, in multidimensional strings). 

26 Hegel 1930 [1830°, 18171], §254. 

27 Hegel 1930 [1830%, 18171], §18. A more elaborate description of this object totality is to be 
found in Hegel’s Grundlinien der Philosophie des Rechts (1930 [1821]). 

28 Hegel 1930 [1830°, 18171], §18. 

29 Hegel writes on Freedom in his 1930 [1830°, 1817'], §382 and discusses its specificity as Free 
Will in his 1930 [1821], §4. 

30 _ Hegel 1930 [1821], $4. 

31 Compare Inwood 1992, p. 257, for the meaning of Darstellung. 
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thinkers, for a chief contention in dialectics is that the full meaning of catego- 
ries can only be revealed when the way they are interconnected with other cat- 
egories is comprehended; that is, when their meanings are seen to be mediated 
by the meanings of categories to which they are dialectically linked. In this 
sense, a dialectical exhibition not only leads to a novel representation of exist- 
ing knowledge, but in so doing also creates new knowledge. Thus, the German 
term Darstellung aptly captures all the goals and claims of systematic dialec- 
tics. The double meaning of Darstellung is hard to capture in English, but it is 
this double meaning that I have in mind when I speak of “exhibition”. When 
the systematic-dialectical exhibition needs to be contrasted with the pre- 
dialectical stage of appropriation or abstract determination (terms introduced 
above) I sometimes use concrete determination, for the concrete instances of a 
category are determined from an abstract universal principle in the unfolding 
of the systematic-dialectical exhibition. If this concrete determination can be 
completed, it is claimed this proves that the abstractions utilised in the exhibi- 
tion are indeed suitable for understanding the object totality in question.32 
Hegel makes this concrete determination by asking three questions about 
categories encountered in the exhibition. «) What does the category mean in 
total categorial isolation? How does it appear when viewed from the inside out? 
Answering this question requires one to reflect on the idea behind the category 
in question that unites the many particulars the category subsumes. After all, 
the creation of categories, the decision to categorise this way rather than that, 
is the result of an act of thought. It is informed but not determined by sensory 
experience of the world. Thus it stresses what Smith calls its “pole of unity”.33 
(E.g. Free Will is a product of individual consciousness, which is universal and 
hence infinite when categorially isolated from all other categories.)?* Next he 
asks himself: 8) How does this category appear when viewed from the outside 
in? How does it express itself in the world?> Clearly, answering this question 
requires reflection on how the category materialises in the world. After all, if 
the category is adequate, it must have been brought about by “the working out 
of the empirical sciences on their own account” and hence a dialectical exhibi- 
tion must eventually be able to return to material reality. The answer to this 


32 Reuten and Williams 1989, pp. 21-2. 

33 Smith ıggo, p. 5. 

34 Hegel 1930 [1821], §5. 

35 Inside and outside correspond to the German terms Innere and Äußere. Hegel speaks of 
a) as inner reflection or reflection in itself [innere Reflexion or Reflexion in sich] and of ß) 
as outer reflection or reflection in others [äußere Reflexion or Reflexion in Anderes] (Hegel 
1930 [1830°, 1817'], §§113—-20). 
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question brings out the “pole of differences” inherent in the category.?® (E.g. a 
real individual’s Will is not really universal, but constrained within a person, 
which is only one of many and hence finite.)?” So, from this perspective a cat- 
egory’s intelligibility rides on its ideality and materiality being comprehended 
together. It is this comprehension that dialectical theory aims to bring about. 

Thus, the answers to the questions «) and ß) usually involve oppositional 
categories (e.g. Free Will exists only if it is also bounded). The tension between 
those categories needs to be y) resolved in order to make sure that the category 
(e.g. Free Will) is not only a category, but has empirical counterparts. Resolv- 
ing an opposition of this sort involves either showing how the one half of the 
opposition becomes the other half, or showing how the two halves can coexist 
(e.g. individual Free Will, when constrained by others is only potentially free, 
it is a Possibility, which can only be actualised to the extent determined in the 
remainder of Grundlinien der Philosophie des Rechts).?® Sometimes the condi- 
tion for coexistence cannot be found immediately. In that case there often are 
successive stages of coexistence. The first categories in this succession only 
partially resolve the tension between «) and ß), which is fully resolved at sub- 
sequent stages. 

By asking the questions «) and ß) again about the last of the categories 
found under y), a new opposition will generally be found, which can be re- 
solved again, and so on. The universal principle and the categories that arise 
from it dialectically are called moments. A moment is “an element considered 
in itself, which can be conceptually [i.e. categorially] isolated, and analysed as 
such, but which can have no isolated existence’.?9 It must be stressed that the 
moments found under «), 8) and y) all spring forth from reflecting on one and 
the same category from different points of view. Thus, there are three sides 
to every story: æ) the inside story, 6) the outside story, and y) the truth. The 
truth of a category is in the connection between both stories, in comprehend- 
ing how the inside is responsible for the outside and vice versa, the way DNA 
and environmental factors make up an organism’s phenotype. The “inside” and 


36 Smith 1999, p. 5. 

37 Hegel 1930 [1821], §6. 

38 Hegel 1930 [1821], §7. 

39 Reuten and Williams 1989, p. 22. Instead, the existence of a moment is mediated [vermit- 
telt] by the moments that were posited before it and dialectically follow from it. For Hegel, 
mediation [Vermittlung] contrasts with immediateness [Unmittelbarkeit]. In its immedi- 
ateness Being is a distinctionless soup of everything and Free Will is utter and total chaos 
and anarchy, but when they are mediated by other categories, the prospects for the logic 
and the philosophy of society respectively become less daunting. 
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“outside” aspects of categories are abstractly distinguishable, but not concrete- 
ly separable. 

Each of the Parts 1, 11 and 111 of Hegel’s Encyclopddie is further divided into 
Subdivisions (“Abteilungen”) 1, 2, and 3. These in turn are subdivided first into 
Sections A, B, and C and usually next into Subsections a, b, and c. Finally, some 
of the subsections are subdivided into «, 6, and y. The parts, subdivisions, sec- 
tions, and subsections relate to each other in much the same way as «), 8), and 
y) do. Thus, Part 1, the Logic (“the science of the Idea in and for itself”), relates 
to the most fundamental (structural relationships between) categories in lan- 
guage, i.e. it consists of categories without which the world would certainly be 
unintelligible, distinctionless white noise (such as Being, Becoming, the One 
and its Other) without, however, considering the application of these to the 
world itself. Next, Part 11, the philosophy of nature (“the science of the Idea in 
its otherness”), considers how the categories in the Logic are altered when one 
applies them to nature, that is, how they are expressed in the world.*° Since this 
involves leaving the sphere of “thinking about thinking’, this transition opens 
up the possibility of misrepresentation (whose occurrence is amply illustrated 
in the history of science, i.e. the possibility that the structure of language is 
not entirely isomorphic to the structure of the world (yet)).*! In Part 111, the 
philosophy of mind, or, in Hegelian terms, the science “of the idea that returns 
into itself out of its otherness’, the inherent freedom of thought is reconciled 
with the material restrictions of nature by showing how self-conscious human- 
ity can impact on nature to understand, create, and change human society.*? 

If we turn to the subdivisions of Part 1, we find it consists of 1) the doctrine 
of Being [die Lehre vom Sein], 2) the doctrine of Essence [die Lehre vom Wesen], 
and 3) the doctrine of the Concept [die Lehre vom Begriff |.*? The first of these 


40 The quotes in brackets are all taken from Hegel 1930 [1830%, 1817!], §18. 

41 Compare e.g. Bryson 2003. 

42 The quote is again taken from Hegel 1930 [1830%, 1817'], §18. 

43 Hegel 1930 [1830°, 18171], §83. All of these translations are a bit tricky. Although the Ger- 
man Lehre is always translated as doctrine (e.g. Geraets, Suchting and Harris 1991; Wallace 
1975 [1873]; Carlson 2003a,b, p. 8; Inwood 1992, p. 268), the German term is much more 
neutral, for it does not carry the connotation of “indoctrination” with it at all. Instead, it 
is derived from lernen, the German for “learning” or — sometimes - “teaching”. The Ger- 
man Wesen (ibid.) refers to what you might call “essential Being’, the nature of something, 
as well as to unidentified bodies and beings, such as the building trade [das Bauwesen] 
or a God the speaker does not believe in [das Uberwesen]. Thus Wesen necessarily im- 
plies some elusiveness. This is not the case with Essenz. This important distinction is lost 
in English. Finally, Begriff is derived from the German for understanding: begreifen (“to 
grasp” literally). In its various translations as “concept” (e.g. Arthur 1993, p. 64; Geraets, 
Suchting and Harris 1991; Inwood 1992, p. 58; Smith 1993, p. 29) or “notion” (e.g. Wallace 
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doctrines comprises A) Quality, B) Quantity, and C) Measure.** All we can say 
at such an abstract level about the Quality of Being is that it consists of a mani- 
fold of indeterminate Ones upon which we can only externally and arbitrarily 
reflect, turning it into Quantity.*° To get rid of the arbitrariness, a Qualitative 
Quantum is required: Measure.*6 

Exactly what type of categories one needs to get to grips with more deter- 
minate qualities is the subject of the doctrine of Essence. Not that any specific 
qualities can be invoked at such an abstract level yet, but the kind of catego- 
ries required to allow for a re-entrance of qualitative distinctions are identified 
and systematised at this level. In overview this doctrine is concerned with A) 
elusive, hidden Essence (how things are), B) Appearance, and C) Actuality.*” 
Whilst on many occasions appearance may very well be all we have, it is only 
when it is mediated by some theory on Essence that we understand the laws of 
self-development of the actual. So while Essence categories are applicable to 
objects, Essence is fundamentally elusive at the same time. 

When objective but elusive Essence is mediated by subjective thoughts on 
Being as a whole, in principle we have concretely applicable Concepts. Again, 
at the level of the Logic, the language refers to the type of category, not to any 
concrete embodiment of it. This final subdivision of the Logic consists of: A) 
Subjective Understanding, B) the Object, and C) the Idea.*8 As such it indicates 
the structure by which Subjective Understanding, i.e. embodied (and thus 
Actualised) thought, is reconciled with its Actual Object, i.e. its expressions in 
the Actual world. This reconciliation requires Ideas. 

The general categorial distinctions of the Logic are applicable to Hegel’s 
philosophical system as a whole as well as to its subfields considered in 


1975 [1873]) this connotation, if not lost, is at least severely downplayed, for noting or 
conceptualising implies more of a dim awareness, than an understanding of the matter 
at hand. In what follows, I will adopt today’s convention in the Hegel literature and use 
“category” to denote concepts in general and “concept” when referring to Hegel’s Begriff: 

44 A) Quality is discussed in Hegel 1930 [1830°, 18171], §§86—98, B) Quantity in $$99-106, and 
C) Measure in $$107-1. 

45  Hegel’s positioning of his account of the quantitative within his overall dialectics implies 
that he correctly recognised the subject of mathematics as an external reflection on many 
distinguishable but divisible elements (see Introduction, footnote 14). As we will see in 
Chapter 2, this means that mathematical entities are never defined by referring to what 
they are, but only by how they relate to other entities that, when separated from this web 
of relations, escape definition as well. 

46 Damsma 2011 elaborates on this. 

47 A)Essence is discussed in Hegel 1930 [1830°, 1817!], § §115-30, B) Appearance in § §131—41, 
and C) Actuality in §§142-59. 

48 A) Subjective Understanding is discussed in Hegel 1930 [1830°, 1817'], §162, $8163-93, B) 
the Object in §162, $$194-212, and C) the Idea is tackled in §162, §§ 213-44. 
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themselves. Since the doctrine of Being consists of categories that are indis- 
pensable for all human understanding, the type of categories found in it best 
describe the Logic relative to the other two principal spheres. Considered in 
itself, the Logic of course displays a dialectic of 1) Being, 2) Essence, and 3) 
Concept. Similarly, since the Philosophy of Nature relates to the way objective 
material things out there are represented in thought, it is best described in 
terms of an Essence structure, or the applied counterparts of Essence catego- 
ries. When considered in itself, Nature again displays a dialectic of worldly ex- 
pressions of: 1) Being (comprising Space and Time, Matter and Movement and 
Absolute Mechanics), 2) Essence (physics), and 3) Concept (organic physics or 
biology).*? Finally, and in the same vein, the Philosophy of Mind is supposed 
to resemble a structure of Concepts in that it reconciles thought with nature. 
As will be expected by now, its subdivisions relate to each other as: 1) Being 
(Subjective Spirit comprising Anthropology, Phenomenology of the Mind and 
Psychology), 2) Essence (society or Objective Spirit), and 3) Concept (or Ab- 
solute Spirit with philosophy as its ultimate Concept).5° Figure 1 summarises 
and schematises the above. As such, it is essentially a condensed version of the 
table of contents of the Encyclopddie. 

Hegel does not usually explicitly label the moments he discusses as a, 6, and 
y in the works under scrutiny here. But, however implicit, the questions a, ß, 
and y always linger in the background when Hegel determines the oppositions 
implicit in the exhibition of the moments and their resolution. In chapters to 
come, Hegel’s (and Marx’s) ordering of categories is largely preserved, but it 
is consistently made explicit whether a moment emphasises «) the idea in its 
categorial isolation, ß) its expression in the world, or y) the resolution of the 
tension between a and ß. This means, among other things, that some moments 
are brought to bear under a different heading than Hegel (would have) used.°! 

As the systematic-dialectical exhibition of an object totality unfolds, the 
categories encountered and their interrelationships grow in number and in 
concreteness. In principle, the process terminates when categories are reached 


49 Space and Time, Matter and Movement and Absolute Mechanics are discussed in Hegel 
1930 [1830°, 1817], §252, §253-71, physics in §252, §272-336) and 3) organic physics or 
biology in §252, 8337-76. 

50 Subjective Spirit is discussed in Hegel 1930 [1830°, 1817!], §385, $387-482, Objective Spirit 
in §385, §483-552) and Absolute Spirit in §385, §553-77). 

51 This comment does not apply to Marx’s works, because all of his — presumably dialecti- 
cal — method is implied rather than explained (spawning the different interpretations of 
the nature of the Hegel-Marx connection alluded to in the introduction of e.g. Fraser and 
Burns 2000). It is hoped that the consistent application of the three questions mentioned 
clarifies the exhibition and the method used. It certainly makes Hegel’s method more 
transparent and at the same time serves to bring out the hidden implicit dialectics in 
Marx’s Capital. 


ON MARX’S AND HEGEL'S DIALECTICAL METHODS 19 


The Logic 

1. The Doctrine of Being 
A. Quality 
B. Quantity 
C. Measure 


2. The Doctrine of Essence 


A. Essence (as ground of Existence) 
B. Appearance 
C. Actuality 


3. The Doctrine of the Concept 
A. Subjective Understanding 


B. The Object 
C. The Idea 


The Philosophy of Nature 


1. Mechanics 
2. Physics 
3. Biology 


The Philosophy of Mind 


1. Subjective Spirit 
2. Objective Spirit 
3. Absolute Spirit 


FIGURE1 An overview of Hegel’s Encyclopädie 


that are at one with themselves in the sense of being concrete enough for their 
abstract idea to be identical to their concrete manifestation. Another way to 
say this is to say that at this stage the form of the category is at one with its 
substance. When exhibiting society this happens when the dialectic can be 
shown to encompass concrete individuals; in the case of the philosophy of na- 
ture, it must be shown to encompass quarks or multi-dimensional strings (the 
latter, I am convinced, will turn out to be nature’s true substance), while in the 
case of the Logic it must reach the category of concretely applicable concepts 
[Begriffe] itself. That is, the Logic culminates in the conclusion that this type 
of category is indispensable for thought and related to even more abstract cat- 
egories than the category of concept itself.?2 Since all categories the dialectic 


52 We are so used to arriving at abstract categories by a process of abstracting from ex- 
amples that it is very hard to refrain from contemplating examples. This is particularly 
challenging when “thinking about thinking”, because categories there pertain to what can 
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employs are thus shown to depend on each other and on their ultimate materi- 
al substance for each other's intelligibility, they are claimed to be necessary for 
the intelligibility (and concomitantly - at least from Hegel’s perspective — the 
existence in thought) of the object totality. In other words, the totality of in- 
terrelated categories brings the inner nature of the object totality to light.535* 
This means that categories are only fully defined when the exhibition is com- 
plete. Before that happens, the categories have to remain flexible, as we need 
to view them from different perspectives with each step that is taken towards 
concretisation. One of the consequences of this is that rigorous definitions of 
categories by means of assumptions are essentially ruled out. However, evi- 
dently “a system” cannot be exhibited all at once. So the exhibition may require 
the positing of anticipatory assumptions, i.e. assumptions that anticipate later 


be thought and how, but have no empirical counterparts. Thus, e.g., the category of the 
concept is only concrete in that it indicates that concretely applicable categories exist in 
thought and can henceforth be applied in the culmination of other realms. 

53 Categories that are crucial for understanding nature and society are all exhibited as part 
of the Logic. Necessity [Notwendigkeit] and contingency [Zufälligkeit] are no exception. 
They are determinations at the level of I-2-C: Actuality [Wirklichkeit] and are related as 
follows: æ) Possibility, 8) Contingency, and y) Necessity (Hegel 1930 [1830°, 1817!], §§145- 
g). When Actuality is considered in total categorial isolation of the world, it appears as 
an amalgam of «) Possibilities and at this level of abstraction it appears everything is 
Possible (compare Inwood 1992, p. 197). This is expressed in the world as an amalgam of 
8) Contingencies [Zufälligkeite]. I take this to mean that if we do not understand how the 
Possibilities of the Actual are limited by the empirical, we will perceive the empirical as 
merely Contingent or accidental (the latter is another possible translation of the root of 
Zufälligkeit, Zufällig) and the other way round. If we understand them together, however, 
and as they are interrelated in the whole, we understand their y) Necessity. Necessity, 
in turn, is further determined as «) Condition [Bedingung] and ß) Case Matter [Sache]. 
Thus, Condition appears as the first concretisation of Possibility and Case Matter as the 
first concretisation of Contingency. 

54 The point is that Hegel eschews any philosophical speculation about things for which no 
adequate categories exist yet. It is just too tempting to quote Wittgenstein in this context: 
“Wovon man nicht sprechen kann, darüber muß man schweigen” (“Whereof one cannot 
speak, thereof one must be silent”) (1922, pp. 90, 162 - the first edition of Wittgenstein’s 
Tractatus was bilingual: the first page mentioned contains the English quote, the second 
one the German). In Hegel’s view there is much more that can be meaningfully spoken 
about than in Wittgenstein’s, but like Wittgenstein a century later, Hegel refuses to speak 
about stuff that has not yet been adequately categorised in the empirical sciences and 
thus often writes as though things that cannot be (fully) thought yet, because of inad- 
equate categorisation, cannot exist either. However, it would be more accurate to say 
that they cannot exist in a philosophical system like Hegel’s, which can only outline the 
theoretical Possibilities proposed thus far in the empirical sciences and the way language 
relates them to the empirical phenomena (Contingencies) categorised thus far for a given 
object totality. 
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stages of the exhibition. This anticipation may be warranted on the basis of 
concrete empirical experience with the system under scrutiny. For example, if 
we know that expanding production (i.e. accumulation) has always coincided 
with an expanding money base, we may assume that money will somehow 
expand with production until we have understood why this is the case. The 
argument for (temporary) adoption of this kind of assumption is twofold: 1) 
empirical reality seems to demand it, but more importantly, 2) removal of the 
assumption would imply a collapse of a system whose dynamics we experi- 
ence daily. However, a systematic-dialectical exhibition is never complete until 
all preliminary assumptions have been fully determined endogenously.°® 


In the conclusion to his Grundlinien der Philosophie des Rechts Hegel indicates 
how he thinks the methodical elements of systematic dialectics might apply to 
the history of societies.°® But he never produced a final version of his Philoso- 
phie der Weltgeschichte during his lifetime — that is, beyond his lectures on the 
issue. Thus, as indicated in Section 1, Hegel’s historical dialectics have a rather 
tentative and preliminary character. 

In the transcripts of the lectures we have, Hegel contrasts the «) Objectivity 
of the State with the 8) Subjectivity of the Individual and claims that origi- 
nally the two were at one. This meant that laws were unnecessary, because in 
these small family groups and tribes people had too little self-awareness, or 
conversely the state too little autonomy, to meaningfully distinguish between 
the Will of the State and the Will of the Individual. As history progressed the 
two grew apart and as a result they both grew ever more self-conscious, leading 
to a battle of the «) “abstract Generality” of the state against the ß) principle 
of specific Subjectivity. Out of this battle a new nexus of a) World and §) Spirit 
is or will eventually be born.?? In short, Hegel’s account of world history is a 
tale of growing self-consciousness on the part of individuals through which 
they become aware of their inherent freedom. When that awareness achieves 
a certain height, the State has to reconcile itself with its citizens’ emancipatory 
drive and facilitate their Freedom to the best of its ability or collapse from its 
internal tensions.?® According to Hegel, the post-French Revolution society in 


55 Compare Reuten 2014, pp. 9-10. 

56 Hegel 1930 [1821], §§ 341-60. 

57 Hegel 1996 {1823-31} [1837], pp. 13-20. 

58 I use “emancipatory” rather than “liberal”, because the political connotations that the 
term liberal has acquired over the years must be avoided here at all costs. 
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which he lived could potentially achieve that y) Ideal State, as Ancient Greece 
had actually done before.°? As such, Hegel’s Vorlesungen seem to provide an a 
posteriori justification of his decision to take Free Will as the universal prin- 
ciple in the realm of society.®° 

The a priori justification for Hegel’s starting point in this realm appears 
to simply be the position of the object totality vis-a-vis the other two major 
realms. That is, the Logic culminates in a full comprehension of our capac- 
ity for thought (and its limits), while the philosophy of nature brings about 
this comprehension regarding Nature. In principle then, within Hegel’s system, 
there is no limitation to human agency creating society other than the pos- 
sibilities and impossibilities inherent in Nature. Enthusiastic as he was about 
the architecture of his all-encompassing philosophical system, it may have 
not dawned on Hegel when he wrote the Grundlinien that history might bring 
about those limitations. Foreshadowing his historical dialectic in the conclu- 
sion to his philosophy of society, it is only natural he did not completely re- 
think all the books he had written and thus ended up presenting historical 
dialectics to fit his systematic dialectics rather than the other way round, like 
Marx did as we will now see.®! 


3 Marx’s Comments on Hegel, Their Implications, and Marx’s Twist 
on Hegel’s Dialectical Method 


Marx’s early writings up to 1848, at age 30, can be characterised as critical re- 
views of important historical, economical, and philosophical works. During 
the time Marx studied in Berlin (1836-41), Hegelianism was the dominant 
philosophy there and although Marx had been a follower of Kant and Fichte 
throughout his studies, he grudgingly but completely converted to Hegelian- 
ism in 1841.62 So it is hardly surprising that at least three of his early manu- 
scripts explicitly target (aspects of) Hegel’s work. 

First, Marx’s Zur Kritik der Hegelschen Rechtsphilosophie: Kritik des Hegel- 
schen Staatsrechts (written in 1843) is a scholarly work in which he meticu- 
lously fleshed out Hegel’s ideas on the relation between the state, civil society 
and the individual and replaced them with his own.$? His main critique is 


59 See Kedourie 1995 for a very accessible account of the historical, philosophical, and other 
scientific influences shaping Hegel’s thought and philosophical system. 

60 These Vorlesungen date from {1823-31}. 

61 Compare Reuten 2000. 

62 McLellan 1973, pp. 28-9. 

63 Marx 1976 {1843}. Surprisingly, the Penguin edition of Marx’s Early Writings (1975) 
translates the mentioned title as: Critique of Hegel’s Doctrine of the State. This is wildly 
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that Hegel’s take on the matter is far too harmonious. After all, Hegel’s starting 
point for his philosophy of society was Free Will. Given further that one of the 
fundamental premises of systematic dialectics is that tensions between «) uni- 
versal categories and ß) their embodiment (viz. real people) must be resolved 
as best as the universal principle allows, a rather harmonious depiction of so- 
ciety was bound to follow. Although this critical study of Hegel’s Philosophy 
of Right was never published in Marx’s lifetime, its introduction was included 
in the February 1844 issue of Deutsch-Franzözische Jahrbücher that Marx and 
Ruge edited together.®* 

Secondly, in his Kritik der Hegelschen Dialektik und Philosophie überhaupt 
(written in 1844, but never published in Marx’s lifetime), Marx establishes his 
most comprehensive critique of Hegel’s way of thinking.® In it, he mainly dis- 
cusses Hegel’s Phänomenologie, but also targets the Logik and the Encyclopédie. 
Central to his critique is the category of estrangement |Entfremdung]. Marx 
claims that Hegel, by focusing on abstractions and their interrelations alone, 
estranges their form as thoughts from the thinking human being in which they 
must be embedded and thus denies them the possibility of gaining empirical 
content. As a result, Hegel’s philosophy could never really bring about the self- 
consciousness he aimed for, but would result in self-denial instead. Another 
consequence was that the Hegelian system and the way it views abstractions — 
as products of thought only - could not allow for real alienation, i.e. for ab- 
stractions taking up a life of their own (as we will see in Chapter 3 a case can 
be made for the claim that the latter is going on in Capitalism). 

The solution to this problem is “to abandon abstraction and to take a look at 
nature, which exists free from abstraction’, but doing so is — as we have seen in 
the previous section — to introduce an opposition between the “Idea in and for 
itself” and the “Idea in its otherness”.66 Obsessed as Hegelians are with resolv- 
ing this kind of opposition, they cannot leave it at that and thus move on to 
resolve the tension between the two object totalities in the realm of society, or 
in their terms “the Idea that returns into itself out of its otherness” and thus ef- 
fectively deny the possibility of the thinking subject misrepresenting his object 


inaccurate, because the German word Recht translates as “right”. The use of the word Doc- 
trine in this context would suggest that the German title was: Kritik der Hegelschen Staats- 
lehre, which clearly was not the case. 

64 Marx 1976 [1844]. The title for this introduction is adequately translated in Early Writings 
(1975) as: A Contribution to the Critique of Hegel’s Philosophy of Right: Introduction, 
but since the title of the text to which it was supposed to be an introduction was not ad- 
equately translated (see footnote 63 in this chapter), one might easily get the impression 
that the two texts are more or less unrelated. 

65 Marx 1968 {1844}. 

66 The quote is taken from Marx 1968 {1844}, p. 398. 
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as well as the possible existence of real conflicts between the (interests of) 
several groups of people. 

These critical remarks notwithstanding, Marx also devotes a couple of 
pages of this manuscript to “the positive moments of the Hegelian dialectic 
within the determining limits of estrangement”.®” He puts it quite succinctly 
and clearly himself: 


Therefore, in grasping the positive significance of the negation, which 
has reference to itself, even if once again in estranged form, Hegel grasps 
man’s self-estrangement, alienation of being, loss of objectivity and loss 
of reality as self-discovery, expression of being, objectification and re- 
alisation. In short, he sees labour — within abstraction — as man’s act of 
self-creation — and man's relation to himself as an alien being and the 
manifestation of himself as an alien being as the emergence of species- 
consciousness and species-life.°® 


67 Marx 1968 {1844}, p. 395. The German text for “within the determining limits of estrange- 
ment” reads “innerhalb der Bestimmung der Entfremdung” (1968 {1844}, p. 583) or “within 
the determination of Estrangement”. That is, the word “limit” is not to be found in the Ger- 
man text. Bestimmung means both destination and determination and Hegel exploits this 
double meaning to the fullest, for in his philosophy, the determination of the concrete 
means coming closer to the completion of the philosophical system and so is akin to ar- 
riving at a destination. The translators, Livingstone and Benton, have apparently tried to 
regain some of this double meaning by adding the word limit so as to convey the fact that 
the destination is already inherent in the abstraction, thus limiting the range of possible 
further determinations. 

68 Marx 1968 {1844}, p. 395. Some points have to be made on this translation, particularly re- 
garding the following phrase: “Hegel grasps man’s self-estrangement, alienation of being, 
loss of objectivity and loss of reality as self-discovery, expression of being, objectification 
and realisation.” The German reads: “Hegel fajst ... die Selbstentfremdung, Wesensentäuße- 
rung, Entgegenständlichung und Entwirklichung des Menschen als Selbstgewinnung, We- 
sensäußerung, Vergegenständlichung, Verwirklichung” (Marx 1968 {1844}, p. 583). The use 
(in compounded words) of Wesen, Gegenstand and Wirklich are clearly linked to Hegel’s 
use of these terms. In Hegel, “Die Lehre vom Wesen” (usually translated as “the doctrine 
of Essence”) is the second subdivision of the Logic, while “Die Lehre vom Sein” (“the doc- 
trine of Being”) is the first, so the use of “being” in the translation obscures which part 
of Hegel’s philosophical system Marx was referring to. Furthermore, the German Objekt 
(“object”) is used by Hegel in a more general sense than Gegenstand, which also means 
“resistance”, and hence is reserved by Hegel for tangible objects (compare Inwood 1992, 
pp. 203-5). Finally, Wirklich (usually translated as “actual”) is reserved for the last sec- 
tion of Hegel’s “doctrine of Essence” and denotes reality as understood through concepts 
[Begriffe] as opposed to reality as it directly confronts us (compare Inwood 1992, pp. 33-5, 
93-5): 
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Thus, Marx’s well-known category of alienation of the workers from their 
product was at least partially inspired by Hegel.6° According to Marx, however, 
Hegel failed to see how the implication of his philosophy indicated the actual 
existence of unresolved tension and conflict. Instead: 


[B]ecause the conception is formal and abstract, the supersession of 
alienation becomes a confirmation of alienation. In other words, Hegel 
sees this movement of self-creation and self-objectification in the form of 
self-alienation and self-estrangement as the absolute, and hence the final 
expression of human life which has itself as its aim, is at rest in itself, and 
has attained its own essential nature.”° 


Thirdly, in Die Deutsche Ideologie, Marx - in collaboration with Engels — 
criticises the fundamental premises of the German historical tradition, of 
which, according to the authors, Hegel was the last proponent. They write: 
“The Hegelian philosophy of history is the last consequence, reduced to its ‘fin- 
est expression’, of all this German historiography, for which it is not a question 
of real, nor even of political, interests, but of pure thoughts”.“ Marx and Engels 
go on to reconstruct history-writing along the well-known lines of historical 
materialism, where the material structure of haves and have-nots as identified 
through their relations of production, is paralleled by a superstructure (sup- 
porting institutions, including supporting ideas about reality).”* These material 
inequalities cause class struggle in which the have-nots fight for improvement 
of their material well-being, while the haves try to protect the status quo. If 
the fight is successful, a new material structure is established, accompanied 
by new relations of production and a new superstructure.” Clearly, this idea 
of class struggle would be inconsistent with a Hegelian exhibition of society 
starting from the universal principle of Free Will.”4 


69 Compare Arthur 1986, pp. 59-74; compare Murray 2014. 

70 Marx 1968 {1844}, p. 396. 

71 Marx and Engels 1969 {1846}, p. 60. 

72 The method of historical materialism largely took shape in the writing of Die Deutsche 
Ideologie. 

73 +See e.g. Shaw 1991 [1983]. 

74 Schumpeter’s critique of Marx mostly pertains to his historical dialectics. He essentially 
claims that a historical materialist account of history oversimplifies it and is likely to lead 
to a sort of tunnel vision in which disconfirming facts are no longer perceived. These prob- 
lems are even worse when prophecies are based on such a simplification (Schumpeter 
1966 [1954*, 1943'], pp. 45-58). Although systematic dialectics has a lot to offer, especially 
for disciplines studying open systems, i.e. without recourse to laboratories or controlled 
experiments (such as e.g. economics and sociology), Schumpeter’s reservations are well 
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The critical stance Marx assumes regarding most of the (German) historical, 
philosophical, and scientific traditions generally also implies he was less con- 
fident than Hegel that “the working out of the empirical sciences on their own 
account” would lead to adequate categories.” But if a dialectician cannot trust 
the categories inherited from centuries of scientific exploration and research 
to be adequate, simple appropriation of those categories cannot be sufficient 
either. It is thus understandable that Marx placed much more emphasis on 
pre-dialectical exploration [Forschung] than Hegel.’ As a result, Capital does 
not only exhibit the interrelationships between existing categories pertaining 
to capitalism dialectically, but also develops new categories to describe (as- 
pects of) it from empirical material. However, as most of Marx’s method in 
Capital is implied rather than explicated, the distinction is rather implicit most 
of the time.” 

So it appears that Marx’s critique of Hegel’s supposed idealism pertained to 
1) the uncritical stance Hegel displayed regarding his “stage of appropriation” 
(compare page 10), 2) his deliberate and overt estrangement of the abstract 
form of abstractions from their content and the person thinking them, and, 
relatedly, 3) the categories he used to describe society in his Grundlinien der 
Philosophie des Rechts.’® There is little or no evidence that Marx disagreed with 
the epistemological premise of Hegel’s systematic dialectics that all that can be 
known is known in language. What he did explicitly dismiss was the Hegelian 


taken regarding historical dialectics. One of the problems with the latter is that catego- 
rial meanings, dialectical categories and concomitantly their interrelationships evolve 
in historical time. State of the art categorisations and language, however, reflect current 
knowledge rather than current practice, so a systematic-dialectical exhibition of the logic 
of language can foreshadow the logic of future systems to some degree. But to describe 
the systematicity of history and prophesise the future on the basis of a historical dialectic 
requires a universal principle that is somehow itself immune to history’s influence on 
language and it is not clear how one is to ascertain this for any category, be it material 
inequalities and concomitant class struggle (as with Marx), self-consciousness (as with 
Hegel), or a different category altogether. 

75 The quote was taken from Hegel 1986 {1825-26}, p. 176. 

76 Given the fact that most economists before, during, and after Marx’s day were ardent pro- 
ponents of capitalism rather than neutral observers, his distrust was probably especially 
warranted regarding the categories that political economists up to his day had come up 
with. This is still true today. 

77 Marx’s famous schemes of reproduction (that are elaborated upon in Chapter 3 and 
whose embeddedness in systematic dialectics is strengthened in Chapter 4) are a case in 
point. Though my analysis shows that their main structure might be conceived of through 
contemplating the systematic-dialectical exhibition preceding it, Reuten (1998) convinc- 
ingly argues that Marx conceived of his schemes as an exploratory exercise. 

78 Hegel 1930 [1821]. 
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premise that the tensions between the realm of pure thought (as exhibited in 
Hegel’s Logic) and that of Nature should necessarily be resolved in a philoso- 
phy of society. It is plausible that Marx’s dismissal of the universal principle 
Hegel chose as the starting point of his systematic-dialectical exhibition of 
society (and concomitantly much of its utopian result) was one of the conse- 
quences of this critique.’? As indicated, Marx’s critique of Hegel’s utopian “ap- 
plication” of the principles Hegel “discovered” in his Grundlinien to the history 
of societies is in turn related to his critique of its starting point. 

Eleven years after Marx formulated his critical remarks on Hegel, he wrote 
the outline for his own systematic-dialectical account of the society he lived 
in: Grundrisse der Kritik der Politischen Okonomie (usually referred to as the 
Grundrisse). Marx most probably did not intend to publish this manuscript 
and deviated significantly from it when writing Capital. Either way, its intro- 
duction contains the only explicit remarks Marx ever made on “The Method 
of Political Economy’, which, according to Marx, should clearly be a type of 
systematic dialectics.8° Marx writes, for instance: 


[I]f I were to begin with the population, this would be a chaotic concep- 
tion [Vorstellung] of the whole, and I would then, by means of further 
determination, move analytically towards ever more simple concepts 
[Begriff], from the imagined concrete towards ever thinner abstractions 
until I had arrived at the simplest determinations. From there the jour- 
ney would have to be retraced until I had finally arrived at the population 
again, but this time not as the chaotic conception of a whole, but as a rich 
totality of many determinations and relations.®! 


In this quote Marx clearly discusses both the “stage of appropriation” and that 
of concrete determination using Hegelian terminology. 

He goes on to point out that this method leads the concrete to appear “in the 
process of thinking ... as a process of concentration, as a result, not as a point 
of departure, even though it is the point of departure in reality and hence also 
the point of departure for observation and conception’.®? He then criticises 


79 See also Smith 2014. Another consequence might be that systematic dialecticians aspiring 
to carry on the dialectical work that Marx started should accept the fact that some neces- 
sary moments and tendencies in a truly Marxist dialectic cannot be concretely grounded 
at the level of necessity, leading to e.g. contingent business cycles as an expression of 
unresolved (and unresolvable) conflicts at the heart of capitalism. 

80 The mentioned introduction can be found in Marx 1983 {1857-58}, pp. 100-8. 

81 Marx 1983 {1857-58}, p. 100. 

82 Marx 1983 {1857-58}, p. 101. 
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Hegel for losing sight of this empirical point of departure: “[i]n this way Hegel 
fell into the illusion of conceiving the real as the product of thought concen- 
trating itself”83 In effect then, Marx re-emphasises the importance of explora- 
tion [Forschung] for systematic dialecticians here. 

Next, Marx explains why a systematic-dialectical exhibition of some social 
order is always historically specific. He does this by showing that categories 
like labour or capital, though they can be conceived of as transhistorical cate- 
gories, have different meanings and connotations (and concomitantly, a differ- 
ent place within a dialectical exhibition) in different historical societies. In the 
same vein he criticises the political economists he read for seeing “bourgeois 
relations in all forms of society”.8+ Thus, Marx (re-)emphasises the importance 
of understanding the historical era one wants to write about, before starting 
work on its systematic-dialectical exhibition. In conclusion, Marx points out 
that the order of historical emergence of categories may differ significantly 
from their systematic-dialectical ordering and that historical and systematic 
dialectics must therefore be clearly distinguished: 


It would therefore be unfeasible and wrong to let the economic categories 
follow one another in the same sequence as that in which they were his- 
torically decisive. Their sequence is determined, rather, by their relation 
to one another in modern bourgeois society, which is precisely the oppo- 
site of that which seems to be their natural order or which corresponds 
to historical development. The point is not the historic position of the 
economic relations in the succession of different forms of society. Even 
less is it their sequence ‘in the idea’ (Proudhon) (a muddy notion of his- 
toric movement). Rather, their order within modern bourgeois society.8° 


There is hardly any disagreement that Marx followed Hegel’s Logic closely 
while writing the Grundrisse. The most elaborate study of how the two are re- 
lated was conducted by Mark Meaney.86 Others who have investigated how 
the Grundrisse draws upon Hegel’s Logic include Arthur, Postone, Bell, Fines- 
chi, Uchida, and many others (many of whom contributed to the collection 
edited by Bellofiore, Starosta and Thomas, which is entirely devoted to criti- 
cal interpretations of the Grundrisse).8” There is a wider variety of opinions as 


83 Ibid. 

84 Marx 1983 {1857-58}, p. 105. 

85 Marx 1983 {1857-58}, pp. 107-8. 

86 Meaney 2002. 

87 The references are: Arthur 2010, compare e.g. 2003a; Postone 2003 (among other works); 
Bell 2003 (among other works); Fineschi 2005 (among other works); Uchida 1988 (among 
other works); and Bellofiore, Starosta and Thomas 2014 (eds). 
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to whether Marx was still faithful to the systematic-dialectical method when 
writing Capital. At any rate, apart from the comments he made in the intro- 
duction to the Grundrisse (as discussed above), he was hardly explicit about 
his method. So in order to substantiate the pivotal claim for this work that 
Marx applied the systematic-dialectical method in his Capital as well, I will 
now review the work of a number of important scholars that have convinc- 
ingly argued in favour of this thesis. 


4 Commentators on and Studies of Marx’s Dialectics 


There are many contemporary Marxists who hold that Marx’s theory of Cap- 
italism was essentially conceived of by means of a critical appropriation of 
Hegel’s systematic-dialectical method by Marx.®® In defence of their position 
many quote the following excerpt of one of Marx’s letters to Engels: 


What was of great use to me as regards method of treatment was Hegel’s 
Logic at which I had taken another look by mere accident [...]. If ever 
the time comes when such work is again possible, I should very much 
like to write 2 or 3 sheets making accessible to the common reader the 
rational aspect of the method which Hegel not only discovered but also 
mystified.89 


Since Marx never wrote these sheets or (apart from the few pages in his Grun- 
drisse that were discussed above) anything else on method, we have to infer 
the method Marx used in Capital from its result, i.e. the structure of Capi- 
tal and the reasoning in that work. This is far from straightforward because, 
among other things, Marx alternates between reporting exploratory research 
and furthering his dialectic without clearly indicating which is which. Another 
complicating factor is that Capital is much less systematically structured using 
a, B, y-like headings than Hegel’s texts. 


88 Notable examples are Arthur, Albritton, Carver, Fineschi 2005 (among other works), 
Meaney, Murray, Postone, Reuten and Williams, Sekine 1997 (his most notable work), 
Smith, Uchida, and many others, including myself. Most or all of the publications of these 
authors either explicitly discuss this premise or the merits or implications of working 
with it. Hence, I could mention all of their works in this connection. Since this is rather 
impractical, I have mentioned only publication dates for the most important works of 
authors that I do not discuss elsewhere in this book. 

89 The quote was taken from Marx 1983 {1858a}. Others who have cited this passage include: 
Arthur 2004, p. 79; Sayers 1990; Carver 1976, p. 65; and Murray 2014. 
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As a result, opinions among adherents of a systematic-dialectical reading of 
Marx’s Capital differ in respect of exactly how pronounced Marx’s break with 
Hegel was and what was involved in Marx’s variant of Hegel’s method. The dif- 
ferent commentators all hold that Marx drew on the categories in Hegel’s Logic 
(the main structure of which was discussed in Section 2 above) while writing 
Capital (and the excerpt of Marx’s letter to Engels reproduced above is often 
quoted as evidence). The debate focuses on what parts of this work Marx most 
prominently drew on and how. 

Arthur (and Sekine, most elaborately in An Outline of the Dialectic of 
Capital)?® establish(es) “in detail the parallels between the categories of Hegel’s 
Logic and the social forms exhibited in Marx’s Capital”?! In this context, Arthur 


nu 


speaks of reinstating and reconstructing the “nine-point plan” “organised in 
Hegelian fashion according to the three moments of ‘the Concept” that Marx 
provided in his Grundrisse.?? Although “Marx himself seems to have given up 
his nine-point plan almost immediately ... it continued to inform his thinking. 
Below I reinstate it and reconstruct it’.9? So, even though Arthur states that 
Marx decided against explicitly mapping the categories in Hegel’s Logic onto 
Capital (for Marx “seems to have given [it] up”), he holds that the mentioned 
parallels are nevertheless implicitly there in Capital (“it continued to inform his 
thinking”). In effect then, Arthur iterates between pointing out what is there 
in Capital and developing what could also have been there by reconstructing 
Capitals text. Since my aim here is to provide a reappraisal of Marx’s stance on 
method, I have to be careful to confine myself to Arthur’s appraisal of Marx’s 
method, rather than his own reconstruction thereof when drawing on his work. 

According to Arthur, the implicit parallels can be outlined as follows: “The 
movement from exchange to value parallels his Doctrine of Being; the dou- 
bling of money and commodities parallels the Doctrine of Essence; and capi- 
tal, positing its actualisation in labour and industry, as absolute form claims 
all the characteristics of Hegel’s Concept”.?* Thus, Arthur views the exchange- 
ability of commodities as their Quality, the ratio of exchange determined in the 
bargain as their Quantity, and value in exchange as their Measure.% 

Value is an Essential condition for commodities’ exchangeability, but since 
it is not an inherent property of commodities, it Appears only fleetingly in 
the act of exchange unless money Actualises it (which it must in the face of 


go Sekine 1997. 

g1 Arthur 2004, p. 10. 

92 Arthur 2002, pp. 47-8. 
93 Arthur 2002, p. 48. 

94 Arthur 1993, p. 65. 

95 Arthur 1993, pp. 73-7, 87. 
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generalised exchange).?® Given money the (Category of) price can be Subjec- 
tively determined quite independently of any individual bargain. Thus, money 
first and foremost functions as a measure of value. However, this value is only 
Objectively realised when sales actually commence, thus allowing the seller 
to buy the commodity s/he actually desired in the first place. This gives us the 
circuit of Commodity (C) - Money (M) - different Commodity (C’). Secondly 
then, money is a means of circulation. Thus, this circuit is at a constant risk of 
breaking down. The Idea of money is fully developed when it actualises itself 
as the end of exchange, so that we end up with the circuit M- C —- M’ which 
determines capital as “money which begets money”.?” Thus, in its abstraction 
capital is posited as self-valorising.?® 

It takes Marx only two subdivisions in a space of less than a fifth of Capital 
I to make the move from exchange to capital outlined above. Arthur therefore 
concludes that the dialectical progression in the rest of Volume 1, and Volumes 
11 and 111, is best represented as a dialectic of Concepts.?? This is not to say 
that Marx explicitly represents it as such, but that according to Arthur it would 
be better to. At the same time, Arthur's comments regarding “the nine-point 
plan informing Marx’s thinking throughout the writing of Capital” imply that 
in Arthur's view, Marx too was writing these parts of Capital with this dialectic 
in mind. More specifically, since according to Arthur capital can already be 
considered as the Idea of money, most of the dialectical progression in Capital 
must be concerned with Ideas in the Hegelian sense. These, he writes, are best 
represented in terms of the contrast between Universality [Algemeinheit] and 
Particularity [Besonderheit] and its resolution in Individuality [Einzelnheit].10° 
These terms supposedly represent how the three volumes of Capital relate to 
each other as well as how each volume is organised.1 Thus, the distinctions 
between Universality, Particularity, and Individuality are applicable to Capital 
as a whole as well as to each of its subfields considered in themselves in much 
the same way as the general categorial distinctions of the Logic are applicable 
to Hegel’s philosophical system as a whole as well as to its subfields. 


96 See Arthur 1993, pp. 78-82, 87; Murray 1993 and 2014. 

97 Marx 1968 [18904, 1867'], Ch. 4, p. 170; and 1976 [1867F], p. 256. What the superscripts and 
the letters behind the original year of publication stand for and why they are used, is ex- 
plicated in the Note on the Style of Referencing and the Use of Capitalisation and Emphasis 
in This Work. 

98 Arthur 1993, pp. 82-4, 87; Murray 2014. 

99 Arthur 2002, p. 47. 

100 Ibid. 

101 Arthur 2002, pp. 48-9. 
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However, Arthur is very critical of Hegel. He accuses him of thinking that 
“the Idea creates Nature”.!02 Clearly, if this is taken to mean that the world will 
automatically conform to whatever we think about it, there is no need whatso- 
ever to do any empirical research adjusting our ideas to the world.!03 This type 
of upside-down ontology may have some relevance for “thinking about think- 
ing”, that is, at the level of the Logic, but it is unlikely to be applicable to Nature 
(at level 11) or the Mind (at level 111).!0* But Capitalism is an unlikely system 
that allows pure abstract thought (value) to gain material reality (as money). 
Hegel’s Logic, then, is applicable to Capitalism, only because capitalism cre- 
ates an inverted reality in which thought can indeed be said to preside over 
matter.!95 However, “Marx never succeeded in making clear to himself just why 
Hegel's logic was so relevant to the dialectic of capital”.!°° This argument, says 
Arthur, is his own innovation.107 

As long as the inverted reality of capitalism is considered in itself, the Idea of 
capital in general can become self-subsistent relative to many capitals. But as 
soon as this realm is left and one tries to incorporate concrete people - and not 
just their value-expressions (such as wages and productivity) - in the system, 
problems arise, because people may not want to be treated as another means 
of production. So they may rebel, or not: that is a wholly contingent matter.!08 
Either way, capitalism requires quantitative expressions of the value of its pro- 
duce as well as the value of its inputs (like wages and productivity) to enable 
it to resocialise its produce and mobilise its inputs. Thus, it creates a society, 
whose primary focus must be on exchange values rather than use values, lead- 
ing to commodity fetishism and worker alienation. These problems are similar 


102 Arthur 2003, p. 195. 

103 Note, however, that it should not be taken to mean this. As put, the statement carica- 
tures Arthur’s position regarding Hegel’s ontology in order to convey Arthur's criticism of 
Hegel clearly and succinctly. Arthur does not literally claim that Hegel held that “the Idea 
creates Nature”, as though the Idea is just God (and Hegel a very devout Christian) in a 
philosophical guise. The point Arthur makes is rather that the former has an ontological 
priority over the latter. So from Arthur’s point of view, there is no real dialectic in Hegel 
between the world and the categories describing it. One might say that Arthur portrays 
Hegel as holding that the world will conform more to what we think about it (i.e. the way 
we have categorised it) than vice versa. The need for empirical research adjusting our 
ideas to the world is thus limited to the world’s vast array of contingencies: its fundamen- 
tal determinations are immutable. I am very grateful to both Tony Smith and Christopher 
Arthur for clarifying those subtleties. 

104 Arthur 2003b, pp. 195-6. 

105 Arthur 1993, p. 64. 

106 Arthur 2002, p. 47. 

107 Arthur 2003b, p. 195. 

108 Compare Bellofiore 2008. 
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to the problems Hegel runs into when he wants to make the transition from the 
Logic to the Philosophy of Nature. That is, Nature is independent of thought 
and hence it may “rebel” against our classifications, just like labour may rebel 
against its treatment as a determinant of value only.!°9 Of course, if Nature 
“rebels” we can only concede that our classifications were wrong, whereas a 
labour rebellion is more likely to result in labour being subdued again by any 
(contingent) means necessary. In other words, in response to a labour rebel- 
lion capitalism’s basic elements (i.e. humans) are likely to be forced back into 
their mould rather than the mould being adjusted to the natural behaviour of 
its basic elements (which is the only way to go when these basics elements are 
electrons, quarks and the like). 

In short, Arthur argues that “Marx was on the right track in borrowing logi- 
cal categories from Hegel’, because Hegel’s upside-down ontology is on a par 
with the inverted reality of Capitalism." Thus, drawing on a “systematically 
muddled” philosopher enabled Marx to correctly exhibit Capitalism as an in- 
verted reality. The upshot of this is that, by staying very close to Hegel regard- 
ing his method of exhibition, Marx actually dismissed the content of Hegel’s 
philosophical system. 

Smith’s reading of Capital is much more favourable to Hegel. He does not 
grant that Hegel was unconcerned with empirical reality. On the contrary, he 
claims that Hegel and Hegelians as well as Marx and Marxists must appropri- 
ate their categories from elaborate empirical studies before dialectical repre- 
sentation can (re)commence. As we have seen, Marx and Marxists refer to this 
preliminary empirical kind of research as exploration [Forschung]."? So, first 
there is the world, second our preliminary partial categorisation of it, and only 
when our empirical studies of a field are exhausted can we flesh out how these 
provisional categorisations are interrelated using systematic dialectics." But 
even then, the systematic dialectician, when stuck, might need to revert to 


109 Arthur 2003b, pp. 196-7. 

110 Arthur 2002, p. 47. The view that the applicability of Hegel’s Logic to Capitalism is due to 
the latter’s ontological features is also apparent in Bell (e.g. 2003) and Sekine (e.g. 2003). 

111 Arthur 2003b, p. 196. 

112 Reuten 2000, p. 143. What Hegel and Hegelians call the method of the understanding (“die 
Methode des Verstandes”) can be part of this exploration of categories (compare Hegel 
1817}, 18303, §259), but is much narrower in scope for — as Tony Smith once pointed out - it 
only refers to a method in which the object of investigation is divided into separate things 
(or parts) in external relationships to each other, while Marxian exploration encompasses 
other forms of category formation as well (such as predicate development through math- 
ematical modelling (compare Hausman 1992) and category formation by pattern recogni- 
tion, trying out analogies, etc.). 

113 Smith 1990, pp. 3-8. 
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exploratory types of research in order to gain a better understanding of his cat- 
egories, and concomitantly their systematic-dialectical interrelationships. So 
Hegel did not simply think the world would eventually conform to our ideas, 
but rather that, when we have done all we can to bring our ideas into agree- 
ment with reality, the ideas that can be shown to be systematically interrelated 
stand a greater chance of approximating the truth than those that resist efforts 
at systematisation. Consequentially, Smith does not entirely reject Hegel’s Phi- 
losophies of Nature and the Mind, although he is critical of a lot of its content. 
But, unlike Arthur, he does not dismiss these philosophies for being construct- 
ed to fit a normal reality on the basis of an upside-down ontology applicable to 
the inverted reality of capitalism only. 

At the same time, Smith agrees with Arthur that capitalist abstractions are 
rather peculiar in that they are both real and ideal, but in his opinion this is 
not the only type of abstraction susceptible to a dialectical treatment.” Thus, 
whereas Arthur thinks that Hegel’s Logic is useful only as a guide to the exhibi- 
tion of capitalism, Smith argues that the whole of Hegel’s system (as laid out in 
his Encyclopädie) has some merits of its own, for example with respect to prop- 
erly positioning Marx’s Capital vis-a-vis other scientific fields." As a social 
theory, Marx’s Capital presupposes subjective thought and malleable but es- 
sentially unchanging Nature and thus falls entirely on level 111, the Philosophy 
of Mind." So, relative to science as a whole, Concept categories are applicable 


114 Smith 1990, pp. 40-1, 93-4. Smith has clarified his position further by pointing out that it 
is the uniqueness of this peculiar type of abstraction in world history that required Marx 
to adjust Hegel’s dialectical method accordingly. So, as far as Smith is concerned, Hegel 
was not necessarily wrong, he was just dealing with less peculiar content (and categories 
describing it) than Marx was. Since these differing contents must be and are reflected in 
differing logical forms, any conceptual mapping of Hegel onto Marx - such as developed 
by Arthur - should be ruled out in principle. Of course, as explained in the main text, if 
most of the content of Hegel’s philosophy is dismissed, Arthur’s conceptual mapping is 
perfectly reconcilable with the statement above concerning capitalism's peculiarity and 
uniqueness in world history. 

115 Readers who are familiar with Smith’s (1990) book and his work generally might object 
that he considers capitalism a structure of Essence only and deems the logic of the Con- 
cept relevant only to understanding communism and since we do not live ina communist 
society yet, the logic of the Concept does not have many merits regarding the understand- 
ing of present-day society. All this is not disputed here and I do not see how saying that 
the whole of Hegel’s system has some merits of its own could be considered inconsistent 
with Smith’s opinions as to the merits of Hegel’s system regarding the understanding of 
capitalism as they were represented above. 

116 Smith does not phrase it like this, but the point made is implicit in e.g.: “Since our main 
interest is the influence of Hegel on Capital, the level of objective spirit is where we must 
focus” (1990, p. 15). 
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here." Within this Philosophy, however, the study of society belongs to level 
111-2. So, relative to other fields that study humans, be it the human mind (111- 
1) or human expression (111-3), Smith argues that Essence categories are most 
applicable. “However within the realm of objective spirit [111-2] ‘civil society’ is 
a determination on the level of ethical life (Sittlichkeit) [111-2-C] as opposed to 
abstract right [111-2-A] and morality [111-2-B]. As such it is a structure to which 
concept categories are applicable”."8 But at the level of ethical life itself, civil 
society (III-2-C-b) stands over and against the family (111-2-C-a), and it is not 
out to harmonise the two factions if conflicts were to arise. In Hegel’s opinion, 
the latter is the task and the raison détre of the State (111-2-C-c). Moreover, 
categories like value, money, and price, though central to capitalism, in the last 
instance have very little to do with the imperatives for human survival (for — as 
the Cree Indian prophecy has it — “money cannot be eaten”).!!? So although 
capitalism Appears to be “all about the money’, this Appearance serves to hide 
and mystify the Essence of human sociality (i.e. safeguarding human survival). 
So, in the last instance, capitalism, as a form of civil society whose Appearance 
cannot be reconciled harmoniously with its Essence, is best described in terms 
of a structure of Essence.!20 

As far as his mode of representation is concerned, Smith opts for a much 
more general scheme than Arthur. Instead of looking for parallels between the 
categories in Hegel’s doctrine of Essence and Marx’s Capital, he exhibits the di- 
alectic of Capital in terms of a movement from unity to difference to unity-in- 
difference. An abstract category unifies a multitude of particulars. Some stress 
what the particulars have in common (their unity), some what sets them apart 
(their difference), and some explicate both together (unity-in-difference). As 
one moves from unity to difference and on to unity-in-difference, the structure 
becomes more complex and the categories employed more concrete.!2! Thus, 
these headings describe the general characteristics of every abstraction, not 
just of abstractions that belong to a certain Doctrine in the Logic. By implica- 
tion, when a scheme like Smith’s is adopted, whether or not there are clear 


117 Smith 1990, p. 18. 

118 Ibid. 

119 In full, the mentioned prophecy runs: “Only after the last tree has been cut down, only 
after the last river has been poisoned, only after the last fish has been caught, only then 
you will find that money cannot be eaten.” 

120 Smith 1990, p. 18. Murray makes essentially the same point when he argues that “domina- 
tion by abstractions” as “a theme that lies at the heart of Capital” implies that the realm, 
or object totality, of capitalism is best understood in terms of Essence logic (1993, p. 45; 
compare Murray 2014). 

121 Smith 1990, pp. 5-6. 
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parallels between Hegel's Logic and Marx’s Capital is immaterial to the mode 
of exhibition. 

Although Hegel’s Philosophy of society is on the same plane as Marx’s (from 
Smith’s point of view at least), their content is very different. In contrast to 
Marx, Hegel is hardly concerned with the material conditions of production, 
but rather with the articulation of «) an individual’s Free Will, given that its 
expression is limited by 8) other people’s Free Will and thus is a y) Possibility 
only.!22 In overview, this possibility is actualised as A) universal abstract Right 
(of which property right is the most prominent constituent), B) individual 
Morality, and C) Ethical Life [Sittlichkeit]. Hence it analyses the political and 
ethical dimensions of a truly liberal society, rather than the extent to which 
the society we actually live in lives up to this ideal. Marx’s starting point, by 
contrast, is his observation that capitalist specialised production, predicated 
on a historically given division of labour, can only work when inputs and out- 
puts are generally exchanged in the economic domain.!23 Hence, on close in- 
spection, the exchange relation appears to be the true starting point for his 
systematic-dialectical exhibition of capitalism.!2+ Though this starting point 
appears to be much more historically specific than Free Will, both Hegel and 
Marx contend that “philosophy is its own time apprehended in thoughts”.12° 
To Marx and Marxists, it is the task of historical materialism to distinguish 
between “transhistorical concepts” that belong to all times, and “historically 
specific categories” that belong to the theoretician’s time (in Murray’s termi- 
nology these are called “general abstractions” and “determinate abstractions” 
respectively).!26 Systematic dialectics should appropriate the latter if it is to 
represent “its own time” adequately.!2” Though Hegel and Hegelians are less 
outspoken about this distinction and consequentially less adamant about the 
proper type of categories to use, they too make use of both types of categories. 

Given specialisation, one’s produce is bound to differ from one’s means 
of subsistence, so people must enter into exchange relations and there is no 


122 Hegel 1930 [1821], $$4-7; compare Hegel 1930 [1830°, 1817!], §382, § 487. 

123 I purposely use the term “capitalist specialised production” (or specialisation for short) 
where most people would just speak of division of labour in an Adam Smithian (1776) 
sense, because theoretically there can be division of labour, predicated upon specialised 
labourers, without the units of production also specialising in specific products. Thus, 
division of labour is a necessary but not a sufficient condition of existence of generalised 
exchange. 

124 Arthur 1993, p. 72; Smith 1990, pp. 67-8. 

125 Hegel 1930 [1821], p. 15; compare Smith 1990, p. 4; compare Smith 2003, p. 187. 

126 Murray 1988. 

127 Reuten 2000, p. 141. 
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guarantee that they would have done so on their own accord anyhow.!8 This 
is why Marx’s starting point allows for negative results, like exploitation, and 
Hegel’s does not. Either way the philosophies at this level (111-2) investigate 
aspects of society that stand over and above individuals and potentially curtail 
their Freedom. With Hegel, individuals’ actions are curtailed by the need to be 
at least a little considerate of other people’s freedoms and rights (in order to 
protect your own), whereas with Marx (i.e. in capitalism) individual freedom is 
thwarted by the imperative to engage in exchange in order to stay alive. 

On close inspection, Smith and Arthur seem to concur that Capitalist soci- 
eties are characterised by structures out there that individuals are dependent 
upon for their survival. Hence, they have very strong incentives to mechani- 
cally play by its rules as though market forces were nothing short of forces of 
nature.129 But their convictions are based on a very different reading of both 
Hegel and Marx. For Smith, the seemingly inescapable nature of market forces 
is borne out by the fact that capitalism in the last instance is best represented 
as an Essence structure, while Arthur claims that Capital — and systematic dia- 
lectics generally - can only grasp the interrelations between the materialised 
abstractions characteristic of capitalism, but is otherwise incapable of making 
sense of real things and people. So capitalism can only work to the extent that 
it succeeds in materialising the abstractions it is predicated upon in the world. 
Because people are not materialised abstractions, the part they play in this 
process is capitalism’s Achilles heel. 

Smith’s argument points to a strong parallel to the Philosophy of Nature 
(level 11), because nature is the Essence structure pur sang. This parallel is rele- 
vant for the mere possibility of quantification. One of the reasons quantitative 
methods are successful in the natural sciences is that volition and subjectivity 
are neither present nor assumed; so that behaviours are law-like and subsum- 
ing a particular phenomenon under a law is considered satisfactory as an ex- 
planation. Since in Marx’s system individual humans are dependent for their 


128 This is what distinguishes Marx not only from Hegel, but also from the economic main- 
stream. Both Hegel and mainstream economists contend that individuals enter into a 
bargain, because they feel that the goods they will have after the exchange will make 
them happier than the goods they originally possessed. The possibility that some enter 
the exchange relation with nothing to exchange but themselves, or may only have com- 
mand of inedible commodities, is thus abstracted from. However, if either predicament 
is yours, you must exchange at any cost or die from starvation while trying. Thus, pretty 
much anyone who does not produce or otherwise commands food can only afford desire 
and happiness after the necessary exchanges have been made. This inexorable logic is 
missing from Hegel’s and mainstream accounts alike. 

129 The very terminology of market forces, equilibrium, etc. that free market apologists are 
fond of using implies a similar inescapability. 


38 CHAPTER 1 


survival upon capitalist relations and concomitantly on obeying its value- 
driven imperatives, quantitative methods are potentially just as adequate for 
the study of this particular mode of production as they are for the study of 
the natural world. According to Arthur, of course, systematic dialectics cannot 
deal with real people anyhow and must therefore distance itself from volition 
and subjectivity. So although he views capitalism mostly as a concept struc- 
ture, Arthur's account implies a similar potential for the use of quantitative 
methods in the study of capitalism as Smith’s. 

Such an individual dependence on structural relationships and concomi- 
tant imperatives for survival - be it real or perceived - is absent from Hegel’s 
system for it is entirely predicated upon the very freedom of humans that Marx 
immediately relegates to the margins of his system. In conclusion, survival — by 
subsumption to the exchange relation — comes first for Marx, whereas Hegel 
seems to contend that when Free Will is secured (in the last instance by the 
State), survival is immanent. 

But there is more. Although numbers and mathematical formulae can de- 
scribe a lot of processes in the natural world, they are externally imposed on 
it: they do not constitute nature. I am aware that such a statement flies directly 
in the face of scientists who claim that “mathematics is the grammar of the 
book of nature” and conclude that nature is inherently (ie. ontologically) 
mathematical.!3° To me, this is just as ludicrous as to conclude that a scientific 
field is constituted by language from the fact that the use of language adds to 
the field’s intelligibility. Of course it does, for language has been developed as 
a tool for understanding the world and the categories on which set theory is 
based have a qualitative basis in language.!?! Since set-theoretical propositions 


130 From the discussion in Section 2 it may seem that it also flies in the face of Hegel. After 
all, Quantity is one of the most basic determinations in his Logic and hence needs to 
be presupposed before anything else can be understood. However, one cannot conclude 
from this fact that the world is ontologically mathematical. In my opinion Hegel’s whole 
philosophy actually dismisses ontological considerations lock, stock and barrel, because 
it only focuses on what can be known of the world, claiming that all that can be known 
is known in language and hence critical scrutiny of the way categories in language are in- 
terrelated will bring out the limits of human knowledge and understanding. Hegel often 
makes it sound as though what cannot be known cannot exist, but this does not logically 
follow from his argument. When abstractions (like value) take on a “tangible” material 
form (viz. as money — which becomes increasingly less tangible nowadays through the 
rise of electronic means of payment: hence the inverted commas), this situation changes, 
which is why a systematic-dialectical treatment of capitalism can have ontological im- 
plications, while this is logically impossible for systems whose categories do not have the 
peculiar characteristic of being both real and ideal. 

131 See Chapter 2 and its abridged version in Damsma 20n. By saying that set-theoretical 
categories have a qualitative basis in language, I do not mean to imply that mathematics 
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form the basis of the foundational systems of mathematics, it would be very 
strange indeed if these structures had no applications in the world. After all, 
the world informed language and language informed mathematical categories. 
So the fact that mathematical structures are applicable to the study of nature is 
a result of the way these structures came about. It has nothing to do with how 
nature is constituted. 

In capitalism, by contrast, value must actualise itself as a certain Quantity of 
money for the mode of production to be viable. This universal monetary value 
permeates all entities and categories in the economic domain. Consequential- 
ly, all concrete capitalist entities and categories - like commodity, price, cost, 
profit, value, etc. - can also be understood abstractly, as shares or elements in 
the produce of the system at large.!3? So, this is another reason why quanti- 
tative methods have potential in the study of capitalism. Although Hegel ac- 
knowledges the necessity of money as the quantitative measure of value, he 
holds that man imposes this social form on things, instead of the other way 
round as Marx claims.!33 So it is human volition that in the last instance de- 
termines exchange value through supply and demand mechanisms.!3* Even 
though these mechanisms can be mathematically formulated, entering into a 
bargain for Hegel is an individual choice, it is not something one must do to 
stay alive. Hence, capitalism’s laws of motion, as Hegel might formulate them, 
are less inescapable in nature than Marx’s. 

In short, whereas Hegel sees qualitative and quantitative reflection as rec- 
oncilable ways of thinking, Marx sees the capitalist world itself as being both 


is just another type of language. For one thing, it is much more rigorous than any other 
language and since its subject matter is “external reflection on a multitude of distinguish- 
able yet arbitrarily divisible elements” (see Chapter 2 and its abridged version in Damsma 
2011), it is entirely free of qualitative considerations in a way that ordinary language can 
never be. As a result, it can traverse universes way beyond the reach of our imagination 
(such as the number of elements in P(R), i.e. the power set of R), simply by consistently 
applying definitions and logical operations. 

132 Arthur 1993, p. 64; Arthur 2004, p. 79; Smith 1990, pp. 83-94; Smith 1993, pp. 22-3; Reuten 
and Williams 1989, pp. 60-5; Murray 1993, p. 45; compare Murray 2014. 

133 As Marx wrote: “Men make their own history, but not of their own free will; not under 
circumstances they themselves have chosen but under the given and inherited circum- 
stances with which they are directly confronted” (1960 [1852!, 18692, 18853], p. 146). So the 
individual is confronted with a material reality imposing its social form (money) on them, 
but historically humankind has brought this reality into existence and has the power to 
overturn it if a powerful enough group of people wishes to do so. As long as that does 
not happen, however, each individual has to yield to the value imperatives sketched out 
above (compare pp. 46-7 above). 

134 Arthur 1988, pp. 27, 35. 
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qualitatively and quantitatively constituted.!35 So quantities are an integral 
part of the capitalist economy, rather than being externally imposed upon it.!36 
It is this characteristic of capitalism that enables a (mathematical) modelling 
methodology to be integrated with systematic dialectics all the way through, 
albeit with regard to the study of capitalism only (that is, amongst the systems 
that Marx knew of - or that we know of).137 

In Chapter 3, Marx’s systematic-dialectical exhibition is tracked in order to 
substantiate the noted differences between Marx’s categorial abstractions and 
Hegel's and the associated potential for quantification and the use of quanti- 
tative methods. Despite the differences between Smith and Arthur regarding 
their respective modes of exhibition, the categorial content of both accounts 
is very similar, so regarding the relevant moments in Capital, I will draw on 
both accounts. However, they will be exhibited in accordance with the «)-ß)-y) 
format introduced in Section 2 above, which, for its general applicability, bears 
more resemblance to Smith’s unity, difference, and unity-in-difference than to 
Arthur’s parallelisation with Hegel’s Logic. 


Summary and Conclusions 


The objective of this chapter was to show that the differences between Marx 
and Hegel’s accounts of society, though ontological, are hardly epistemologi- 
cal in nature and that both used a systematic-dialectical method. This method 
was developed by Hegel. Marx was inspired by it, but deviated from it in some 
important respects. To this end, Section 1 began by charting the chronologi- 
cal order in which Hegel and Marx developed their ideas about historical and 
systematic dialectics. This section showed that Hegel developed his historical 
dialectics to fit his systematic-dialectical works, while Marx first developed 
his historical materialism and used the insights this gave him as an input to 


135 See Chapter 2 and its abridged version in Damsma 2011 for a further explanation of the 
point made regarding Hegel. 

136 Compare Arthur 1993, p. 64; Smith 1990, pp. 93-4; Smith 1993, pp. 22-3; Reuten and 
Williams 1989, p. 65. 

137 This is not to say that mathematical modelling would not be useful in other systems, but 
just that they could not be integrated with them all the way through, for this requires 
abstractions to be ontologically as well as epistemologically quantitative. Systems for 
which this is not the case can only be described mathematically to the extent that suit- 
able Measures can be found and imposed upon it. Once again, the fact that capitalist 
abstractions are quantitatively constituted implies that modelling can go much further 
than in other systems. 
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his systematic-dialectical outline of the capitalist system. Next, Section 2 de- 
scribed the fundamental premises of, essential elements in, and the funda- 
mental structure of Hegel’s systematic-dialectical works so as to set the stage 
for understanding Marx’s critique on Hegel and Marx’s twist on Hegel’s meth- 
od. The elements in Hegel’s texts that Marx was critical of, as well as those he 
adopted and his alternatives to the former, were discussed in Section 3. Thus, 
it was established how Marx’s systematic-dialectical theory was likely to differ 
from Hegel’s. 

Many (including myself) contend that Marx came up with a systematic- 
dialectical theory of his own in the Grundrisse and Capital. Most commenta- 
tors contend that in doing so, he drew on the categories in Hegel’s Logic in one 
way or another. Especially regarding Marx’s Grundrisse manuscript this con- 
tention is hardly disputed. Regarding Capital there is more diversity of opin- 
ion. To show that the latter work too can be considered a systematic-dialectical 
text, Section 4 discussed some scholarly works (most prominently Arthur’s and 
Smith’s) that defend this thesis. 

The most fundamental premise of Hegel’s work is that everything that can 
be known is known in language. Therefore, a deep understanding of the way 
that ideas about a certain realm are interrelated in language can foster new 
insights about the reality to which those ideas pertain, to exactly the same ex- 
tent that the ideas are adequate. Both Hegel and Marx accepted this premise, 
in my view. 

However, before one can begin to investigate how ideas are interrelated in 
language, one must at the very least become acquainted with them. This is a 
process that precedes the development of the systematic-dialectical method 
proper. In Smith's terminology, therefore, systematic dialectics is preceded by a 
stage of appropriation.!38 Reuten and Williams make a similar statement when 
claiming that (systematic-dialectical) “concrete determination” is preceded by 
a process of “abstract determination” in which categories (embodying ideas) 
are born.!3° 

Although both Hegel and Marx emphasise the importance of this stage, 
their opinions as to the role the dialectician or philosopher has to play in 
this are quite different. Where Hegel places his faith in “the working out of 
the empirical sciences on their own account”, Marx is decidedly more criti- 
cal. For instance, he makes the sweeping claim that the whole German histori- 
cal tradition has focused on pure thought and neglected actuality. In his view, 
Hegel was the last proponent of this erroneous school of thought. Having thus 


138 Smith ıggo. 
139 Reuten and Williams 1989. 
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dismissed large chunks of history-writing (among other disciplines), Marx 
could not just appropriate existing ideas to subsequently chart their interre- 
lationships, but to a large extent felt compelled to come up with categories 
of his own. Thus, analytical and empirical exploratory research [Forschung] is 
important to Marx alongside the systematic-dialectical investigation, whereas 
Hegel felt he could dispense with it. Marx repeats, re-emphasises, and clari- 
fies this point further in his introduction to the Grundrisse manuscript, a few 
pages of which are the only ones in which Marx explicitly discusses the most 
appropriate method for political economy. 

As to Hegel’s philosophy and dialectics in general, Marx criticises Hegel 
for being obsessed with overcoming conflicts and banning negativity from 
his dialectics. According to Marx, Hegel correctly identified the possibility for 
products of labour to become alienated from the labourer but could not work 
out the consequences, because tensions between thought and nature always 
needed to be resolved in the Hegelian system, whereas a direct confrontation 
with nature might show how it is misrepresented in thought (so an apparent 
conflict is not an actual one) and/or how actually existent conflicts become 
disguised in more complex forms, but are never actually resolved. 

It seems plausible that Marx’s critique of Hegel's dialectics in general led 
him to dismiss not only Hegel's idea that world history is essentially a tale of 
an ever more pronounced actualisation of individual Free Will in the world, 
but also (most of) Hegel’s Grundlinien der Philosophie des Rechts, including its 
starting point: the universal principle of Free Will. After all, Hegel’s systematic- 
dialectical theory of society starts from this universal principle to allow this 
object totality to be described as “the Idea that returns into itself out of its 
otherness” to resolve the tension between pure thought as “the Idea in and for 
itself” and nature as “the Idea in its otherness”. This resolution could only come 
to a close if human agency was considered as unhampered and Free as pos- 
sible. So to Marx, Hegel’s universal principle of Free Will must have appeared 
as the pinnacle of his obsession with tension resolution of which Marx was so 
critical. 

As an alternative to the Hegelian conception of history, Marx asserted that 
changing material relations between the haves and have-nots should be con- 
sidered the guiding principle to understand historical developments in society, 
while any historically given material constellation may be indicative of the ap- 
propriate universal principle of the societal system as it functions in a given 
era. The implication of Marx’s critique of Hegel and his alternative concep- 
tion of history is that his own systematic-dialectical starting point should 1) 
allow for the emergence at later stages of conflicts and negative results, and 
2) be embedded in Marx’s historical materialist conception of history. In the 
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introduction to his Grundrisse, Marx explicitly makes the latter point and the 
related remark that historical and systematic-dialectical reasoning must be 
clearly distinguished. When exhibiting Marx’s systematic-dialectical theory 
of capitalism in Chapter 3, it will be assessed whether the universal principle 
Marx starts from meets the two requirements identified above. 

There is no evidence that Marx was critical of Hegel’s other works or of 
other aspects of his method than those discussed above, although the implica- 
tions of his critique of Hegel’s obsession with resolving oppositions (tensions 
between a and ß) are far-reaching in that any reference to the logical categories 
in the Doctrine of the Concept must be handled with extreme care. In fact 
he was often (around the time of writing the Grundrisse) quite enthusiastic 
about Hegel. Thus, Marx’s criticisms mainly concern Hegel’s ideas on society 
and its historical development. Being critical about the received view auto- 
matically implies a larger role for empirical and analytical exploratory research 
[Forschung], for dismissing old ideas challenges one to come up with alterna- 
tive ones. In post-Kuhnian terms one might say that Marx and Hegel's funda- 
mental epistemological beliefs and method are the same, but because of their 
different ontological views of society and its history, their accounts of society 
start from a different universal principle and as a result have very different 
contents. The epistemological differences regarding the pre-dialectical stage 
of appropriation are directly related to their different views of history as well. 

All this has implications not only for the universal principle with which 
Marx begins his systematic-dialectical exhibition in Capital, but also for the 
way it draws on the categories in Hegel's Logic. This in turn has implications for 
whether the core capitalist categories are ontologically amenable to a quanti- 
tative treatment if seen from a systematic-dialectical perspective. Quantitative 
methods have most potential when volition and subjectivity are neither pres- 
ent nor assumed so that subsumption under a law can be considered satisfac- 
tory as an explanation. In Smith’s opinion, this is the case for the capitalist 
system because in the last instance it is best described in terms of Essence 
categories in a Hegelian sense. This type of category relates to the world out 
there only and must thus abstract from volition and subjectivity. 

According to Arthur, Hegelian systematic dialectics can only deal with ab- 
stract thought. However, the pure abstract thought of value in capitalism has 
gained material reality as money and therefore capitalism is the only real sys- 
tem it can tackle, but only as long as the exhibition describes the results of the 
value imperatives. It cannot incorporate real people or things, but only materi- 
alised abstractions. Hence, Arthur’s point of view also implies that volition and 
subjectivity must be abstracted from in dialectical descriptions of capitalism. 
So, both Smith’s and Arthur’s accounts of Marx’s method, albeit on the basis of 
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radically different readings of both Hegel and Marx, imply a huge potential for 
quantitative methods for the study of capitalism. 

Despite these differences, Smith and Arthur seem to concur that capitalist 
abstractions are rather peculiar in that they are both real and ideal. Again, the 
argument is that capitalism renders the thought of value tangible (as money) 
and that the concomitant value imperatives permeate all capitalist entities, 
relationships, and processes. Hence, capitalism is largely constituted quanti- 
tatively. That is, not only are quantitative methods epistemologically useful for 
studying it, but its core categories are also ontologically quantitative in ways 
that the categories of the natural sciences could never be. 


Preview 


This book is about the articulation of systematic dialectics and mathemati- 
cal models that formalise or represent moments of a systematic-dialectical 
account of capitalism. The project thus involves transitions between the quali- 
tative and the quantitative and back again. 

To understand whether such transitions are feasible and, if so, how they 
could be made, Hegel’s systematic-dialectical exhibition of the mathematical 
is extremely useful. After all, the dialectical method is one that involves catego- 
ries and hence qualities. Thus, bringing it to bear on the quantitative involves 
a transition between the qualitative and the quantitative. Chapter 2 therefore 
establishes the systematic-dialectical architecture of mathematical categories 
and ideas by tracking Hegel’s determination of these categories in his Logic 
and the first part of his philosophy of nature. The former establishes a system- 
atic-dialectical foundation for what would now be called number theory, while 
the latter exhibits the categories of geometry in a systematic-dialectical way. 

Chapter 3 elaborates on the thesis that capitalism is ontologically quantita- 
tive and hence can be studied using mathematical techniques, not because 
Measures can be externally imposed on it, but because its very nature is quan- 
titatively constituted. As a result, systematic-dialectical moments of capital- 
ism can be analytically explored with the help of mathematical models to a 
further extent than is the case in most other realms. 

The role of dialectics in such a modelling exercise is to bring to light and 
scrutinise the assumptions that models require. How this might work is inves- 
tigated by means of a critical examination of Marx’s schemes of reproduction 
and its assumptions from a systematic-dialectical perspective. This examina- 
tion is undertaken in Chapter 3. It is concluded that Marx’s goal when draw- 
ing up these schemes was to analytically explore the categories of simple and 
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expanded reproduction that he arrived at by systematic-dialectical means. So 
Marx never ventured beyond the stage of abstract determination when draw- 
ing up his schemes, but this does not mean that it is impossible or unfeasible 
to present these models and their assumptions as the outcome of the dialec- 
tical exhibition. Thus, a much stronger connection between the systematic- 
dialectical genesis of model assumptions and the formal (model) structure in 
which they operate is possible. Chapter 4 therefore offers a reconstruction of 
Marx’s schemes, to show how this might be done. 

In dialectical terms one might say that in this book the «) idea of mathemat- 
ics (as elaborated upon in Chapter 2) is contrasted with the ß) quantitatively 
constituted reality of capitalism, exemplified in this book by Marx’s analytical, 
pre-systematic schemes of reproduction, that comprise two moments of the 
capitalist system (Chapter 3) and that the tension between the two is resolved 
by showing that these analytical, pre-systematic schemes can be elevated to y) 
mathematical models of particular moments of the capitalist system whose as- 
sumptions are dialectically informed or at least dialectically defensible, at least 
regarding capitalist simple and expanded reproduction (Chapter 4). 


CHAPTER 2 


The Dialectical Foundations of Mathematics 


Introduction 


Mathematics, like any other science, cannot justify its own foundations. For 
example, it needs Numbers to build up the tools by which it can apprehend 
Numbers.! Due to this circularity, mathematicians are forced to work with cat- 
egories whose genesis they cannot fathom. This circle can be broken by a re- 
flection on the categories mathematicians work with, rather than by working 
out their implications (for this is already the core business of mathematicians 
anyhow). Hegel’s methodology of systematic dialectics is instrumental in this 
reflection, for it entails an ordering of categories from abstract categories to 
concrete instances. On the basis of this order, I will show that the categories 
of Numbers and arithmetical operations stem from a failed attempt at making 
qualitative distinctions on the basis of quality alone. Further, the exhibition 
in this chapter clarifies the proper use of cardinal and ordinal Numbers and 
shows that our awareness of Time and hence of Motion presupposes distinc- 
tions in Space. 

Since “Hegel taught mathematics at both the University of Jena and the 
Nürnberg secondary school”, his knowledge of mathematics and its main 
categories must have been above average (and more than adequate for his 
systematic-dialectical purposes). Hegel discusses some important categories 
of number theory and algebra (viz. Numbers and arithmetical operations) at 
length in the first part of his Wissenschaft der Logik and more succinctly in 
the first subdivision of the first part of the Encyclopädie der philosophischen 
Wissenschaften.* Important categories of mathematical mechanics, which is 
akin to geometry, are discussed in the first subdivision of Hegel’s philosophy 
of nature, which can be found in the second part of the Encyclopädie, but not 
in the Wissenschaft. So the Encyclopädie encompasses more mathematical cat- 
egories than the Wissenschaft, and discusses them more succinctly. Thus, the 


ı In this book, categories that are dialectically important to Hegel (and thus function as 
moments — compare Chapter 1, Section 2) will always be written with a capital letter. To avoid 
confusion between Hegel’s moments and Marx’s (as mainly discussed in Chapters 3 and 4), 
Marx’s are stressed by italicising them (see my Note on the Style of Referencing and the Use of 
Capitalisation and Emphasis in This Work for further details and explanations). 

Burbidge 2006, p. 48. 
Hegel 1986 [1812, 1813, 1816], and 1930 [1830°, 1817'] respectively. 
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Encyclopädie provides a more complete account of what Hegel has to say on 
mathematics. Moreover, I have little to add to Carlson’s comprehensive discus- 
sion of the Wissenschaft.* Hence, I will confine myself to the Encyclopädie in 
this chapter. The differences and similarities between both works will be dis- 
cussed in the appendix. 

The central questions are how Hegel develops important mathematical cat- 
egories systematically out of other more abstract categories, how this reflects 
on the meaning of these categories and how this in turn reflects on the math- 
ematics in which the categories are utilised. In answering these questions it 
will be shown that mathematical categories presuppose abstract categories in 
common language. So, contrary to popular belief, the mathematical mind-set 
is founded on languages like English, French, German, Dutch and the like. It 
therefore is not a language in its own right. 

In the first section of this chapter a representative part of the literature 
on Hegel and mathematics is discussed. This helps position this chapter and 
hopefully provides an idea of the potential uses of systematic dialectics with 
regard to the philosophy of mathematics. 

Hegel’s determination of the quantitative is discussed in the second section 
and his determination of mathematical mechanics in the third. The accounts 
given follow the a-ß-y format introduced in Section 1.2 and are neither quan- 
titative nor mathematical. Rather, mathematical categories, like Discrete and 
Continuous Magnitude, Number, Spatial Dimensions, the Point and the Line, 
are ordered along other categories within Hegel’s philosophical framework. In 
the concluding section the question will be answered what insights, if any, can 
be gained from this systematic-dialectical perspective on the mathematical. 


1 Previous Literature on Hegel and Mathematics 


The literature on Hegel and mathematics falls roughly into two categories. 
First, some authors are searching for a philosophical understanding of math- 
ematics and are looking for answers in Hegel’s works. Second, there are those 
who try to elucidate, comment upon, and expand Hegel’s views on (certain 
aspects of) mathematics and especially infinity. 

The reason to look for a philosophy of mathematics in Hegel lies in the 
rigour and precision of mathematics and definitions for mathematics. Once 
a category or subject is rigorously defined, it is set apart from all possibilities 
that are not captured by the definition. When worked with, these rigorous 


4 Carlson 2000, 2002, and 20038. 
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definitions therefore eventually call up their own negation. That is, while the 
mathematical implications of these definitions become clearer and clearer, so 
do their shortcomings.® In other words, to truly understand some definition 
and its implications also implies an understanding of its limits. Thus, the rigor- 
ous definitions of mathematics call up their own negations.® 

Toth illustrates this point in relation to the development of non-Euclidian 
geometry. Interestingly, many authors, like Aristotle in the third century B.c. 
and Saccheri and Lambert in the eighteenth century A.D., already knew that 
a non-Euclidian geometry was possible in principle, but except for Aristotle 
they all dismissed this type of geometry as untrue.’ Thus, the Euclidian system 
clearly calls up its own negation, even though this negation was only accepted 
as a true possibility in the nineteenth century A.D. Within both axiomatic geo- 
metrical systems, the other system can be shown to be false, so the two are truly 
oppositional.$ But this is only a problem if an ontological status is ascribed to 


5 This statement might remind some readers of Lakatos’s Proofs and Refutations in which a 
mathematical proof for the conjecture that “for all regular polyhedraV - E + F = 2” (1976, 
p. 6) (V being the number of vertices, E the number of edges, and F the number of faces) is 
subjected to numerous efforts at refutation by pupils in an imaginary classroom. Although 
many of their attempts are deemed successful by their teacher, they do not succeed in over- 
throwing the conjecture. Instead, the terms in the conjecture and the method of proof are 
changed in such a way that the conjecture and the proof are effectively immunised against 
falsification. But the terms and the nature of mathematical proof itself become a lot clear- 
er in the process. Thus, Lakatos shows that the use of what Popper called “conventionalist 
stratagems” (2005 [1959], pp. 61-2) (which are usually dubbed “immunising” (compare e.g. 
Boumans and Davis 2010)) does not always harm theories. Instead, they can play a very con- 
structive role. 

Because Lakatos’s argument proceeds by means of counterexamples of statements and 
is cast as a conversation, it is often mistaken for a dialectical argument. But - in a Hegelian 
sense at least — it is not, because in systematic dialectics a category is negated as a whole 
by another category at the same level of abstraction, while the pupils in Lakatos’s text try to 
overthrow the abstract general conjecture by offering concrete counterexamples. So the stu- 
dents essentially follow a Popperian procedure, allowing Lakatos to show the limits thereof. 
Furthermore, the mathematical proof debated in the imaginary classroom only serves as an 
example of the more general point Lakatos wants to make, and arguing a general point by 
means of contemplating examples is itself an undialectical procedure. 

Paterson 19974, p. 14; Tóth 1972, pp. 36-8. 

Tóth 1972, pp. 20-3. The BBC has recently replaced the abbreviations B.C. and A.D. with the 
religiously more neutral terms Before Common Era (B.C.E) and C.E. (Common Era) respec- 
tively. Although a good case can be made for abolishing references to Jesus Christ in a multi- 
cultural and multi-ethnic society, I prefer clarity over political correctness and hence will not 
adopt the new abbreviations until they are used more widely. 

8 Mathematically, this is only true with regard to (one of) the axioms of both systems. Euclid- 
ian geometry accepts the fifth axiom, which states: “given a line / and a point A not on the 
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either of these systems of formal logic. If not, it is the positing of this opposi- 
tion itself that might lead to a more comprehensive dialectical understanding 
of the nature of geometry.? 

The fact that Hegelian philosophy can be used to make categorial sense of 
the development of non-Euclidian geometry and the nature of geometry in 
general, is not to say that Hegel gave any account of non-Euclidian geometry 
in his writings. Rather, he “fully accepted the essential validity of the Euclid- 
ian approach’, albeit that he criticised some of Euclid’s proofs, especially when 
they involve superposition.!° His criticism was based on the fact that two dis- 
tinct congruent triangles are conceptually the same. According to Hegel there- 
fore, a pure mathematical triangle can only be congruent with itself: Hence, 
congruence must be proven from one triangle instead of from superposition 
of one triangle over another." 

Paterson discusses the problems that the formal systems have run into that 
were proposed in the twentieth century as foundations for mathematics.” 
Each of the proposed formal systems was inspired by different intuitions. In 
that sense each of them is deficient and can only be a foundational system for 
that part of mathematics that concurs with the foundational intuitions of that 
specific system. 

As a solution to the problems that have arisen from this state of affairs, 
Paterson proposes to contrast the «) universality of mathematics itself (as 
a category) with 6) formal systems as particular instances of foundational 


line, there is only one line through A which does not cross l”. If this axiom is rejected there 
are two possibilities: 

1) in hyperbolic geometry, there is an infinite number of lines through A that do not 

cross l; 

2) in elliptical geometry, all lines cross. 

The first of these non-Euclidian possibilities implies an infinite (as opposed to one) num- 
ber of parallels through A, while the second possibility implies that parallel lines are only 
parallel on a finite domain. So in terms of finite versus infinite the non-Euclidian axioms 
are truly opposed to Euclid’s fifth axiom. 

In mathematical practice, however, Euclidian geometry is a special case of elliptical 
geometry. Parallel lines on a globe, rather than a plane, best represent the elliptical un- 
derstanding of parallelism. As the radius r of this globe approaches infinity, the elliptical 
system starts behaving like the Euclidian system. So the Euclidian system is the limit of 
the non-Euclidian elliptical system for r + oo. I am grateful to Louk Fleischhacker for 
help with these remarks. 

9 Tóth 1972, pp. 36-40. 

10 Paterson 2004/05, p. 46. 

11 Paterson 2004/05, pp. 37-9. 
12 Paterson 19974, pp. 3-10. 

13 Paterson 19974, p. 12. 
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systems, and to proceed dialectically towards the y) singularity of natural 
numbers, sets and functions.!* In such an exhibition, “the implicit conceptual 
content of the formal approach will be made explicit” and “the development 
will make conceptual sense of the insights which motivated the various foun- 
dational systems”.!? 

Hegel distinguishes between the bad or metaphysical and the true infinite. 
According to Hegel the latter category is involved in the mathematical infi- 
nite.16 The bad infinite is the unreachable infinity of an endless progression 
and is best represented by a straight line.!” It is a Quantity beyond all Quantity 
in that it is forever beyond the finite: whatever operations you perform using 
finite quantities, the result will always be finite again.!® Hence the bad infinite 
is only a potential infinity that cannot be reached by finite mathematicians. It 
is beyond our grasp by its very definition. 

All things in the world are finite, but this fact itself is infinite. “Finite entities 
develop, change, pass away and give rise to other entities” ad infinitum.!? This 
passage itself is the basis for Hegel’s conception of the true infinity.2° Thus, the 
mathematician deals with “finite objectivities that thought posits in its infinite 
self-development’.”! To Hegel the most important example of an application of 
the true infinite in the realm of Quantity is the differential calculus. At their 
limit the dy and dx in the ratio dy / dx are “no Quanta anymore [...] but have 
meaning only in their relation”.2? So it makes no sense to think of dy and dx as 
being extremely small but nonzero Quanta. Rather, it is the law that relates y 
and x that becomes apparent in the expression dy / dx. Thus, while at this limit 


14 Paterson 1997a, pp. 12-4. 

15 Paterson 1997a, p. 14 and pp. 14-5 respectively. On Paterson’s website (https://sites.google. 
com/site/apatierson/) the reader will find another five papers on the desirability and 
merits of a Hegelian philosophy of mathematics. Three of these are about the philosophy 
of Number (1997b; n.d.; 2000), one is about the “Hegelian Concept and set theory” (2007) 
and one (2002) is about the Hegelian philosophy of mathematics in general. In each of 
these, Hegelian philosophy is proposed as a solution to the problems “which arise out 
of the existence in mathematics of self-referential, non-constructive concepts (such as 
class)” (Paterson 2002, p. 143). 

16 Lacroix 2000, p. 303. 

17 Inwood 1992, p. 141; Ellsworth de Slade 1994, pp. 212-3. 

18 Hegel 1986 [1812, 1813, 1816], p. 282, 2.2Bc; Lacroix 2000, p. 314. 

19 Inwood 1993, p. 295. 

20 Hegel 1986 [1812, 1813, 1816], p. 163, 1.2Cc; Lacroix 2000, p. 315. 

21 Lacroix 2000, p. 315. 

22 Hegel 1986 [1812, 1813, 1816], p. 295, 2.2Bc, my translation. Quantum is Hegel’s term for a 
Quantity with a specific Magnitude, a specified Quantity. These Quanta have nothing to 
do with Planck’s packages of specific amounts of light. Exactly what is at stake will be 
discussed at length in the next section. In that section and the section after that, all the 
capitalised categories encountered thus far are elaborated upon. 
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dy and dx disappear as specified Quantities, their relation reappears as a quali- 
tatively different ratio. If y and x are positively related (e.g. through a successor 
function), it is this relation that is the true locus of the true (quantitative) infi- 
nite, because through it the finite Quantum x is ceaselessly led beyond itself 
into the bad potential infinite. Thus, if y) true infinity is conceived of as the law 
that leads «) the finite Quantum x into the ß) bad potential infinity it resolves 
the opposition between the two.?3 

In 1994 Ellsworth de Slade (now known as Henri Ellsworth Beaufort) wrote 
a study on the counterparts of Hegel’s true infinity in his conception of infini- 
tesimal mathematics. In 1932 Baer published an article on Hegel and Mathe- 
matics in general. In their texts both hail the result of the last paragraph as one 
of the most important insights Hegel has to offer in the field of mathematics.?* 
Fleischhacker agrees with these authors that dy / dx is qualitatively different 
from other ratios, but disagrees with calling it a ratio. He argues that at its limit 
dy / dx is not a qualitatively different ratio, but a normal finite specified quan- 
tity, whereas before the limit it was still a ratio. “Not dy and dx are ‘the ghosts 
of deceased quanta’, but dy / dx is the corpse of a deceased ratio”.?° However, 
as far as mathematical practice is concerned, all three authors are correct. That 
is, under some circumstances dy / dx is conceived of as a quantity while under 
others it is best treated as a ratio. 

Hegel’s views on the infinite and infinitesimal mathematics are not intra- 
mathematical, but categorial. However, as Wolff clearly shows in his 1986 text 
entitled Hegel und Cauchy, he was well versed in the research that mathemati- 
cians such as Lagrange and Cauchy have done on the subject. In this text Wolff 
traces how Cauchy influenced Hegel regarding the mathematical infinite and 
infinitesimal mathematics and discusses similarities and differences between 
the two.”® Critically building on Wolff and others, Beaufort appraises Hegel’s 
views on mathematics as an outcome of the interplay between Hegel’s devo- 
tion to his system and the open problems regarding the development of the 
differential calculus at the time.?’ In connection to this, Beaufort argues that 
Hegel was probably influenced more by Lagrange than by Cauchy.?8 


23 Lacroix 2000, pp. 311-5. 

24 Baer 1932, p. 112; Ellsworth de Slade 1994, p. 213. 

25 Fleischhacker 1982, p. 148, my translation. 

26 Wolff 1986, pp. 197-263; compare Beaufort 2009a, foreword. 

27 Beaufort 200gb. 

28 Beaufort 2009c. Although such historical considerations are important to understand 
how Hegel’s views were formed, the current book focuses on the mathematical implica- 
tions of the systems that Hegel and Marx built, rather than the historical development of 
their thought. I will therefore not elaborate on Wolff (1986) or Beaufort (2009a, 2009b, and 
2009C) here. 
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Hegel’s views on mathematics have also been an inspiration to Marx and 
Marxists. Kol’man and Yanovskaya discuss the nature and extent of the influ- 
ence of the Hegelian philosophy of mathematics on Marxism-Leninism.?? 
To them, as to Fleischhacker, the most important merit of the Hegelian phi- 
losophy of Mathematics was his correct recognition of the subject matter of 
mathematics (more about this in Section 2.8).3° 

But according to Kol’man and Yanovskaya, Hegel should not have stopped 
there. His dialectical perspective may have helped Hegel to correctly analyse 
the nature of mathematics and some of its problems and shortcomings, “but 
as a bourgeois philosopher who only intends to explain the world and not to 
change it, he does not at all pose himself the task of transforming mathematics 
dialectically”.*! This is best exemplified by Hegel’s analysis of the differential 
calculus alluded to above. Instead of trying to transform mathematics in accor- 
dance with his analysis, Hegel states that “these dialectical moments ... cannot 
be adopted by mathematics at all” and leaves it at that.3? It goes without saying 
that Kolman and Yanovskaya do not agree.3? 

Finally, in the first three papers in a series on Hegel’s Wissenschaft der Logik 
Carlson gives a complete account of Hegel’s determination of the quantita- 
tive in pictographic terms.34 His treatment in these papers is very similar to 
mine. That is, all of Hegel’s dialectical transformations and all of the important 
categories in the Wissenschaft are discussed, explained and when appropriate, 
amended with modern-day insights. In the next two sections, I will do roughly 
the same for the Encyclopddie, although a different procedure for exhibition 
is adopted in those sections. Carlson exhibits Hegel’s logic in the form of pic- 
torial triads of overlapping categories, whereas I stick to the «)-ß)-y) format 
explained in Section 2 of Chapter 1.3 

Furthermore, the categorial development in the Encyclopädie differs at a 
few crucial points from that in the Wissenschaft and this of course is reflected 
in the exhibition in Section 2. The differences and similarities between the two 
works will be discussed in the appendix. Finally, the Wissenschaft does not en- 
compass the philosophy of nature. As a result, Carlson does not discuss Hegel’s 
determination of the categories of mathematical mechanics, which I will do 
in Section 3. 


29 Koľman and Yanovskaya 1931. 

30 Koľman and Yanovskaya 1931, p. 5; compare Fleischhacker 1982. 

31 Koľman and Yanovskaya 1931, p. 15. 

32 Kol’man and Yanovskaya 1931, p. 16. 

33 Kol’man and Yanovskaya 1931, pp. 14-8. 

34 Carlson 2000, 2002, 2003a. 

35 For Carlson’s explanation of his pictorial triads see his 2003a, pp. 93-101. 
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2 Hegel’s Determination of the Quantitative 


In this section the method discussed in Section 1.2 will be used to further 
exhibit the systematic-dialectical determination of the quantitative and its 
categories. The mathematically important categories here are Numbers and 
arithmetical operations. The main gist of this section is taken from Subdivision 
1 of Part 1 (logic) of the Encyclopädie.?® Since the logic is the most abstract of 
the object totalities, this section begins with the universal principle of every- 
thing, Being. It will take ten (out of a total of 14) subsections to dialectically 
determine Number from this universal principle. 

Hegel seems to regard some oppositions and their resolution as self-evident, 
for example the opposition between Being and Nothing and its resolution in 
Becoming and Presence. So, the questions «), 8), and y) that were introduced in 
Section 1.2 as aids for clarifying systematic-dialectical exhibitions are not men- 
tioned in Section A, Subsection a.3” From Presence until the start of Section B, 
Quantity, Hegel uses these questions explicitly as a tool to drive his exhibition 
onwards.?® After that, the quantitative and its moments (including Measure) 
are again not explicitly discussed this way.?? Since I think the consistent ap- 
plication of the a-6-y format to Hegel’s text clarifies his exhibition and renders 
it more transparent, I have inserted them where they are absent in Hegel's text 
(i.e. in Sections 2.1-4 and 2.8-14 below). 


A Quality 


21 Being 

a) As mentioned in Section 1, the universal principle of the totality of every- 
thing is Being, simply because everything we can perceive, think or imagine 
is. In total categorial isolation this leaves us just about nowhere. Everything is, 
so viewed from the inside out, Being points to a total lack of further distinc- 
tions.*° If Being were the only category available to us, we could give everything 


36 Hegel 1930 


[18303, 18171], §§84-11. 
37 Hegel 1930 [18303, 1817], §§86-8. 
38 Hegel 1930 [1830°, 1817!], 8889-98. 
[ 


39 Hegel 1930 [1830°, 1817!], §§ 99-107. 

40 Hegel 1986 [1812, 1813, 1816], p. 82, 1.1A; Hegel 1930 [1830%, 1817!], §86. The logic in the Wis- 
senschaft der Logik and the Encyclopddie is the same for Being, Nothing, Becoming, Pres- 
ence [Dasein] and perhaps Something and Others. After that, terms like finitude and 
infinity take a more central place in Wissenschaft der Logik but not in the Encyclopddie 
(the appendix to this chapter elaborates on these and other differences). Because I am 
primarily concerned with the Encyclopédie here, I will only refer to the Wissenschaft up to 
the point where Something and Others are exhibited. 
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a name, but it would be the same name over and over again. So there would be 
no way to distinguish between things.*! Hence, pure abstract Being is entirely 
imperceptible. 


2.2 Nothing 
ß) To view Being from an outside perspective seems virtually impossible, for 
Being already encompasses everything. But by definition Being (or any other 
category) does not encompass its opposite, Nothing.*? So Nothing stands out- 
side of Being and to acknowledge Being we need an outside perspective. Hegel 
regards Nothing as the outside standpoint that enables this outside perspec- 
tive and therefore concludes that it is empty observation and thought itself, 
which is itself every inch a Being.*? The goal of his philosophy is to show how 
this is possible. That is, Hegel wants to develop an argument in which reality is 
not viewed from one of two poles, but in which the one pole can be shown to 
be part of the same totality as the other and in which the poles are mutually 
suppottive so that the finished system is self-explanatory. Among other things, 
Hegel seeks to overcome the classic dichotomies between subjectivity and ob- 
jectivity and between thought and things in this way.** Having the external 
standpoint Nothing doesn’t help much, but at least one distinction can now be 
made: some things are and some are not. 

Some have tried to formalise Hegel’s dialectical logic using set theory.* In 
set-theoretical terminology one might say Hegel sought to resolve Russell's 
paradox long before it was formulated. This paradox runs: if Vis the set of all 


41 In dialectics, abstracting away from all other categories and the distinctions inherent in 
them is only a temporary matter. The scope and richness of language is only restricted 
temporarily for analytical purposes. The method does not propose or favour any kind of 
Newspeak or anything of that nature. 

George Orwell introduced the term “Newspeak” in his famous book Nineteen Eighty- 
Four (2004 [1949]). The idea behind it is to take away people's ability to think critically 
by first stripping away close conceptual relatives from words, so that people might say “I 
feel good”, but lose the ability to express “I feel elated”. If people cannot express this, Big 
Brother hopes they cannot think or feel it either. The second step is to get rid of negative 
words, with the result that people can only think of their life, their society, the Party, and 
above all Big Brother himself as “good”. The idea that we cannot perceive the world clearly 
without appropriate categories is also central to systematic dialectics. 

42 Hegel 1986 [1812, 1813, 1816], p. 83, 1.1B; Hegel 1930 [1830°, 1817'], §87. 

43 Hegel 1986 [1812, 1813, 1816], pp. 82-3, 1.1A-B. Note that the Cartesian distinction between 
mind and matter is only maintained in this most abstract of all possible oppositions. 
In the remainder of the Encyclopädie this opposition gets further and further resolved, 
showing how mind and matter constitute each other and each other's understanding. 

44 Inwood 1992, p. 16. 

45 Baer 1932, p. 105; Kosok 1972; Priest 1989, pp. 393-6. 
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sets (cf. Being), then its complement C \ V (cf. Nothing) ¢ V because of the def- 
inition of C\V. But at the same time C\V eV because of the definition of V.* 
Hegel resolves this paradox by initially placing Nothing outside of Being, 
while stating that Nothing is empty observation and thought itself. So initially 
C\Vis conceptualised external to and independent of Being (which means 
the paradox holds, because whoever owns this empty mind, must be a Being), 
but when we become conscious of the world, we come to realise that subjec- 
tive Nothing is part of objective Being and conversely that the recognition of 
the objective (Being) requires the subjective (Nothing). So in truth the external 
independence posited does not hold. Surprisingly enough neither Kosok nor 
Baer, nor Priest mentions this remarkable parallel.” 


2.3 Becoming 

y) Pure Being is as imperceptible as pure Nothing. If one tries to think of Being 
in all its entirety (so without any recourse to concrete examples), one might 
just as well think Nothing, because any real thought implies some distinc- 
tion. As conceptually isolated abstractions then, both categories are equally 
unthinkable and as such they are the same. Thus, the thought of pure Being 
immediately vanishes into pure Nothing and the other way round, in that nei- 
ther of them can be a thought on its own.*® What we can think is exactly this 
disappearance of the one in the other. 

The process whereby the thought of Being vanishes into Nothing and the 
other way around, is Becoming.*? Thus, Becoming explicitly posits the non- 
thoughts of Being and Nothing as distinct and even oppositional categories. 
At the current level of abstraction, Becoming is only change: Being Becomes 
Nothing and Nothing Becomes Being. Becoming is imperceptible because of 
this unceasing dynamism, but unlike Being and Nothing, Becoming can be 
thought.5° 


46 —_ Russell 1903, pp. 527-8. 

47 Kosok 1972; Baer 1932; Priest 1989. 

48 Hegel 1986 [1812, 1813, 1816], p. 83, 1.1C; Hegel 1930 [1830°, 1817], §87. 

49 Itis virtually impossible to clearly make this point in English. Unlike the German Werden 
or the Dutch Worden, Becoming sounds like coming into being only, for these are the two 
verbs the word is made up of. Werden and Worden, by contrast, are truly neutral as to 
the direction of the process. In short, the languages in which one can think in part de- 
termine what one can grasp well and less well, and the way one understands things. I am 
therefore convinced that one’s intellect benefits from mastering more than one language, 
because every new language enriches one’s conceptual apparatus. 

50 Hegel 1986 [1812, 1813, 1816], p. 83, 1.1C; Hegel 1930 [18303, 1817'], §88; Carlson 2000, 
pp. u-2; Carlson 2003), pp. 1-6. 
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2.4 Presence 

y) Paradoxically, the requirement of dynamism inherent in Becoming means 
that we must give a further static determination of Being, for if there is change, 
here and now must be different from there and then. If Being is determined 
as Being-here-and-now, we may term it Presence — my translation of Hegel's 
“Dasein”! One might also focus on Being-there-and-then, but by this very fo- 
cus there-and-then gets determined as here-and-now, so the two determina- 
tions are conceptually the same at the current level of abstraction. So Presence 
is just Being with a determination. The nature of this determination does not 
yet matter. Presence then, is Becoming taken statically. Because of this stasis 
Presence can finally be perceived (albeit very abstractly), or more precisely, it 
is the whole of perception itself, but at the same time the category helps us to 
keep in mind that everything we perceive is continually undergoing change.?? 


51 The German term Dasein is actually more accurate, because it literally means “being 
there” and something that is there can only be so at a certain point in space and time. This 
connotation is immediately clear from the German. The problem is that Dasein is accept- 
able German, but “Being-there” is very artificial English. Despite this, Geraets, Suchting 
and Harris have adopted this latter term in their translation (1992, p. 145). Suchting, how- 
ever, contends that they should have used “Determinate Being” instead, because although 
the latter “is certainly not a common English expression, [...] it is not by any means a 
weird one” (Suchting 1991, p. xxxvii) (Suchting provides many other and more important 
arguments, but this is the most relevant one in the context of this footnote). But Suchting 
was outvoted by Geraets and Harris on the matter (1991, pp. xxxii-iii). Others either stress 
the connotation of a particular space and time (as I am doing here) or the connotation of 
Being. Those that use Existence instead of Presence stress this latter connotation. Other 
alternatives are: “Being Determinate” (Wallace 1975 [1873], p. 133, §89), “Determinate Be- 
ing” (Carlson 2000), and “Prevalence” (Reuten 2005, p. 79). 

52 Hegel 1986 [1812, 1813, 1816], p. 113, 1.1C; Hegel 1930 [1830°, 18171], §89. Heisenberg showed 
that the more we know of a particle’s position (its Presence), the less we know about its 
speed (Becoming) and vice versa. To be precise, his uncertainty principle states that the 
variance of the particle’s position times the variance of the particle’s speed times the par- 
ticle's mass can never be smaller than Planck’s constant (Hawking 1998, p. 72). So, we can- 
not know both at the same time. Rather, we need to alternate between both magnitudes 
in order to say anything conclusive at all. 

Mathematically, at the level of Becoming, speed (or whatever “change”) is the depen- 
dent variable, whereas at the level of Presence it is the independent variable. This hap- 
pens because at the level of Becoming, the most we can say about reality mathematically 
is that the development of the totality of all things (let’s call it speed or velocity - v — 
although other types of “change” are also possible) is a function fof time t,v = f(t). If you 
know the speed of something, you can find the distance it travelled by integrating the 
function for its speed by time over the interval¢, till now. This yields: vt = x, = F(t), in which 
x, stands for the distance travelled. If the speed v was constant in the first function this 
would have ran: v = f (t) = v, and its integral would be: x, = F(t) = vot. So the dependent 
variable v became the independent variable through our change of focus. 
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2.5 Something and Other 
a) Presence is Being with a determination. This means that Presence is neces- 
sarily limited in either space or time or both.5? This very finiteness further de- 
termines it as Something.°* The difference between Presence and Something 
is that Something’s determination is fixed in time and space, while Presence is 
Becoming taken statically at every point in time and/or space. In other words, 
although Presence provides a static view of Becoming, it moves along with it 
(which is why its here-and-now is conceptually the same as its there-and-then). 
ß) If here-and-now is taken as the further determination of Presence as 
Something, the determination of there-and-then is abandoned. Yet Becoming 
requires Presence to be further determined as both, for if Something is fixed as 
here-and-now or there-and-then, there cannot be change. Hence, the thought 
of determined Presence as Something requires the thought of its Other. This 
Other then, is what Something is not. It is beyond Something’s limits.55 
However, Something differs from Presence - which is a moving here-and- 
now - in that it is fixed as either here-and-now or as there-and-then. If the 
word Something is restricted to either of the two poles - thereby calling it this 
Something - its Other is automatically determined as everything Something 


Of course, at this level of abstraction Becoming is an indeterminate Becoming that 
should encompass everything. It is the Becoming of the universe as a whole. Consequent- 
ly, if Presence is seen as the integral of this process, it must be the integral from the big 
bang, t,, till now. This knowledge, however, does not help us make any real calculations 
yet, because “the theory of everything” (see Chapter 1, footnote 21) does not exist yet and 
we do not know what the universe was like at, or immediately after, the big bang, and 
even if we did know, there is still a host of possible ways in which it might have developed 
due to Heisenberg’s uncertainty principle. 

The analogy between mathematical integrals and this part of Hegel’s dialectics was 
first brought to my attention by Wouter Krasser. Lengthy e-mail discussions with Eric Hal- 
mans on a precursor to this footnote that featured in my Master's thesis (i.e. footnote 8 
in Damsma 2001, p. 11) have been very helpful in the course of developing this improved 
version. I am grateful to Maurice Bos for patiently explaining Heisenberg’s uncertainty 
principle. 

53 Space and Time are only determined in the philosophy of nature (see Section 3 of this 
chapter), i.e. after the completion of the logic. So, all we can say at this stage is that Pres- 
ence is just finite (period). For reasons of readability and accessibility I added the consid- 
erations of here and now (in space and time). 

54 Hegel 1986 [1812, 1813, 1816], pp. 125-6, 1.2Ba; Hegel 1930 [1830°, 1817!], §91. Note that a 
linguistic link can now be seen to exist between Nothing and Something. Where Nothing 
denoted an emptiness of observation and thought, Something is the first category that 
provides the mind with the possibility of Some (instead of No) concrete content, quality. 
This link cannot be made in German. Thus dialectics provides different insights, depend- 
ing on the language used. 

55 Hegel 1930 [18303, 1817!], § § 91-2. 
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is not. Because the word “this” is indifferent in this respect, Something and 
Other are only determinate categories vis-a-vis each other.® At this level of 
abstraction they are not yet determinations in their own right. As a first in- 
stance of Presence, Something is finitely confined by its very determinateness 
(or quality). But since Presence is necessarily Becoming and thus never stable, 
Something will sooner or later pass over into its Other.?” Something then is 
firstly finite, and secondly alterable.°8 


2.6 One and Many Ones 
y) Something denotes no more than a one-sided static determination of Pres- 
ence (as here-and-now or there-and-then). But due to Becoming, static de- 
terminations cannot last. So each Something Becomes its Other. This Other, 
however, is itself also a one-sided determination of Presence, so it too may be 
taken as Something (after all, the word “this” is indifferent with respect to Pres- 
ence’s determinations). Hence, in the process of Becoming, Something and 
Other are conceptually reunited as One.59 

y) Because every Other may be taken as Something, it again determines an 
Other vis-a-vis itself and this process may be reiterated indefinitely. Thus, by 
reuniting Something with its Other the category One automatically leads us to 
acknowledge Many Ones. Or, in other words: taken statically, there is only one 
Presence. Taken dynamically, this Presence gets bifurcated into Something and 
its Other. Both Something and Other, however, are static categories again. So 
through Something and Other, we may conceive of Becoming constituting a 
series of static entities: Many Ones. Although each One in this series is a self- 
contained unit that excludes Other Ones from itself, it is also true that they 
can only be acknowledged as Ones because of the principle that generated the 
series (i.e. Becoming).6° 


56 Hegel 1986 [1812, 1813, 1816], pp. 125-6, 1.2Ba. 

57 Physicists have formulated this same point as the law of conservation of energy and mass. 
Put crudely, this law states that for everything that appears (as Something’s Other) an 
equivalent amount of energy or mass disappears (from Something). Thus, ex nihilo cre- 
ation of energy or mass is ruled out. Hence, each Something must have an Other. Still, the 
categories of appearance and disappearance are opposites. But the law that links both 
categories is not contradictory in a logical sense, for those categories, as categories do 
not work on the same concrete object. So the opposition between categories used in a 
systematic-dialectical exhibition has nothing to do with logical contradictions (Wolff 
1979, P. 342). 

58 Hegel 1930 [1830°, 1817!], 8892-3. 

59 Hegel 1930 [1830°, 1817!], §96. 

60 Hegel 1930 [1830°, 1817!], 897. 
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Bringing the categories One and Many Ones to bear under y) is a major di- 
gression from the treatment those terms receive in the Encyclopddie. In that 
book, Hegel first introduces Being-for-self (“Fiirsichsein”) under y) as the 
union of Something and Others.®! He generally uses this term to denote how 
reality appears to us before we comprehend it as being mediated by and itself 
mediating the other moments. Since this is still the beginning of the Logic, we 
have little else but indeterminate, accidental appearance by which to distin- 
guish Something from its Other and since both Something and its Other may 
be determined as Something, they can be distinguished from each other by 
their Being-for-self (their appearance) only. 

Next, under a) Hegel contends that any Being-for-self is One and under ß) 
he clarifies that there must be Many Ones, which as self-contained units are 
Repulsive of one another.® Then, under y) he continues that Ones are not only 
self-contained units, but also Ones. As such, each One is conceptually the same 
as each Other One and they have a relation not of Repulsion, but of Attraction 
(more about these two categories in Section 2.7).6° 

The major problem with this treatment is that the categories of Repulsion 
and Attraction are opposites. So instead of resolving a dialectical opposition 
under y), on this occasion Hegel introduces one there. He rarely, if at all, does 
this in the rest of the Encyclopädie, so in order to keep this passage consistent 
with the rest of the exhibition in this section, I juggled the «), 8) and y) around 
a little bit. It must be stressed that this operation (although I contend it is an 
improvement) does not leave the meaning of the terms in question entirely 
unchanged. 


2.7 Attraction and Repulsion 
ß) In the previous sections the necessary dynamism of Becoming led us be- 
yond the determinateness of Presence as Something into the static categories 
of Other, One and Many Ones. As was said, Ones are all self-contained units 
that exclude the other Ones. In this sense the Ones are Repulsive towards each 
other. Through this Repulsion or reciprocal exclusion they can be conceived of 
as Many. Repulsion then, is the condition of existence of the Many.® 

a) While ceaseless Becoming led us to acknowledge Many Ones, it also im- 
plies a certain indeterminacy concerning the limit to the One. That is, when 
everything always changes, it is not clear where Something ends and its Other 


61 Hegel 1930 


[1830°, 1817'], §95. 
62 Hegel 1930 [1830°, 1817], §§ 96-7. 
63 Hegel 1930 [1830°, 18171], §98. 
64 Hegel 1930 [1830°, 1817!], §97. 
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begins. The limit to the One then, is equally indeterminate. Still the finite de- 
terminateness of Presence requires that the One be finite. Hence, there must 
be a limit to the One, but where this limit is, is entirely a matter of external 
reflection. This external reflection fences off an arbitrary part of reality as One. 
In that this is an arbitrary operation, one might conceive of many more Ones 
within this arbitrarily set limit. In this sense, the external reflection makes One 
out of the Many and posits the One as divisible. As such, it posits the Many 
Ones as mutually Attracting units, rather than self-contained mutually Repul- 
sive Ones.6° In a sense then, the immanent indeterminacy of Becoming gets 
further articulated in Attraction, while the determinacy of Something is fur- 
ther articulated in Repulsion. 

As was alluded to in Section 2.6, Hegel regards the categorial sameness 
of the Ones as the locus of Attraction instead of the indeterminacy of their 
Becoming. The difference between his and my treatment stems from my jug- 
gling around of the «), 8) and y). Also, the categorial sameness of the Ones 
in Hegel’s treatment seems to imply a regress towards only the one Presence, 
whereas I think the point should be that positing a One requires an arbitrary 
external reflection. This reading seems to be confirmed by the categorial de- 
velopment towards subsequent moments such as Discrete and Continuous 
Magnitude. 


B Quantity 


2.8 Quantity 
y) In the realm of Quality we established that the Many Ones are self-contained 
units through Repulsion, whose oneness can nevertheless only be determined 
through an arbitrary external reflection (i.e. Attraction). With this we have en- 
tered the realm of Quantity. Thus, Quantity is an external reflection on a mul- 
titude of elements that are distinguishable as Many through Repulsion, but 
arbitrarily divisible through Attraction.®® 

Alberts, who writes on the nature of mathematisation, Fleischhacker in his 
search for the object of mathematics and Dijkgraaf, who defines mathematics 
as “the science of patterns and relations” would all agree with this result.67 
That is, most branches of mathematics (with the notable exception of topol- 
ogy) assume related elements. These relations may be studied for their own 
sake or they may give rise to patterns from which other relations can be dis- 
cerned by external reflection. Thus, in terms of external reflection on many 


65 Compare Hegel 1930 [1830°, 1817!], §98. 
66 Hegel 1930 [1830°, 1817!], §99. 
67 Alberts 1998, pp. 18-30, Fleischhacker 1982, and Dijkgraaf 2001, p. 7, my translation. 
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distinguishable but divisible elements, their opinion on the object and na- 
ture of mathematics and mathematical abstractions is very similar to Hegel's. 
To them, mathematical descriptions are descriptions in terms of patterns and 
relations rather than immanent qualities. Thus, to them as well as to Hegel, the 
object of mathematics is external structure rather than immanent quality.®* 
Hegel’s position is remarkable for, in his time, Quantity was conceived of as 
a property of things rather than an external relation between indeterminate, 
abstract elements.®° 


2.9 Continuous and Discrete Magnitude 
a) The indeterminacy of the limit to the One, means that the quantitative One 
is not only divisible — in which case Quantity would be confined to the set of 
rational numbers Q-, but entirely Continuous — encompassing all the real 
numbers R. Hence, Quantity (in its moment of Attraction) is essentially given 
as a Continuous Magnitude.”° 

ß) Although the limit to the One is arbitrarily imposed upon the Continuity 
of Quantity, it is equally imperative that the One be limited one way or an- 
other. So it must be possible to stipulate Discrete elements (hence a Discrete 
Magnitude) within the Continuous Magnitude. In that a Discrete Magnitude 
excludes other Magnitudes from itself, it is the Quantitative determination of 
the Repulsion of the Many Ones vis-a-vis each other. Quantity then, is essen- 
tially Discrete and Continuous at the same time.” 


2.10 Quantum and Number’? 

y) Quantum is a specified Quantity. In the first instance, it is a Discrete Magni- 
tude in that whatever specification is given excludes the Other specifications 
from itself. However, the range of possible limitations to the One is Continu- 
ous. Depending on how the Continuous Magnitude is limited to arbitrarily 
fence of a One, the same Magnitude may have every imaginable Discrete size. 
Thus, the Discrete size of the Quantum crucially depends upon the way the 


68 Alberts 1998, pp. 20, 27-8; Baer 1932, p. 104; Dijkgraaf 2001, p. 7; Fleischhacker 1982, 
pp. 16-7. 

69 Iam grateful to Marcel Boumans for making this remark. 

70 _ Hegel 1930 [1830°, 1817!], §100. 

71 Ibid. 

72 The main gist of this section was taken from an addendum [Zusatz], which cannot be 
found in the German edition of the Encyclopädie (1930 [1830°, 1817!]) that I have used 
so far, but which can be found in Geraets, Suchting and Harris’s (1991) translation. The 
Zusätze are based on lecture notes made by Hegel’s students and have posthumously 
been edited into some of the editions of Hegel’s Encyclopédie (most famously those by 
Suhrkamp). Geraets, Suchting and Harris translated the first part (the Logic) on the basis 
of these editions. 
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Continuous Magnitude is arbitrarily chopped up into Many Ones. So Quantum 
unites both moments.”3 

y) The specification of Quantity as a Quantum requires a Number. Again, 
the Discrete size of this Number crucially depends on the limitations to the 
One chosen within Continuous Magnitude.” 


2.11 Unit and Amount 

a) Unit is Quantity taken in its moment of Attraction. Hence, the Unit de- 
termines the limit to the One. But since this limit is indeterminate through 
Becoming, the One is Continuous in itself as well as into Other Ones and thus 
may be divided into as many smaller Ones as we please. So, a dozen, a pair, a 
hundred, a million, etc. may all serve as Unit.” 

ß) From the standpoint of Repulsion, however, Ones are self-contained Units 
that exclude the Other Ones from themselves. As such they are distinguish- 
able as Many, so their Amount may be determined (e.g. by counting). So every 
Quantum, when articulated in a Number is specified as a certain Amount of 
a certain Unit. Of course the Unit is chosen by an arbitrary external reflection 
and varies inversely to the Amount (e.g. the Number 1000 may be conceived of 
as 10 Amounts of the Unit 100 or the other way round).”6 


73 Hegel 1930 [1830°, 1817!], §101. Nowadays, physicists tend to think of a quantum as the 
smallest possible package of light or other waves that can be radiated (compare footnote 
22 in this chapter). Low frequency quanta have little energy and high frequency quanta 
have high energy. Low energy quanta have little influence on a particle’s speed, but hardly 
illuminate its position. For high-energy quanta it is the other way round. This so-called 
quantum hypothesis led Heisenberg to formulate his uncertainty principle (see footnote 
52). An implication of this principle is that the laws of Newtonian physics break down for 
particles that are smaller than a certain limit. Below this limit nature can no longer be 
described by deterministic laws, but by chance only (Hawking 1998, pp. 69-73). It must be 
stressed that this modern interpretation of the quantum is not what is at stake here. 

74 Hegel 1930 [1830°, 18171], §102. 

75 Ibid. 

76 Ibid. The German word is Anzahl. Anzahl is derived from An (“to”, as in “give to”) and Zahl 
(“Number”), and hence has the connotation of numeration. Geraets, Suchting and Harris 
apparently wanted to preserve this connotation for instead of using Amount they ren- 
dered “Anzahl sometimes as ‘annumeration’ and sometimes as ‘annumerator’, thus sug- 
gesting to the unwary reader that there are two concepts, whereas in fact there is just one” 
(Suchting 1991, pp. xxxiv-v). My main aim here is to understand the main gist of Hegel’s 
philosophy and explain it in English to the best of my ability. I contend that such a goal 
entails setting up a systematic-dialectical exhibition that makes the most of the possibili- 
ties the English language has to offer, rather than trying to mimic the German language, 
provided that the main gist of Hegel’s philosophy still comes across. So, by analogy to 
architecture, what I am doing here is to set up a structure that performs the same function 
as Hegel’s philosophy even though it is constructed from different building blocks. Stay- 
ing as close as possible to Hegel’s original text is therefore not imperative to me. 
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The Magnitude of the Unit chosen depends on the story you want the Num- 
bers to tell. For example, if you want to cover a floor with tiles and need to 
know the Amount needed, it makes sense to think of the tiles’ surface area 
as Unit, but if you want to know the number of tiles that could fit into some 
Amount of containers, it is more sensible to view the number of tiles per 
container as Unit. Of course tiles, containers, floors and so on cannot be ac- 
knowledged at this level of abstraction yet. The point here is just that the same 
Numbers potentially tell very different stories depending on the way the Units 
and Amounts are specified quantitatively, even when they relate to yield the 
same outcome. 

At this point, Hegel introduces what I call a “side dialectic”.”” That is, he side- 
steps his main argument for a while in order to develop a further understand- 
ing of Numbers and arithmetical operations. In a sense he views this realm as 
an object totality in its own right. The principle of this object totality “must 
come from the characteristic determinations implicit in the concept of Num- 
ber itself”.78 These are: «) Unit and 8) Amount. The y) resolution of these two 
oppositional categories cannot be given in just two moments. Instead, Hegel 
distinguishes four moments, three of which are arithmetical operations that 
he orders according to the degree to which the opposition between Unit and 
Amount is preserved in that operation. 

y) First of all, as Many Ones as we please have to be taken together and 
Numerated. Numeration prepares a colligation of Many Ones for a quantitative 
treatment. However, further arithmetical operations can only be performed 
upon them, if what is taken together is already numerical.”? For example, if 
you count the elements in a set, 1, 2, 3, .... n, you have made that set quantita- 
tive, but no further calculations can be performed upon it without a further 


77 Within his §§, Hegel always first explains his main argument (in this case how Unit and 
Amount spring from Quantum and Number). In his Encyclopddie he usually, but not al- 
ways, widens the left margin next. In the section with the wider margin he explains him- 
self further either to all readers who need further explanation, or to a specific group of 
readers such as mathematicians. The mentioned “side dialectic” was taken from such a 
section. 

There are similar sections in the Wissenschaft der Logik, which Hegel calls remarks 
[Anmerkungen]. In the Petry (1970) translation of the second part of the Encyclopédie, 
the wider margined sections are also separated off from the main text under the heading 
“Remark”. In the posthumously published fourth edition of the Encyclopddie (1832), the 
first part of which was translated by Geraets, Suchting and Harris (1992), you will also find 
additions [Zusdtze], which are based on lecture notes of Hegel’s students. In the Geraets, 
Suchting and Harris (1992) translation, like in the original, these are distinguished from 
the main text by the use of a smaller font. Petry (1970) also had the additions printed in 
a smaller font. 

78 Hegel 1930 [1830°, 1817!], $102, my translation. 

79 Ibid. 
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Magnitude: a set of m elements to be added to it, or b colligations (i.e. sets) of 
n elements, etc. Without this further Magnitude all that is established is that 
all the numerated elements can be taken together as a Unit, while they are still 
numerable as Amount (which implies that the elements themselves are also 
Units). So, it is still mainly their Unit that is established so far. 

y) Next the colligated numerical Ones (i.e. sets of elements) generally 
consist of unequal amounts. So a different Number is applicable to each lot. 
Counting these lots together is the first arithmetical operation: Addition.80 

y) Secondly, numbers may be considered as equal rather than different (i.e. 
b sets of n elements), so that the moment of Unit is itself an Amount (that 
is, each of b sets, or units, itself consists of an Amount of n elements). Saying 
something quantitative about these equal Numbers is Multiplication. In Mul- 
tiplications, Unit may be taken for Amount and the other way around, because 
b-n=n-b. That is, in multiplication the two moments are still distinguished, 
but it does no longer matter what you regard as Unit and what as Amount.®! 

y) Thirdly, in Raising to even powers the distinction between Unit and 
Amount can no longer be made, because in Raising to even powers every 
Number only bears on itself. This means that Unit and Amount are completely 
equal under this operation. Hegel therefore concludes that the opposition be- 
tween those two moments is entirely resolved in Raising to even powers, so 
there can be no other modes of calculation. However, Numbers can be taken 
together as well as taken apart. So next to the three positive arithmetical opera- 
tions discussed, there are also three negative ones (viz. Subtraction, Division 
and Taking the n-root).8? 

When a Number is Raised to an odd power, however, Unit and Amount are 
again unequal. If a number is Raised to the power of three, for example, this 
can be written as b: b?. In b? Amount equals Unit, thus forming a new Amount. 
With b? being the Amount, b must be the Unit in this expression. Thus, 5* and 
b can no longer be the same ontologically when Raising to an odd power, so the 
difference between Unit and Amount resurfaces. Thus, when a number is 
Raised to an odd power, Unit and Amount are no longer equal.83 


2.12 Limit 


y) Specifying Quantity as a Quantum means Limiting both its Unit and its 
Amount. The Unit is the arbitrarily chosen Limit to the Unit One. In that this 


80 Ibid. 


81 Ibid. 
82 Ibid. 


83 Carlson 2002, p. 36. 
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Limit is quantitative as well, it is itself given as an Amount of some other ar- 
bitrary Unit chosen by external reflection. However, once a Unit is chosen, the 
Many Ones may be numerated into an Amount, which itself can of course be 
taken as Unit again. So all Quanta derive their meaning from the chosen Limit 
to the elements inside the set (i.e. the Units) as well as from the Limit to the 
Amount of elements that belong to the set. Or, in other words, a specification 
of a Quantum as Number requires a Limit to the One (i.e. a Unit) as well as a 
Limit to the Many Ones (given as Amount). Hence, “the whole of the Quantum 
is identical with the Limit”.6+ 


2.13 Intensive and Extensive Magnitude 

q) Limiting Unit and Amount and expressing them together in a single Num- 
ber sets this Number apart from other Numbers. As such the Quantum is 
expressed as an Intensive Magnitude or Degree.8° 

ß) In itself, however, this Intensive Magnitude is entirely meaningless. It de- 
rives its meaning from what it is not, from what lies beyond its Limits. That 
is, to specify a Quantum is to specify a Degree or Intensive Magnitude on an 
Extensive scale. Without this scale the Intensive Magnitude would not make 
sense. A hundred, for example, is what it is because it is one more than 99 
and one less than 101. So a Quantum is always defined through its relations to 
other Quanta that are larger or smaller. In this sense the quality of the Quan- 
tum is external to itself. This externality is explicitly expressed in Extensive 
Magnitude. 

A Quantum is always Limited as an Intensive Magnitude within a series of 
other thinkable Quanta. This series is its Extensive Magnitude, the medium in 
which the Intensive Magnitude has its meaning. Hence, the truth of an Inten- 
sive Magnitude is in its relation to an Extensive Magnitude. The fact that this 
Extensive Magnitude is always beyond the Intensive Magnitude posited and 
the fact that every “beyond” (e.g. 101 in the example above) can again be taken 
as an Intensive Magnitude, implies an infinite progression towards a beyond 
beyond every beyond. Thus, the Extensive Magnitude progresses towards a bad 
potential infinity.$7 

This progression, however, is the result of transfinite iterations of one and 
the same operation. E.g. assuming an element 1 as an Intensive Magnitude and 


84 Hegel 1930 [1830°, 1817!], $103, my translation; compare Hegel 1986 [1812, 1813, 1816], 250, 
2.2Ba. 

85 Hegel 1930 [1830°, 1817!], $103; Hegel 1986 [1812, 1813, 1816], p. 250, 2.2Ba. 

86 Hegel 1986 [1812, 1813, 1816], p. 256, 2.2Bb. 

87 Hegel 1930 [1830°, 18171], §104. 
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a function that adds 1 to it leaves you with the - denumerable infinite — set of 
natural numbers N If you also allow subtractions, you get the set of whole 
numbers Z. Allowing divisions gets you Q and allowing all other operations 
finally gets you the - overdenumerable infinite — set R.88 So to get a series one 
needs to assume an Intensive Magnitude of the Quantum and a function that 
specifies how to arrive at the other elements in the series. As was indicated in 
Section 1, this function is the locus of the true quantitative (mathematical) in- 
finity.8° In the Encyclopädie, however, Hegel only mentions the infinite quanti- 
tative progression that takes place in Extensive Magnitude. He does not go into 
its resolution the way he does in the Wissenschaft. The differences between 
both works will be further elaborated upon in the appendix. 


C Measure 


2.14 Measure 

y) Our careful examination of the realm of Quality left us with a multitude of 
elements distinguishable through Repulsion, but arbitrarily divisible through 
Attraction. Thus, the basis for the quantitative was a result of the failed at- 
tempt at making Qualitative distinctions through the examination of Quality 
alone. In the realm of Quantity, however, we established that an Intensive Mag- 
nitude must go beyond itself into its Extensive Magnitude to end up beyond 
every Quantum. So in the end, all distinctions that were posited in the realm 
of Quantity dissolve in the bad potential infinity. So neither the qualitative nor 
the quantitative realm can stand on its own. Each ends up as the other and has 
its meaning in that other. This inextricable relation between the two realms is 
expressed in Measure. As such, Measure is a qualitative Quantum.9° 


3 Hegel’s Determination of Mathematical Mechanics 


In this section the categories of mathematical mechanics, which is akin to 
geometry, are dialectically determined. Mathematically, the most important 


88 Mathematically, the set N requires three axioms. First, there is an element 1 € N. Second, 
each element € N has a successor that is exactly 1 element larger than the previous ele- 
ment. Third, all elements thus obtainede N. The set Z is obtained by expanding N with 
zero and the negative numbers. Next, Q is obtained by dividing Z by N. I am grateful to 
Wouter Krasser for help with this example. 

89 Hegel 1986 [1812, 1813, 1816], pp. 260-4, 276-8, 2.2Ca-2.2Cc; Fleischhacker 1982, pp. 143-7; 
Lacroix 2000, pp. 31-5. 

90 Hegel 1930 [1830°, 1817!], $106-7. 
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ones here are mathematical Space, the Point, the Line, the Plane and the 
“spatial figure” (i.e. Distinct Space). The argument largely depends upon Part 2 
(the philosophy of nature), Subdivision 1, Section A of the Encyclopddie.”! 

With respect to the differences between Hegel’s application of the «-6-y for- 
mat and my own, the following comments are in order: Hegel determines the 
first opposition arising from Space explicitly through the questions «) and 6) 
(Sections 3.2-3 below), but the first conditions of existence of this opposition 
are also discussed under 6), whereas I contend they should be discussed under 
y) (Sections 3.4-7 below).?? In the remaining determination of the founda- 
tions of geometry the a), $), and y) questions are left implicit and have there- 
fore been added in Sections 3.8-12 below.?? 


A Space and Time 


3.1 Space 

Space is the universal principle of all things other than thought, ie. all material 
things, because all material things are spatial.?* So the natural sciences presup- 
pose space. Material observables [Gegenstände — see Chapter 1, footnote 24] 
are the object of the natural sciences. As such they reside not in the realm of 
quality, which is internal to Something, but in the realm of external relations, 
ie. Quantity, only (compare Section 2.8). In categorial isolation space is empty 
(i.e. devoid of distinctions), continuous and infinite.% 


3.2 Spatial Dimensions 

a) The first distinctions that can be made within Space are between the three 
Spatial Dimensions. Height, length and breadth must be distinguished within 
Space, but in categorial isolation these distinctions are still indeterminate. 
Each dimension is determined vis-a-vis the other two, but other than that it 
does not matter at all what direction you called height, length or breadth in 
the first place.?® 


91 Hegel 1930 [1830°, 1817!], $$253-61. 

92 Hegel discusses the first opposition arising from Space in Hegel 1930 [1830°, 1817!], §§ 255-6 
and the first conditions of existence of this opposition in Hegel 1930 [18303, 18171], 
8256. 

93 Hegel completes the mentioned determination in 1930 [1830°, 1817!], $$257-61. 

94 Asa universal principle that is not, like Being, itself part of an opposition, Space is not in 
any of the categories «), 8), or y). 

95 Hegel 1930 [1830°, 18171], §254. 

96 Hegel 1930 [1830°, 18171], §255. 


68 CHAPTER 2 


3.3 The Point 

B) The Point, although it is a point in Space, by definition is not spatial, the way 
Nothing (conceptualised as empty observation and thought itself) is in a Being 
but not itself a Being.?” The Point resides in Space although it has neither area, 
nor body. One might also say that the point is “given entirely as limit”.?8 As such 
it can function as a reference Point for qualitative distinctions in Space, but it 
cannot itself have material Presence [Dasein] in Space. 

Mathematically, the reference Point can only have the coordinates (0,0,0), 
since the dimensions height, length and breadth are still indeterminate. Hence 
the orientation of the mathematical axes cannot be determined yet, but there 
can be a mathematical origin (the Point 0,0,0) around which the axes may piv- 
ot freely. 


3.4 The Line 
y) The opposition between Spatial Dimensions and the Point is only partially 
resolved in the Line.?? A Line is defined by one direction and at least one Point 
it passes through.!©° It is Dimensional in that it has direction and it is posi- 
tional in that it passes through a Point (and from a perspective at a right angle 
to the line it is a Point). But, just like the Point, the Line has neither area, nor 
body and it too is not spatial in that sense, so it still does not allow us to make 
any true qualitative distinctions in Space. The Line then, is the extension (un- 
limiting) of the Point in Space. But because it too is not spatial, it still is itself a 
limit, which requires further unlimiting in order to gain positive Being! 
Mathematicians would automatically call the Line either height, length or 
width. In distinctionless Space this is still a matter of choice. 


97 “By definition” is not meant to imply that this mathematical definition of the Point is 
taken over uncritically. Rather, it means the conventional mathematical definition has 
been dialectically justified at this point. 

98 Paterson 2004/05, p. 18. Paterson’s 2004/05 paper is entitled “Hegel’s Early Geometry”. In 
it, Paterson mainly discusses Hegel’s Geometrische Studien (abbreviated by Paterson to 
GS) and his Dissertatio Philosophica de Orbitus Planetarum. However, “the discussion of 
GS [...] is fundamental for all of [Hegel’s] later thought on the subject” (Paterson 2004/05, 
p. 2) and the dialectic of Point, Plane and Distinct Space (or “solid”) is basically the same 
in his early and mature writings. Hence, Paterson’s comments are also helpful to elucidate 
the Encyclopddie’s account of geometry. 

99 Hegel 1930 [1830°, 18171], §256. 

100 Hegel would not have accepted that a (straight) line can be defined by two points it passes 
through, because those points must be points in Space and understanding Space involves 
the Spatial Dimensions and the Point. Without the Spatial Dimensions therefore the two 
points are not necessarily points in space, so it is not clear what they define, but it can- 
not be a line in space (compare Hegel 1930 [1830°, 18171], §256, where he criticises Kant’s 
definition of a straight line). 

101 Paterson 2004/05, p. 29. 
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3.5 The Plane 
y) The opposition between Spatial Dimensions and the Point is further re- 
solved in the Plane.!°? Two directions and at least one Point can define a Plane. 
The Point then defines the position of the Plane and the two directions de- 
fine its orientation. The unbounded Plane can divide the unbounded Space 
into two, so the Plane - other than the Point and the Line — provides the first 
distinctions of Space. However, the Plane has no spatial existence as well, for 
it has an (unbounded) area, but still no body. Thus, although the Plane is the 
positive Being of the Line it is still a limit or negative Being at the same time.!03 
Since positing the Plane involves two different directions, it must involve 
two dimensions as well. By definition, the third dimension is at a right angle 
with this Plane. Therefore, all dimensions are determined in positing the Plane. 
This means that the whole coordinate system is now determined. 


3.6 Distinct Space 

y) At least four (flat) Planes can form an enclosing surface that separates of 
a Distinct (part of) Space [einzeln Raum].!°4 This Distinct Space finally has 
spatial existence, for it has area and body (content). So by using at least four 
Planes one can truly make distinctions in Space. Since Hegel recognises only 
three Spatial Dimensions (Section 3.2.), unlimiting Distinct Space leads to its 
expansion or contraction without further categorial change.!°> Thus the op- 
position between the indeterminate Spatial Dimensions and the non-spatial 
Point is fully resolved now that Distinct Space is posited. 

The dialectic of Line-Plane-Distinct Space can also be viewed as a 
process of integration. That is, integrating the formula for a Line, 
y = ax +b, gives us the area of the Plane beneath the graph of the line, 
y = 1/2 ax? +bx+c. Integrating this again yields the content of Distinct 
Space, y =1/6ax? + ¥ bx? + cx + d}°6 To do this, however, is to assume the ex- 
istence of a coordinate system, whereas this can only be determined after the 
Plane has been posited. 


3.7 Time 

y) In the subsection on Becoming (Section 2.3) we already established that 
everything that is, is necessarily Becoming. Becoming itself, however, can only 
be acknowledged if a further static determination of Being is given. This static 


102 Hegel 1930 [1830°, 1817], §256. 
103 Paterson 2004/05, p. 29. 

104 Hegel 1930 [1830°, 1817], §256. 
105 Paterson 2004/05, pp. 33-4. 
106 Paterson 2004/05, p. 54. 
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determination is Presence (Section 2.4). It was said that a Presence is here and 
now, but the categories here and now themselves were left implicit. 

Distinct Space allows us to separate of an abstract part of Space that may be 
designated “here”.107 When we look at a Distinct part of Space, we may perceive 
Something. But, Something will eventually and inescapably Become its Other 
through Becoming. So when we confine ourselves to some designated Distinct 
part of Space, we may observe Becoming in action. It is this change in Space 
that constitutes our awareness of Time.!°° Time then, is observed Becoming 
[das angeschaute Werden].!°9 


3.8 Temporal Dimensions 
a) Our awareness of Time involves three Temporal Dimensions: the present, 
the future and the past. The present is clearly linked to Presence. Thus the 
present is long enough to Become aware of whatever is present (i.e. Presence), 
but short enough to minimise the changes in the Presence under scrutiny. 
Not surprisingly this means that the present is the shortest of the three Tem- 
poral Dimensions. In the past there were a series of changes that led Presence 
to Become the present Something and there are a series of changes that will 
shape the future of the Other Ones that will Become of it. Hence there can 
be a lot of changes to Ones in the past and in the future, but close to none in 
the present. In other words, the past and future are defined by change, while 
the present is an almost changeless period. 


107 Just as every Something is actually every Other as One (Sections 2.5-2.6), in distinction- 
less Space every here may just as well be there as Distinct Space. Here and there are all 
Distinct Spaces and at this level of abstraction all Distinct Spaces are the same. 

108 Inwood writes on this subject: “[T]he measurement of time, and our perception of its 
passage, require movement in space, esp. of the heavenly bodies” (1992, p. 295). True as 
this may be, to think of Time like this distorts the exhibition, for Motion and Matter are 
exhibited after Time. That is, Something and its Other are qualitatively different and this 
difference is accessible to our senses and allows us to philosophise about them, but those 
categories have only been posited as ideas in the realm of Logic and as ideas they are in 
our minds only. Their existence in the world (i.e. their existence in Space) has yet to be 
determined. So it is not the movement of heavenly bodies that can be observed (yet) 
to constitute Time, but the Presence or absence of Something or its Other in a Distinct 
part of Space. Alternation between Presence and absence is Becoming’s condition of ex- 
istence and when this can be observed in Distinct Space, there is Time. 

109 Hegel 1930 [1830°, 18171], §258; Inwood 1992, p. 295. 

110 Hegel 1930 [1830°, 18171], §259. 

111 The link between Presence [Dasein] and the present [Gegenwart] cannot be made in Ger- 
man. As a result it is a lot harder to explain the Temporal Dimensions in terms of the 
German categories Werden and Dasein, than in terms of Becoming and Presence with its 
immanent link to “present”. 
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I am fully aware that treating Time as if it consists of three dimensions in- 
stead of only one must seem quaint. What is more, it is incongruent with the 
basically Euclidian determination of the Point, Line, Plane and Distinct Space 
in the previous sections. However, you might think of a Dimension not only 
as a direction, but also more generally as an unbounded medium in which 
something can develop. As such, a Dimension is Extensive Magnitude taken 
spatially or temporally. 

We have seen that Presence, and hence the present, moves along with Be- 
coming. In Hegel’s defence therefore, one might say that Presence is indeed 
just as resilient to change as the spatial dimensions, so it can be thought of as 
an unbounded medium and hence as a dimension. Even if everything that is, 
has some definite beginning in the Big Bang the past is just as unbounded, for 
the present continually leaves more of it behind while it is Becoming. Finally 
the Becoming of the present can only be ceaseless if the future is unbounded. 
So in terms of unbounded mediums one may indeed think of the past, present 
and future as dimensions. 


3.9 Now 

6) Absolute changelessness is impossible in any period, no matter how short. 
So, if we want to interpret the present as a changeless period, we need to short- 
en it infinitesimally. An infinitesimally short and hence truly changeless period 
is Now." Like the Point is in Space, but not spatial, Now is in Time, but not 
temporal. 


310 Place 

y) Space in its continuous emptiness and infinity can be subdivided into Dis- 
tinct Spaces (Sections 3.1-3.6). Those Distinct Spaces, however, are still empty 
and indifferent with respect to their content. But the abstract requirement that 
all we can perceive, think or imagine, is Presence in a state of Becoming (Sec- 
tion 2.3-2.4) not only constitutes Time in Distinct Space, it also means that any 
Distinct Space in Time contains some kind of Presence. It is the awareness of 
this Presence that enables us to speak of a Distinct Space as a Place. So while 
Time is observed Becoming, Place is observed Presence. As such, it is the union 
of Distinct Space, Time, the Temporal Dimensions and Now, or the union of 
determinate Distinct Space, here, and Now.!!3 


112 Hegel 1930 [1830°, 18171], §259. 

113 Hegel 1930 [1830°, 1817'], §260. This latter remark is taken from an addition [Zusatz] to the 
main text. So it is not found in Hegel’s own writing, but was added posthumously on the 
basis of transcripts of his lectures (see footnote 72 in this chapter). 
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3.11 Motion 

y) Positing Place as the union of here and Now, still does not position that 
Place spatially, because the location of the Point and Distinct Space in empty, 
infinite and continuous Space cannot be determined for lack of a reference 
location which is not arbitrarily determined. Therefore every Place is just the 
same as every other Place, the way every Something and its Other are the same 
as (Many) Ones. 

Because Distinct Spaces are arbitrarily fenced of parts of empty, infinite and 
continuous Space, there is nothing inherent in them that prohibits any One to 
roam freely from one such Space to another. Hence the Ones can change Place. 
When this happens this constitutes our awareness of Time and when it does 
not this constitutes our awareness of Place. As we have seen in Section 3.9, true 
changelessness only happens in the Now. Hence Place is the spatial Now. Since 
Now is infinitesimally short, it immediately passes over into Time and in Time 
the Ones change their Place, thus constituting Motion.!!* 


3.12 Matter 
y) The passage from the spatial Now, Place, to the temporal Space, Now, i.e. Mo- 
tion, still leaves every One in a notorious state of flux. Motion then is not ob- 
served Becoming (i.e. Time), but the Becoming of the natural realm as a whole. 
Therefore it is not the qualitative Becoming of Presence and Something and 
Others, but a quantitative Becoming. Quantitative Becoming is the Becoming 
of everything spatial, i.e. Matter. Matter therefore is the actual Presence (and 
not only the observed Presence) of the natural realm.!!> 

Hegel does not explicitly phrase these points like this. He does call Time 
“observed Becoming” [das angeschaute Werden] and Motion “this Becoming’, 
but the comparisons to Presence are the result of interpretations enabled 
by the immanent link between Presence and Present, which does not exist 
between the German terms Dasein and Gegenwart respectively (compare foot- 
note 111 of this Chapter) .116 


114 Hegel 1930 [1830°, 18171], §261. It may also be the case that Place changes its Ones. That is, 
there is no way to tell if things only move relative to one another in a motionless coordi- 
nate system or whether that coordinate system is itself moving, so that some things that 
appear to be moving are actually standing still. 

115 Hegel 1930 [1830°, 1817!], §261. 

116 The mentioned terms can be found in Hegel 1930 [1830°, 1817'], §258 and Hegel 1930 
[1830°, 18171], §260 respectively. 
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Summary and Conclusions: How This Dialectic Reflects 
on Mathematics 


In this chapter I have dealt with the question of what insights, if any, can be 
gained from a systematic-dialectical perspective on the categorial founda- 
tions of quantitative mathematics (including set theory) and mathematical 
mechanics, which is akin to geometry. In systematic-dialectical methodology 
words are ordered according to their internal meanings and categorial inter- 
relations. This is done by positing and resolving oppositions. 

In Section 2 we established that the ultimate abstraction of the totality of 
everything, Being, is so devoid of distinctions that it cannot be contemplated 
in its abstract entirety, without thought grinding to a halt. In thinking it, one 
might just as well think Nothing. This, however, is equally impossible. So the 
non-thought of Being immediately Becomes the non-thought of Nothing. The 
way both these thoughts Become their opposites is the first real thought in 
the exhibition: the thought of Becoming. The dynamism inherent in Becoming 
requires a further static determination of Being for if there is change here-and- 
now must be different from there-and-then. This static determination of Being 
is Presence. Presence is the whole of perception at any point in space and time. 
In this sense, it moves along with Becoming. If it did not, that is if its determi- 
nation were to be fixed at some point, it is Something. 

Because Something’s determination is fixed, it can be left behind in the pro- 
cess of Becoming. When Something is left there-and-then its Other is here- 
and-now. But by Being here and now, this Other can itself be designated as 
Something. Hence Something and its Other are the same in the category One. 
In that the process by which Something Becomes its Other which, taken as 
Something, again has an Other, is a ceaseless Becoming, there must be Many 
Ones. 

As self-contained units, these Ones are distinguishable As Many through 
a relation of Repulsion, but because everything is in a notorious state of flux 
through Becoming, it is not clear where Something ends and its Other begins. 
Hence the limit to the One is equally indeterminate. So the One is only lim- 
ited through an arbitrary external reflection. In that this limit is arbitrary, one 
might think of many more Ones within the unit One. So from the standpoint 
of Becoming the Many Ones have a relation of Attraction instead of Repulsion. 

The exhibition of the realm of Quality so far only succeeded in positing that 
there must be Many Ones, but that the limit to the One is entirely arbitrary. 
Thus, all that we are left with is an external reflection on a multitude of el- 
ements that are distinguishable as Many through Repulsion, but arbitrarily 
divisible through Attraction. Hegel was ahead of his time in arriving at this 
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conclusion. With it, we have entered the realm of Quantity. Quantity is a Dis- 
crete Magnitude of elements, but because the limit to these elements can only 
be arbitrarily determined through external reflection, it must be a Continuous 
Magnitude at the same time. 

A Quantum is a specified Quantity expressed by a Number. In the first in- 
stance, a Number is a Discrete Magnitude that excludes other Magnitudes 
from itself. However, the range of possible Magnitudes is Continuous. That is, 
depending on how the One is limited, the same Magnitude may have every 
imaginable Discrete size. As we have seen, if the One is taken in its moment 
of Attraction, one may think of Many more Ones within any Unit One. Thus 
quantified, the One is the Unit of a Magnitude. Next, to express Magnitude 
in a meaningful Number, the Amount of its Units must be determined (e.g. 
counted). 

So Quanta derive their meaning from the chosen quantitative Limit to the 
elements inside the set (i.e. the Units) as well as from the Limit to the Amount 
of elements that belong to the set. Hence, “the whole of the Quantum is iden- 
tical with the Limit”"” A Limited Amount of a Limited Unit is expressed as 
an Intensive Magnitude. This Intensive Magnitude derives its meaning from 
what it is not (e.g. 100 is One more than gg and One less than 101), that is, from 
the Extensive Magnitude it excludes. So, to specify a Quantum is to specify 
a Degree or Intensive Magnitude on an Extensive scale. In that an Intensive 
Magnitude must continually go beyond itself into its Extensive Magnitude to 
gain meaning, the Extensive Magnitude progresses towards a bad potential in- 
finity, which is no longer quantitative. 

So, just as our reflection on Quality led us into the realm of Quantity, our 
reflection on Quantity led us back into the Qualitative unreachable and un- 
nameable bad potential infinity. The relation of both realms is made explicit in 
Measure. As such, Measure is a qualitative Quantum. One of the consequences 
of this is that mathematical categories and techniques to Hegel are one-sided 
devices that need to be reconciled with the qualitative before real headway 
towards the actual truth can be made. 

The other conclusions that will be drawn from the exhibition of Section 
2 are largely based on Baer.!!8 However, Baer does not present them system- 
atically. Rather, he assumes that the reader is quite well versed in Hegelian 
philosophy and proceeds to explain where Hegel stood in the mathematical 
debates of his time. Baer concludes that Hegel was ahead of his time on more 


117 Hegel 1930 [1830%, 1817], §103, my translation; compare Hegel 1986 [1812, 1813, 1816], 
p. 250, 2.2Ba. 
118 Baer 1932. 
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than one occasion and that when his opinion differs from more modern views 
he is usually loyal to the ideas of the mathematicians of his time." By contrast, 
the current chapter is philosophical rather than historical in nature and aims 
at a wider audience. 

The first mathematical problem that is solved by the systematic-dialectical 
exhibition of Section 2 is that of number theory. To apprehend numbers with 
the tools of mathematics, we need to have those tools first. But to build up 
these tools, especially induction, we first need to have all natural numbers (the 
complete set N ).!2° In mathematics this problem is “solved” by assuming a 
“one” and a function that increases the assumed one by one (i.e. a successor 
function). Although this is a way to build up the full set of natural numbers, it 
does not explain the origin of the mathematical mind-set. Why are we able to 
understand the category One? What moments are presupposed in this 
category? 

The exhibition above offers a way out of this deadlock by showing that stub- 
bornly staying in the realm of quality automatically leads the exhibition into 
the realm of Quantity. This happens because the only qualitative distinction — 
between Something and its Other — that can be made in the realm of quality, 
dissolves into Many Ones, which can be likened to a set of elements. These ele- 
ments are Numbers as Ones, while Becoming determines them as Many. 
Because Becoming is a ceaseless and infinite process the Many are further de- 
termined as the full - denumerable infinite - set of thinkable natural Numbers 
(Yx € N:x € Many Ones). So the realm of quality must become quantitative 
before further headway (towards Measure) can be made.!?! 

Thus, for Hegel the quantitative is only the necessary external reflection on 
the realm of Quality, without which neither realm can exist. Modern math- 
ematics, by contrast, does not usually make true statements, but correct ones 
of the form: “in a world where Euclid’s axioms are true ...”. Modern mathemati- 
cians do not generally care whether this world actually exists. Hence, the no- 
tion that the quantitative is the condition of existence of the Qualitative must 


119 Baer 1932, pp. 109, 112-3. 

120 Baer 1932, p. 113. 

121 One might comment that this only means Numbers are now justified linguistically rather 
than mathematically. So instead of solving the problem, dialectics has only shifted its lo- 
cus. However, a central thesis of dialectics is that systematic-dialectical thinking presup- 
poses categories. So it is due to the categories one has that one can make the transition to 
mathematical thinking at all. It is the task of dialectics to make people conscious of this 
and to make them aware of the unconscious processes that must have happened in their 
brain in the process of acquiring language generally and specialised jargon specifically, 
i.e. before they started specialising on the basis of certain fixed definitions and method- 
ologies. I am grateful to Wouter Krasser for insightful discussions on this topic. 
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appear alien to them. In short, mathematicians nowadays do not inquire after 
the things themselves but only after (hypothetical) relations between them.!2? 
In doing so they treat the quantitative as if it were a finished actuality.!?3 

Now, if we accept Hegel’s view that Numbers exist because of the failed 
attempt at making qualitative distinctions on the basis of quality alone, this 
means that quantitative mathematics (obviously including set theory, given 
the importance of categories such as Many Ones or, equivalently, sets of ele- 
ments) can never fully be this entirely free-floating subject that some modern 
mathematicians have made it into. Its basis (viz. the rationale behind Numbers 
or, more generally, sets of elements) namely is still qualitative. 

On the other hand, the quantitative was determined as the realm of external 
reflection on a multitude of distinguishable yet arbitrarily divisible elements. 
This means that there is considerable scope to escape this qualitative basis by 
studying quantitative relations on their own account as most modern math- 
ematicians do. But without the qualitative there would be no quantitative, 
hence there would be no Numbers and no mathematics. According to Kolman 
and Yanovskaya this insight is one of the greatest merits of Hegelian philoso- 
phy in the field of mathematics.!24 

The second thing that is clarified by the exhibition in Section 2 is the proper 
use of ordinal and cardinal Numbers. In the “side dialectic” of Section 2.11 it 
was said that Numeration prepares a qualitative colligation of Many Ones for 
a quantitative treatment. In the first instance Numeration involves ordinal 
Numbers. If one counts the Amount of elements in a finite set you have to 
begin somewhere, so while counting, you implicitly call One element the first, 
One the second etc. But if the Numeration is complete, we have arrived at an 
Intensive Magnitude.!?> 

Within that Intensive Magnitude it no longer matters which element we 
counted first and which second, so the arbitrary distinctions between the ele- 
ments that were created by the form of the series (e.g. 1, 2, 3, ...,n) of the con- 
comitant Extensive Magnitude have now disappeared. Every element in a set 
of size n may be the n™ element. Then the size of the set (n) is a cardinal 
Number. This cardinal Number is the Intensive Magnitude of the finite set. As 
such the size of the set is itself a Unit: it expresses the number of elements it 
contains while denying them autonomy. The same goes for other sets. Next, we 
might want to rank the several sets according to their Intensive Magnitudes. 


122 Baer 1932, p. 108. 

123 Fleischhacker 1982, p. 125. 

124 Kol’man and Yanovskaya 1931, pp. 2, 5. 
125 Baer 1932, p. 115. 


THE DIALECTICAL FOUNDATIONS OF MATHEMATICS 77 


This is only possible if underlying the Intensive Magnitudes (now taken as 
Units) of these sets is a more fundamental Unit. That is, the elements of both 
sets must be of the same size (e.g. One). If the ranking of the several sets is 
complete the place a particular set occupies, is again expressed in an ordinal 
Number (e.g. the 1%, 2»4, 34, ..., ntP place in some well-ordered list).!26 

However, there is a crucial difference between the ordinal Numbers involved 
in numeration and those associated with a place in a ranking. The numerated 
Ones are Units (i.e. elements) of the same size and the ordinal Number that 
gets associated with each is a chance occurrence in the process of count- 
ing, so they do not denote real quantitative differences, but only superficial 
distinctions. The place in a well-ordered list, by contrast, is the result of real 
quantitative differences between the cardinal Numbers associated with sets 
of different sizes. 

If you count the Amount of elements in the infinite set of natural numbers 
N you count not to n but to w. wis the infinite ordinal number associated with 
the last element in the set N.!2” The cardinal Number associated with w is 8, 
which measures the size or Intensive Magnitude of N. By applying the power 
operation to N, it is expanded with all subsets contained within it. Thus, this 
operation yields a nondenumerable infinite set of the same size as the set of 
real Numbers R, of size x,.!28 The ordinal Number associated with the last ele- 
ment of R is w*. Applying the power operation to R yields a set of the 


126 Ibid. 

127 If you would count first odds and then evens, you would reach thewelement twice, be- 
cause both sets correspond bijectively to the set N. So both odds and evens are of the 
same size as N. This is why infinite ordinal and cardinal numbers need to be more strict- 
ly distinguished from each other than finite ones (Horsten 2004, p. 25). 

128 Cantor also provided an independent proof that the size of R is of a higher order of infini- 
tude than N. If you have a list of real numbers between o and 1: 


1. 0.0896542... 
2. 0.3123908... 
3. 0.9089753... 
4. 


you can construct the diagonal number 0.018... If all digits + ı in this number are replaced 
by the digit 1 and all digits = 1 are replaced by o, the new number 0.101... must differ from 
all the numbers in the list in at least one decimal place. Hence, even the list of all ele- 
ments € R between o and 1 can always be expanded (Horsten 2004, p. 28). This argument 
does not apply to N, because each xeN has only a finite amount of positions, so the 
diagonal does not touch all numbers. As a consequence you can always add a number 
eR somewhere within a well-ordered list, while a well-ordered list of the first 1,000, 
1,000,000, or however many you wish elements of N can only be expanded outside the 
list. 
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even more infinite size 8, of which the last element wis to the power of »*.129 
Each power set contains a tremendous Amount of sets of the previous order of 
infinity. The ordinal number associated with the last element of R for exam- 
ple, can also be written as w~ w. So you can “count” w*" sets of size x, with- 
in that set. Thus, in a set of size x, these sets appear as actual infinite elements 
rather than as bad potentially infinite sets.!°° So just as transfinite iterations of 
a successor function lead a finite Intensive Magnitude into the bad potential 
infinity associated with its Extensive Magnitude, transfinite iterations of the 
power operation lead an infinite Intensive Magnitude into the bad - or infi- 
nitely worse — potential infinity associated with the size of the set of all sets V. 
Hence, the infinite cardinal Numbers may themselves be ranked in a well- 
ordered list. This implies that infinity is no longer just defined as an unreach- 
able Extensive Magnitude beyond every finite Intensive Magnitude, but within 
the well-ordering of the infinite cardinal Number associated with that set, can 
itself also be viewed as an Intensive Magnitude. As a result we can now distin- 
guish two principles of philosophical infinity: 1) the principle of Numeration 
that leads a finite Intensive Magnitude into its potentially infinite Extensive 
Magnitude and 2) the principle of the power operation that ultimately leads an 
infinite Intensive Magnitude into the Extensive Magnitude associated with the 
set of all sets, V. Because Cantor was born after Hegel’s death, Hegel cannot 
possibly have been aware of these points.!3! 

Section 4 showed how our awareness of Time is the result of focusing on a 
Distinct (part of) Space. The awareness of Time is a prerequisite for our com- 
prehension of Movement. Distinct Space itself presupposes Space, the Spatial 
Dimensions, the Point, Line and Plane. Hence, it would be misguided to think 
of the Line as the result of the Movement of a Point or of the Plane as resulting 
from a Moving Line. 


129 Horsten 2004, p. 26. 

130 Horsten 2004, pp. 26-7. 

131 Although he locates the category of set at the level of Hegel’s Doctrine of the concept 
(I-3), Paterson’s (2007) Hegelian discussion of the philosophical foundations of the cat- 
egory of set and of Russell’s paradox is strikingly similar to mine albeit that his treatment 
is mathematically more elaborate. 


APPENDIX 


Comparison of the Determination of the 
Quantitative in the Wissenschaft and the 
Encyclopddie 


Hegel’s Wissenschaft der Logik is comprised of three books entitled the logic of Being 
[die Logik des Seins], the logic of essence [die Logik des Wesens], and the logic of the 
concept | die Logik des Begriffs] respectively.! The quantitative and its moments are en- 
tirely determined in the 457 pages long logic of Being. The whole of the Encyclopédie 
by contrast is only 500 pages long. Of these, only the 17 pages of Part 1, Subdivision 1 
correspond to the first book of the Wissenschaft. So, naturally the exhibition in the 
Wissenschaft is a lot more extensive, but this does not mean that the Encyclopddie only 
summarises the lengthier exhibition in the Wissenschaft. 

Because of the great differences between the two books with regard to length and 
detail, the Wissenschaft needs to be summarised before meaningful comparisons can 
be made. A good starting point for a meaningful summarisation is the table of con- 
tents, which “vigorously organises the whole book”? The Wissenschaft is divided first 
into parts, then into books, then into segments [Abschnitte] and next into chapters. 
The chapters are subdivided into Sections A, B, and C which are usually, but not al- 
ways, subdivided again into Subsections a, b, and c. If the titles of the Sections A, B, and 
C are taken as moments in the logical progression, an exhibition with about the same 
level of detail as the exhibition given in the Encyclopddie (and reproduced in Section 2 
of this chapter) is obtained. 

The table of contents of the Encyclopddie is less detailed than the table of contents 
of Section 2 of this chapter. To obtain the latter I have roughly taken one emphasised 
moment from each § of Part 1, Subdivision 1 of the Encyclopddie, even though Hegel 
usually stresses a couple of words per § using doubles p a c i n g. The choices 
I have made, do not always correspond to the titles of Sections A, B, and C in the Wis- 
senschaft, although they often do correspond to the titles of Subsections a, b, and c. 
Conversely, the titles of Sections A, B, and C in the Wissenschaft do often correspond to 
moments emphasised in Hegel’s Encyclopädie but not in my exhibition of it. It would 
not be fair to treat these different emphases as real differences. 

In what follows, the Wissenschaft is therefore summarised according to the titles 
of Sections A, B, and C, but these are amended with titles of subsections when this 


1 Hegel 1986 [1812, 1813, 1816], p. 62, Introduction. 
2 Carlson 2000, p. 3. 
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facilitates comparisons to (my interpretation of) the exhibition in the Encyclopddie. 
Whenever the logical progression in the Encyclopddie can be interpreted along the 
lines of the Wissenschaft or the other way round, I will refer to both books. When a 
moment is unique to one of them, I will refer only to the book it is unique to. 


Al Being, Nothing, Becoming, Presence, Something and Others 


The first four moments are the same in both works. That is, Being is contrasted with 
Nothing; Being and Nothing each Become the other, but what we perceive is not Be- 
coming, but a stabilised Presence [Dasein].3 In the Wissenschaft, Presence is intro- 
duced in Section A of the second chapter of the first segment. Section B is entitled 
Finitude and Section C Infinity. But Section B opens with a subsection on Something 
and Others. So the exhibition in both works is still roughly the same until this latter 
opposition is introduced. 

However, Finitude and Infinity are clearly emphasised in the Wissenschaft, but not 
in the Encyclopddie. In the latter work Hegel writes: “The categories that develop in 
respect of being there [i.e. Presence] only need to be indicated in a summary way”.* 
In the Wissenschaft, by contrast, Hegel devotes more than half a chapter (41 pages) to 
these categories. I will now discuss the way in which Finitude and Infinity are deter- 
mined from Something and Others in the Wissenschaft. 


A2 Qualitative Limit 


y) Something stops where its Other begins and the other way round. Hence, Some- 
thing is limited by its Other which in turn is limited by Something. What they have in 
common is this Qualitative Limit.5 The Limit must be Qualitative because the ground- 
work that enables a Quantitative treatment of reality is not yet complete. 


3 Hegel 1986 [1812, 1813, 1816], pp. 82-117, 1.1A-1.2Aa; Hegel 1930 [1830°, 1817], §86-9. 

4 Hegel 1930 [1830°, 1817!], §go. In this book all paragraph references (such as §18) are to Hegel 
1930 [1830°, 1817!] and any citations are from the 1991 English translation by Geraets, Suchting 
and Harris, unless explicitly stated otherwise. 

5 Hegel 1986 [1812, 1813, 1816], p. 135, 1.2Bb; Hegel 1930 [1830°, 1817!], §92. Hegel does not explic- 
itly distinguish the Qualitative Limit from the Quantitative Limit. But the category of Limit 
plays an important role in the first segment of the Wissenschaft, which is called quality, as 
well as in the second, which is called Quantity. There are striking differences between both 
types of Limit. Hence, I will make explicit distinctions between the two types of Limit in this 
appendix. 
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Az Finitude and Infinity 


ß) Something is Presence with a fixed determination, which can be left behind in the 
process of Becoming. As we have seen, this requires the Something to be Limited in 
either space or time or both. Something that is Limited is also Finite.® 

a) Since the determination of Something is fixed as either here-and-now or there- 
and-then, it will be left behind in the process of Becoming. Something therefore must 
eventually Become its Other (e.g. when we die, our bodies dissolve and its atoms even- 
tually build new bodies or when we grow up, we go from baby to toddler, to child to 
adolescent to grown-up — you can draw the Limits wherever you like). This Other is 
Finite again. But the very fact that each Something is doomed to perish and Become its 
Other, which in turn is just as Finite and thus just as doomed, is eternal.’ Finitude as a 
category therefore is an Infinite attribute of all Beings. 


A4 True Infinite 


y) Finite Somethings incessantly Become their Others. From the point of view of this 
process, we perceive mainly Infinity. From the point of view of any particular Some- 
thing, Finitude is perceived most clearly. The truth of Beings, however, is their Becom- 
ing as well as their Presence, that is, their Infinity as well as their Finitude. As it stands, 
both categories are opposed to one another and constitute each other. Finitude is Fi- 
nite because the Infinite process keeps it that way and the Infinite process constantly 
needs new Finite victims in order to stay an Infinite process. So both categories return 
to themselves through their opposites. Neither of the two categories can stand on its 
own in this self-perpetuating circle. The truth of both is therefore not in its opposite, 
but in the circle itself. This circle has no beginning, end or opposite. It therefore is the 
True Infinite.$ 


Az Being-for-self 


y) Hegel uses Being-for-self to denote the immediate appearance of things. So if Hegel 
speaks of Something Being-for-self he considers only the sensuous aspects of it and 
brackets out its theoretical and categorial mediations. Being-for-self is a further de- 
termination of the True Infinite, because all Beings-for-self are individually Finite, but 


6 Hegel 1986 [1812, 1813, 1816], pp. 139-40, 1.2Bc; Hegel 1930 [1830°, 1817!], 892. 
7 Hegel 1986 [1812, 1813, 1816], pp. 148-9, 1.2Bc; Hegel 1930 [1830°, 1817!], 893-4. 
8 Hegel 1986 [1812, 1813, 1816], pp. 161-3, 1.2Cc; Hegel 1930 [1830°, 1817!], 895. 
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collectively Infinite, for collectively, Being-for-self embodies all Somethings and all 
Others and hence the whole of the Truly Infinite circle.? 


A6 One, Many Ones, Repulsion, Attraction, Quantity, Continuous 
and Discrete Magnitude, Quantum, Number, Unit and Amount, 
Quantitative Limit and Intensive and Extensive Magnitude 


Being-for-self equalises each Something and each Other as One. As soon as the One 
is presented in the Wissenschaft, the two books are back on the same track. So, just to 
recap: there are Many Ones because each Other can be designated as Something, so 
that Something and Other are both Ones and each One must ceaselessly develop into 
another One through Becoming. Because the limit to the One is arbitrary, one may 
think of Many more Ones within a Unit One, so the Many Ones have a relation of At- 
traction. But at the same time the Ones are distinguishable as Many, so they must be 
self-contained Units, that are Repulsive vis-a-vis One another. This result leads us into 
the realm of Quantity, i.e. that of external reflection on a multitude of elements dis- 
tinguishable as Many through Repulsion, but arbitrarily divisible through Attraction. 

Quantity is a Discrete Magnitude of elements, but because the limit to these el- 
ements can only be arbitrarily determined through external reflection, it must be a 
Continuous Magnitude at the same time. A specified Quantity is a Quantum expressed 
by a Number. If the elements contained in this Number, the Ones, are taken in their 
moment of Attraction, one may think of Many more Ones within any Unit One. Thus 
quantified, the One is the Unit of a Magnitude. Next, to express Magnitude in a mean- 
ingful Number, the Amount of its Units must be determined (e.g. counted).!° 

So Quanta derive their meaning from the chosen quantitative Limit to the elements 
inside the set (i.e. the Units) as well as from the Limit to the Amount of elements that 
belong to the set.!! A Limited Amount of a Limited Unit is expressed as an Intensive 
Magnitude. To specify a Quantum is to specify a Degree or Intensive Magnitude on an 
Extensive scale. In that an Intensive Magnitude must continually go beyond itself into 
its Extensive Magnitude to gain meaning, the Extensive Magnitude progresses towards 
a bad potential infinity, which is no longer quantitative.’ 


9 Hegel 1986 [1812, 1813, 1816], p. 166, 1.2: Der Übergang; Hegel 1930 [18303, 1817!], §95. Der 
Ubergang means “the transformation’. It is a section of Chapter 1.2 that is on the same 
footing as the A, B, and C-sections. In the whole of the first book of the Wissenschaft, only 
this chapter has such an unusual extra section. 

10 Hegel 1986 [1812, 1813, 1816], pp. 182-234, 1.3Ba—2.2A; Hegel 1930 [1830°, 18171], 896-102. 

11 Hegel 1986 [1812, 1813, 1816], pp. 231-4, 2.2A, 250, 2.2Ba; Hegel 1930 [1830°, 18171], §103. 

12 Hegel 1986 [1812, 1813, 1816], pp. 250-3, 2.2Ba; Hegel 1930 [1830°, 1817'], §103; Fleischhacker 
1982, pp. 136-46. 
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Hegel mentions Unit and Amount in Section 2.2A of the Wissenschaft, but he does 
not devote any subsections to them (Section 2.2A does not even have subsections). 
These moments, then, are actually emphasised more in the Encyclopädie than in the 
Wissenschaft. This is rare. Furthermore, I have given the category of Quantitative Limit 
official status (Hegel mentions it a lot in his text, but it does not feature in the table of 
contents of the second segment of the Wissenschaft). The rest of the moments that 
were mentioned here are taken from the A, B, and C-sections, so with them the com- 
parison between the two works is particularly smooth. 


A7 Quantitative Infinity 


y) As it stands, the categories Intensive and Extensive Magnitude are opposed to each 
other and constitute each other through a function that specifies how to arrive at 
the other elements in the series. This function is the locus of the true Quantitative 
(mathematical) Infinity.!* 


A8 Direct Ratio 


In the process of concrete determination it was first shown how the quantitative 
mind-set originates in and presupposes the Qualitative moments of Being, Nothing, 
Becoming, Presence, Something, Others, Qualitative Limit, Finitude, Infinity, the True 
Infinite, Being-for-self, One, Many Ones, Repulsion and Attraction. Especially the 
move from Being-for-self to One and Many Ones is significant, because this transfor- 
mation shows how Something and its Other are the same as One, but distinguishable 
as Many. 


13 On the basis of the table of contents of the Wissenschaft one might conclude that the 
opposition between Intensive and Extensive Magnitude is determined directly from 
Number. In this instance Unit and Amount do not even feature in the titles of subsections. 
Hegel however clearly emphasises these moments in both works. In the Wissenschaft for 
example Hegel writes: “Amount and [U]nit constitute the moments of number” (Hegel 
1986 [1812, 1813, 1816], p. 232, 2.2A, Miller’s 1969 translation). The systematic dialectic ne- 
cessity to overcome this opposition before a new opposition can be introduced led me to 
give the category of Quantitative Limit official status. In other words: I have given Unit 
and Amount official status in my main text about the Encyclopädie and this is also defen- 
sible in the case of the Wissenschaft. But in the latter case, this intervention entails the 
need for a category to bridge the gap between the opposition between Unit and Amount 
and the opposition between Intensive and Extensive Magnitude. This category is Quanti- 
tative Limit. 

14 Hegel 1986 [1812, 1813, 1816], pp. 260-4, 276-8, 2.2Ca-2.2Cc; Fleischhacker 1982, pp. 143-7. 
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From the moment of Quantity onwards, the quantitative has been progressively 
freed from the qualitative moments it originated in. However, Extensive Magnitude 
showed that the nature of the Quantum can never be entirely determined in relation 
to the quantitative itself, because there is always Something beyond the Quantum that 
is not Limited as a Quantum (yet). This “beyond” is the quality of the Quantum. So 
stubbornly staying within the realm of Quantity eventually and automatically led us 
back to quality, albeit the quality of the Quantum. 

Since it has now been shown how the quantitative presupposes the qualitative and 
how the determinations of Quantity result in a return to quality, we need to determine 
how the two relate. That is, to resolve this opposition we need to look for a category 
that explicitly relates quality to Quantity. Hegel looks for this category in mathematical 
relationships | Verhältnisse]. Following the Miller translation of the Wissenschaft, I will 
call these relationships Ratios.!5 

y) The Direct Ratio, x/y=c (in which c is a constant and x and y are vari- 
ables), is the first of these Ratios. If it is said that a rectangle is 4 by 2 (or, equivalently, 
2 by 1), its width and breadth are implicitly given as a Direct Ratio. Since the expression 
x/y=c may also be written as x/c=y, one may either take c to be the Amount of 
Units y or y to be the Amount of Units c. So when Unit and Amount are related through 
a Direct Ratio, it is still undetermined whether x or y is a Unit or an Amount. Both are 
what they are vis-a-vis the other. So the qualitative determinations of these Quanta are 
still external to this Ratio.!® 


Ag Inverse Ratio 


y) Inverse Ratio was also discussed in the “side dialectic” of Section 2.11 above under 
the heading of Multiplication. What is said about this type of relation in the Wissen- 
schaft is very similar to what is said about the arithmetical operation of Multiplication 
in the Encyclopädie (and in a remark to 2.2A in the Wissenschaft). The most striking 
difference is that the determination of this Ratio in the latter work does not happen 
in a “side dialectic”? meant to advance a further understanding of Numbers and ar- 
ithmetical operations (as was the case in the Encyclopädie), but forms a crucial link 
between Quantity and Measure. The Ratios therefore appear as manifestations of the 


15 Hegel 1986 [1812, 1813, 1816], p. 372, 2.3, §669 in Miller’s 1969 translation. Verhältnis means 
ratio as well as relationship, but the word is usually translated into English as Ratio. As we 
will see, however, Hegel has a rather broad conception of a Ratio. He uses Verhältnis to de- 
note all types of mathematical relations between undetermined Quanta x and y that have 
a constant outcome c, whether this is the outcome of a division (x/y = c), a multiplication 
(x+y = c) or raising to a power (x? = c). 

16 Hegel 1986 [1812, 1813, 1816], p. 375, 2.3A; Fleischhacker 1982, p. 164; Carlson 2002, pp. 102-3. 
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immanent relations of categories within the realm of Quantity. At this stage they do 
not appear as operations. Even though Hegel does mention the ratio [Verhältnis] at 
this stage in the Encyclopddie as well, he does not go into any detail about the different 
types of ratio and their ontological import the way he does in Chapter 3 of the second 
segment of the Wissenschaft!" 

In the Inverse Ratio, x- y =c, x and y can both be designated Unit or Amount, be- 
cause xX: y = y- x. Thatis, in the Inverse Ratio the two moments are still distinguished, 
but it does no longer matter what you regard as Unit and what as Amount. If it is said 
that the surface of a rectangle is 8, this surface is implicitly given as an Inverse Ratio in 
which the length of the sides is left undetermined (i.e. 2-4 = 4-2 = 1:8 =8-1=... etc.). In 
this Ratio, the constant c limits both sides of the Ratio vis-a-vis each other as Unit ver- 
sus Amount or Amount versus Unit. The constant itself is only their mutual limit. It 
cannot itself be considered as a Unit or an Amount.!® 


A10 Ratio of Powers 


y) Like the Inverse Ratio, the Ratio of Powers was already discussed in the “side dia- 
lectic” of Section 2.11 above. Here it fell under the heading of “Raising to even powers”. 
What was said above about the differences between the Inverse Ratio in the Wissen- 
schaft and Multiplication in the Encyclopddie also applies to the differences between 
the Ratio of Powers and Raising to even powers respectively. 

In The Ratio of Powers the distinction between Unit and Amount can no longer be 
made, because in The Ratio of Powers every Number only bears on itself. So this 
time not only the total surface of a rectangle is given as a constant, but it is also given 
that x =y (i.e. the rectangle is a square). This means that Unit and Amount are com- 
pletely equal under this operation. Hegel therefore concludes that the opposition be- 
tween those two moments is resolved in The Ratio of Powers.!9 


All Measure 


y) In the Ratio of Powers Unit quantitatively equals Amount, but not qualitatively. In 
the expression x-x =c, either x may be considered as Unit, determining the other as 


17 Hegel 1930 [1830°, 18171], $105-6. 

18 Hegel 1986 [1812, 1813, 1816], pp. 376-80, 2.3B; Hegel 1930 [1830°, 1817'], §102; Fleischhacker 
1982, pp. 164-5; Carlson 2002, pp. 103-8. 

19 Hegel 1986 [1812, 1813, 1816], pp. 376-80, 2.3C; Hegel 1930 [1830°, 1817!], §102; Carlson 2002, 
pp. 108-10. 
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Amount. So the two are still qualitatively different, they are not yet at one with their 
concept. That is, the dialectical exhibition so far does not yet fully determine the sides 
of the ratio. So we need to bring the quality back into the Quantum while keeping 
it quantitative. “The name of [this] partnership between quality and Quantity is 
Measure”.2° 

When the Intensive Magnitude of a Quantum is expanded in its Extensive Magni- 
tude, we end up with another Quantum. What is needed in Measure is an Intensive 
Magnitude that can be quantitatively expanded on some large enough domain while 
qualitatively staying the same, so that the Quantum may change, while the nature of 
whatever is Measured stays intact for a while. So the quality of Measure must stay in- 
tact longer than the Quanta that are defined with respect to it.?! 

The third segment of the first part of the Wissenschaft is entirely devoted to the 
further determinations of Measure. Within it Hegel searches for the categories and 
concepts that are presupposed by a mathematical understanding of nature. So from 
Measure onwards, Hegel starts looking for the concepts that are presupposed by an 
application of the quantitative (i.e. mathematical) way of thinking to nature.?? So the 
purely mathematical realm of Quantity is left here. The details of this segment will 
therefore not be discussed any further in this appendix. 


Concluding Remarks 


In this appendix I tracked the differences and similarities between the determina- 
tion of the quantitative in Hegel’s Encyclopddie der philosphischen Wissenschaften and 
his Wissenschaft der Logik. Apart from differences in detail and emphases, the most 
important differences are situated at the end of the relevant segment(s) in the Wis- 
senschaft. First of all, quantitative Infinity is absent from the Encyclopddie, while it is 
discussed extensively in the Wissenschaft. 

Second, the Encyclopddie mentions the Ratio as a stepping-stone towards Measure, 
but leaves it at that. The Wissenschaft, by contrast, devotes an entire chapter to the 
Direct and Inverse Ratio and the Ratio of Powers. These ratios show how the Quantum 
is ontologically related to other Quanta. 


20 Carlson 2002, p. 110. 
21 Hegel 1986 [1812, 1813, 1816], pp. 387-94, 3. 
22 Fleischhacker 1982, p. 171. 


CHAPTER 3 


Marx’s Systematic Dialectics and Mathematics 


Introduction 


Can a systematic-dialectical exhibition inform mathematics (or definitions for 
mathematics) or mathematical modelling and/or vice versa? The answer to 
such a question depends first of all on the ontological nature of the subject 
under investigation (the object totality) and the premises from which the in- 
vestigation starts (its universal principle) (in systematic dialectics the two are 
intimately intertwined). 

As we have seen in Chapter 1, Marx’s criticism of Hegel implies that the 
starting point for his own dialectical theory of Capitalism should 1) allow for 
the emergence at later stages of conflicts and negative results, and 2) be em- 
bedded in Marx’s historical materialist conception of history. Just to reiterate: 
Marx scorned Hegel’s obsession with resolving each and every opposition, 
arguing that misrepresentation of nature may be a source of apparent unre- 
solved conflict and that the historical materialist conception of history may 
point to actual unresolved conflicts. At the same time Hegel receives praise 
for inspiring Marx’s ideas on alienation. As a result, Marx’s dialectical theory 
of society is likely to allow fewer degrees of freedom to human agency (for it is 
limited by nature and history) and allow for a more direct confrontation with 
empirical nature as alienated products of thought take on an empirical reality. 
If Marx succeeded in perceiving of such a theory, the abstractions pertaining 
to capitalism are likely to come out as more amenable to quantification and 
hence more suitable for mathematical treatment, than those pertaining to 
Hegel’s (exhibition of) civil society. 

Secondly, the answer depends on the epistemological prowess one ascribes 
to mathematics as a means of investigation. Chapter 2 showed that Hegel did 
not think highly of mathematics in this respect: mathematical categories and 
techniques to him are one-sided devices that need to be reconciled with the 
qualitative before real headway towards the actual truth can be made. The lit- 
erature on Marx and mathematics discussed in Section 1, by contrast, shows 
not only that Marx towards the end of his life had become quite conversant 
with the university textbooks on mathematics of his day, but also that he en- 
deavoured to reform the basis for mathematics (especially the calculus) dia- 
lectically and toyed with a lot of ideas for the application of mathematical and 
formal methods to his main studies in political economy. Thus, his attitude in 


© KONINKLIJKE BRILL NV, LEIDEN, 2020 | DOI:10.1163/9789004395497_006 


88 CHAPTER 3 


this respect is strikingly different from Hegel’s who contended that mathemat- 
ics cannot adopt dialectical moments at all. 

Having established Marx’s views on the nature of capitalism and the ab- 
stractions appropriate to it (see Chapter 1), as well as his attitude towards the 
dialectics of mathematics and the use of mathematical techniques within a 
systematic-dialectical exhibition of capitalism (see Section 1 below), the ques- 
tion becomes how these ideas could be articulated together. In order to an- 
swer this second main question for this chapter, Section 2 first of all tracks the 
outline of Marx’s dialectics throughout the three volumes of Capital, so as to 
position Marx’s “schemes of reproduction” (which would nowadays be called 
models) within Marx’s overall framework and illustrate the nature of Marx’s 
abstractions.! It may safely be concluded from this section that Marx came 
a long way in formulating an alternative systematic-dialectical social theory 
consistent with his criticisms. Next, Section 3 discusses what assumptions and 
formal expressions in Marx’s models can be considered dialectically motivated 
and which cannot. Thus it is shown that the inspiration for them can be con- 
ceived of as dialectically informed and that their results also illuminate how 
further concretisation could proceed. Section 4 concludes. 


1 Marx’s Acquaintance with and Ideas on Mathematics 


This section discusses Marx’s acquaintance with, views on, and technical skill 
in mathematics. This will serve as a background to his use of mathematics 
within the systematic-dialectical exhibition of Capital elaborated on in Sec- 
tions 2 and 3. 

When Marx graduated from the gymnasium of Trier in 1835 “his knowledge 
of mathematics was considered adequate’, but he showed no specific interest 
in it until after the completion of the Grundrisse manuscript in 1857-58, when 
he wrote: 


In elaborating the principles of economics I have been so damnably 
held up by errors in calculation that in despair I have applied myself to a 
rapid revision of algebra. I have never felt at home with arithmetic. But 


1 “Model” is modern terminology. Marx used the word “scheme” rather than “model”. Tinber- 
gen also used the word “scheme” in his early writings (e.g. his 1940) for what he would later 
term “model” (e.g. in his 1957) (see Boumans 1992). Following Reuten (1999) I will use both 
terms interchangeably, but, like Reuten, “I prefer the term ‘schem[e]’ when close to Marx’s 
text and the term ‘model” in the” ‘methodological’ appraisal (in Section 3) and subsequent 
reconstruction of them (in Chapter 4) (the quotation can be found in Reuten 1999, p. 200). 
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by making a detour via algebra, I shall quickly get back into the way of 
things.” 


From then on, Marx kept “returning to [the study of mathematics] as a diver- 
sion during his many days of illness’, turning from algebra to analytical geom- 
etry and the calculus.’ Despite his original intent, “one finds surprisingly few 
actual applications of mathematical methods ... to any practical problems” in 
Marx’s notes on mathematics.* Thus one may conclude that his mathematical 
interests increasingly shifted away from their direct practical relevance for “the 
elaboration of the economic principles” and towards the study of mathematics 
for its own sake.? Marx, like Hegel (compare Section 2.1), was particularly inter- 
ested in (infinitesimals in) the differential calculus.® “[I]n 1878-83 [i.e. the last 
five years of his life], his main objectives became reformulating its theoretical 
and philosophical foundations, by showing its development from elementary 
algebra, to represent the operation of differentiation as a particular case of his 
dialectical law of ‘the negation of a negation”.’ While studying calculus, Marx 
had remarked that he found it “a much easier branch of mathematics (so far 
as mere technicalities are concerned) than, say, the more advanced aspects of 
algebra”$ Thus, it seems that Marx found “the calculus easier than algebra’ and 
“algebra easier than arithmetic”.? 

Marx classified all previous methods of developing the conception of the 
differential that he knew about as the mystical method of Newton-Leibniz, the 
rational one of D’Alembert, and the algebraic one of Lagrange. He criticised 
all these because they all involved the derivation of the expression for change, 
dy/dx, from neglecting some infinitesimally small but essentially static differ- 
ence h (as in D’Alembert and Lagrange) or dx (as in Leibniz) between x and 
x + h (or dx), instead of from the dynamic variation of x (and concomitantly 
y) itself Like Hegel, he considered this procedure dialectically incorrect for it 


2 The first quote is from Struik 1997 [1948], p. 173; compare Kennedy 1977, p. 305. The block 
quote is from Marx 1983 {1858b}, cited in Struik 1997 [1948], p. 174; and in Kennedy 1977, 
p. 305; compare Matthews 2002, pp. 6-7; compare Smolinski 1973, p. 1193. 

Struik 1997 [1948], p. 174. 

Smolinski 1973, p. 1193. 

Ibid. 

Matthews 2002, p. 11. 

Smolinski 1973, p. 1194. 

Marx 1985 {1863}, cited in Struik 1997 [1948], p. 174. 

Struik 1997 [1948], p. 174; compare Smolinski 1973, p. 1197. 

10 _ Struik 1997 [1948], pp. 179-82; Kol’man 1983, pp. 228-31. Ernst Kol’man is also referred to as 
Kolman or Colman. Since he was a Russian mathematician, his name - which would oth- 
erwise be written in Cyrillic letters — is usually translated (or rather transcripted) along 
with the rest of his text, leading to the variations mentioned. 
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did not truly resolve Zeno’s paradox of Achilles and the tortoise. It still allowed 
dynamic laws of motion to be derived from a reflection on static differences 
and thus glossed over the fact that a “sequence of positions of [a] point at 
rest ... will never produce motion”! 

But, as Chapter 1 indicated, Marx had a much more positive attitude con- 
cerning the scope of mathematical formalisms than Hegel did and set out to 
produce his own alternative method of developing the conception of the dif- 
ferential that he thought lived up to his and Hegel’s criticisms of infinitesimals. 
Hegel, by contrast, had only formulated his criticisms verbally and never both- 
ered to rework mathematics on the basis of his dialectically derived insights, 
for, as Kol’man and Yanovskaya put it:!? 


According to Hegel these dialectical moments, which are alien to the el- 
ementary mathematics of constant magnitudes, cannot be adopted by 
mathematics at all. All the attempts by mathematics to assimilate them 
are in vain, for since mathematics is not a science of ‘concept’, therefore 
naturally no dialectical development, no movement of its concepts and 
operations on its own ground is possible. 


Marx’s method can be summed up as follows: starting from, say, y = f (x) = x°, 
and postulating an x, that differs from x by some entirely arbitrary (as opposed 
to a small or infinitesimal) amount, we may write: 


fe) —F(%) = - Y = XE x? = (x = x)(x +X +X?) 


so that: 
fx) 


x, 


fx 


x x, 


= 
if 
RIS 


XP +X,xX4+xX? 
When x, = x, or x,- x = 0, we obtain: 


% = Wie = X? + X X +X’ =3x7 14 


11 Struik 1997 [1948], pp. 184-5; compare Hegel 1986 [1812, 1813, 1816], p. 295, 2.2Bc; compare 
Fleischhacker 1982, p. 148; compare Section 2.2. 

12 As with Kol’man (see footnote 10 in this chapter), Sofya Yanovskaya is also referred to as 
Janovskaja or Ianovskaia. 

13 _ Kol’man and Yanovskaya 1983, p. 246. 

14 Struik 1997 [1948], p. 183. For some reason that eludes me, Struik first writes: 

fi) fl) =, -y =x} -x° = (x, -x)(x + x, x + S°) 

without defining this “ S ” or explaining where it comes from or why it is introduced. It 
does not resurface in the 
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What is dialectical about this method is, first, that “the derivative only ap- 
pears when both dy and dx are absolutely zero”, and, second, that x is allowed 
to change into any value x, in its domain and not just those infinitesimally 
close to it.!? The first characteristic does away with the annihilation of infini- 
tesimal static differences in order to obtain an expression for a dynamic rela- 
tionship. Since these two are qualitatively different, the dynamic expression 
can only spring forth from the real disappearance or negation [aufhebung] of 
the difference between x, and x and not from neglecting a static difference h or 
dx at some point. In dialectical jargon, what happens in Marx’s method is that 
the negation of a static expression leads to a qualitatively different dynamic 
expression: the negation of the negation.!® As such, the derivative is developed 
[entwickelt] from the original expression in Marx’s method and not separated 
[losgewickelt] from some approximate expression.!” Thus, according to Carche- 
di, Marx shows that the potential for change is already inherent in x, even 
when no change whatsoever actually occurs.'$ It is therefore “the theorisation 
of a temporal, real process”, in which the realised state of things is articulated 
alongside, and inseparable from, their potential for change.!? Moreover, the 


subsequent expressions, leaving the reader with the distinct impression that it was never 
supposed to be there in the first place. 

15 The quote is from Struik (1997 [1948], p. 185). The rest of the sentence is based on Carchedi 
(2008, p. 423). 

16 Smith, Cyril 1983, p. 265. 

17 Kennedy 1977, pp. 310-11. 

18 _ Carchedi 2008, p. 423. 

19 Carchedi 2008, pp. 423-4. In Carchedi’s view, the categorial pair of realised versus poten- 
tial is crucial to Marx’s dialectics, the gist of which must not be sought in Hegel. Rather, 
“we should extract it from Marx’s own work” (Carchedi 2008, p. 416). In short, Carchedi’s 
view boils down to the articulation at each stage of the presentation of a realised phe- 
nomenon and its (sometimes contradictory) potential(s). Next, the exhibition is driven 
towards concreteness by introducing time, thus showing how the realised and the po- 
tential are interlinked, i.e. by what mechanism the two change into each other (Carchedi 
2008, p. 416). Although Carchedi seems to contend otherwise, it seems to me that his 
position can easily be reconciled with that of most Hegelian Marxists. 

With the notable exception of those who argue that the outline of Marx’s Capital is 
homologous to (the outline of) Hegel’s Logic (such as Arthur and Sekine) (criticising a ho- 
mology, Smith (2014), provides a good and comprehensive overview of these authors and 
the three variants of the homology thesis), many Hegelian Marxists would readily admit 
that Marx’s method, although inspired by Hegel, differs from Hegel’s in many respects. 
This is why writers like Smith and I, for example, opt for general formats like unity, differ- 
ence, and unity-in-difference or a-ß-y respectively, to be applied to Marx’s work in order 
to track his dialectics, rather than look for specific homologies or matching details. The 
end result of the application of such a format to Capital need not be very different from 
Carchedi’s view of that work. 
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second characteristic shows this change to affect all of reality, whereas work- 
ing with infinitesimals points to a static view of reality “to which change is only 
added as an appendix”.2° Marx’s, by contrast, is rooted in a dynamic ontology 
with respect to every element in all of reality. 

So much for Marx’s views on mathematics as such. As for the application of 
mathematical techniques to the study of political economy, Marx had at least 
one noteworthy intuition that did not make it into his texts for Capital. On 31 
May 1873, Marx wrote to Engels: 


[Y]ou know tables in which prices, calculated by percent etc. etc. are rep- 
resented in their growth in the course of a year etc. showing the increases 
and decreases by zig-zag lines. I have repeatedly attempted, for the analy- 
sis of crises, to compute these ‘ups and downs’ as fictional curves, and I 
thought (and even now I still think this possible with sufficient empirical 
material) to infer mathematically from this an important law of crises. 
Moore ... considers the problem rather impractical, and I have decided 
for the time being to give it up.?! 


Samuel Moore was Marx and Engels’s advisor in mathematics and they both 
usually (albeit sometimes reluctantly) accepted his judgement on issues like 
these as the last word.?? According to Kol’man, however, Moore was mistaken 
in this case. Had he been more conversant with “Fourier analysis, that branch 
of applied mathematics which deals with the detection of latent periodicities 
in complex oscillatory processes”, he would probably have been more support- 
ive of Marx’s attempts at finding those “fictional curves”.?? Smolinski, by con- 
trast, asserts that “even though both data and analytical methods of the study 


Take, for instance, the dialectics at the beginning of Capital as I have tracked them 
in Section 2 below. The account runs: «) in conceptual isolation, to be a society requires 
sociation, which encompasses social production. Hence, any realised society is sociate by 
definition. ß) Yet capitalist production is privately undertaken, in dissociation, and capi- 
talist societies therefore run the potential risk of disintegration. y) The tension between a) 
and $) is resolved when private produce is allowed to move (i.e. by introducing time) from 
the site of production to that of consumption through the associative moment of the 
exchange relation. Thus, these approaches are clearly reconcilable. That is, whether one 
progresses by viewing each category from the oppositional angles «) and 8) before mov- 
ing on to the opposition’s resolution under y) or by looking for a concept’s realisation, its 
potential and the movement between the two, may very well amount to the same thing. 

20 _ Carchedi 2008, pp. 17-18. 

21 Marx 198g {1873}, as cited in Kol’man 1983, p. 220; compare Smolinski 1973, p. 1200. 
22 Matthews 2002, pp. 8-9. 

23 _ Kol’man 1983, p. 220. 
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of the business cycle have greatly improved since 1873, Moore’s scepticism with 
respect to the applicability of Marx’s proposal appears to be well taken even 
from the vantage point of the 1970s”.24 

All in all, Marx studied at least five textbooks on calculus and two texts on 
algebra and explicitly intended to use the insights he gained from these to fur- 
ther his “elaboration of the economic principles”?? So we can safely conclude 
that Marx was neither ignorant of mathematics, nor considered it inapplicable 
to the field of political economy generally, or socioeconomic relations specifi- 
cally.26 This being said and given that he found calculus easier than algebra and 
algebra easier than arithmetic, it is startling that he usually, if not always, sticks 
to numerical examples in Capital even when elementary algebraic techniques, 
like dividing the numerator and denominator by the same symbol, could have 
given him a direct and, moreover, perfectly general result.?7 

One possible explanation could be that Marx intended Capital for an audi- 
ence of educated labourers (among others), and assumed that algebraic opera- 
tions would be slightly over their heads. But if this were the case, one would 
expect Marx’s notes to be for the most part written down in algebraic form 
even when in print he reverted to numerical examples for the sake of accessi- 
bility. Moreover, had Marx algebraically determined the outcome he was after 
in advance of his computations, one would not expect his published works 
to engage in algebraic mistakes or circular reasoning because of e.g. imprac- 
tically chosen numerical values, nor for him to abandon promising lines of 
inquiry because of computational errors. But he does all of these things both 
in the works that were published during his lifetime and in the draft texts first 
worked up for publication by Engels and later by others.?8 So a more likely 
explanation for Marx’s predilection for numerical computations is that he 
“learned the wrong methods at the wrong time’, that is, “his economic system 
... was already virtually completed by the time when, at the age of 40, he began 
studying mathematics”.?? By way of illustration of this fact, I have amended Re- 
uten’s table of the publication and manuscript dates of some of Marx’s major 
works, with those of Marx’s most important mathematical works in Table 1.3 


24 Smolinski 1973, p. 1200. 

25 Struik 1997 [1948], pp. 176-7. 

26 Smolinski 1973, pp. 191-3, 1201. 

27 Smolinski 1973, p. 1197. 

28 Smolinski 1973, pp. 1196-7. In writing these lines I have greatly benefited from discussions 
with Geert Reuten, Harro Maas and Murat Kotan. 

29 Smolinski 1973, pp. 198-9. 

30 Reuten 2003, p. 150. 
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The argument above may also explain why Marx’s 1875 manuscript (finally 
published in 2003) entitled “The mathematical treatment of the Rate of Sur- 
plus Value and the Rate of Profit” [Mehrwertsrate und Profitrate Mathematisch 
behandelt], which is essentially a mathematical adaptation and reformulation 
of Chapter 3 of Volume 111 of Capital, never ventures beyond elementary alge- 
bra.?! It is one thing to devise a theory on the basis of a model or a model and 
theory at the same time, but quite another to devise a model for a 17-year-old 
theory on the basis of techniques that were alien to you at the time you con- 
ceived of the theory. In Smolinski’s words: “It would be a difficult task for Marx 
and, at the early stage of development of mathematical economics at the time, 
a pioneering venture to reformulate his economic system as a mathematical 
model using the tools most appropriate for that purpose, such as linear algebra, 
matrix algebra, and methods of finite mathematics’, no matter how conversant 
Marx was with these when writing “the mathematical treatment”.?2 In short, 
mastery of mathematical techniques does not imply mastery of their appli- 
cations to practical problems. Furthermore, Marx’s interest in the foundation 
of the calculus so characteristic of dialectical thinkers was of no avail in his 
crisis-ridden conception of the economic system, for the calculus deals with 
continuous gradual changes and breaks down when leaps and discontinuities 
occur.33 

All in all, it may be concluded that Marx wanted mathematics to reflect 
the systematic-dialectical origins of its foundations and aspired to using such 
mathematical techniques as could withstand dialectical criticism to elaborate 
economic principles when appropriate. Seeing that his mathematical sophis- 
tication came a little late for the latter purpose, there is ample room to im- 
prove both on his technique as well as on the way mathematical formalisms 
are embedded in his dialectical exhibition. After Section 2 has elaborated in 
detail on Marx’s systematic-dialectical exhibition of capitalism, Section 3 will 
discuss his reproduction schemes as an example of Marx’s attempts at the use 
of mathematics that - from the vantage point of the twenty-first century — 
is technically crude and only partially embedded in the overall dialectic of 
Capital.>* 


31 Marx 2003 {1875}; Smolinski 1973, p. 1195. 

32 Smolinski 1973, p. 1199. 

33 Ibid. 

34 Both of these caveats imply that there is room for improvement. They must not be read as 
criticisms levied against Marx. In Marx’s day, mathematical models were hardly ever used 
by any economist. Instead quantitative analysis was confined to presenting and reading 
tables exhibiting figures (see Morgan 2012 for “a broad chronology for the historical devel- 
opment of modelling over the last 200 years” (2012, p. 7)). Naturally, Marx’s models 


96 CHAPTER 3 


2 Marx’s Exhibition of Capitalism as a System: The Systematic- 
Dialectical Position 


In order to assess the dialectical status of the assumptions Marx makes in his 
“schemes of reproduction” (as is done in Section 3), it is necessary to locate 
them in Marx’s overall systematic-dialectical exhibition and to understand 
his reasoning therein. This section therefore exhibits a systematic-dialectical 
interpretation of some main “moments” of Marx’s Capital. Content-wise, it is 
mainly based on Smith and Arthur’s reconstruction, but the mode of exhibi- 
tion is my own, that is, the «)-6)-y) format introduced in Chapter 1.35 Some of 
the terminology used emanates from Reuten and Williams.36 


21 Sociation 

What universal principle did Marx take as his starting point in Capital? Given 
his critique on Hegel's dialectical philosophy in general and his dismissive 
stance regarding Hegel’s philosophy of society in particular (see Chapter 1), 
he was obliged to formulate an alternative for Hegel’s principle of Free Will 
that 1) allows for “initial contradictions and shortcomings” to be reproduced 
and deepened (instead of being overcome) at “more complex and concrete 
theoretical levels”, and 2) is clearly embedded in a materialistically conceived 
of historical dialectic.?7 

Marx looked for this alternative by analysing the commodity. The first para- 
graph of Capital runs: “The wealth of those societies in which the capitalist 
mode of production prevails, presents itself as “an immense accumulation of 
commodities’, its unit being a single commodity. Our investigation must there- 
fore begin with the analysis of acommodity”.3® So it seems that the commodity 
is Marx’s starting point. However, both Smith and Arthur argue that Marx’s 
exhibition proper actually has a different starting point. 

According to Smith, one may also read the quotation above as saying that 
in order to analyse capitalism as a specific mode of social production we must 
start with the commodity. On this reading “the fundamental purpose of the 
first section of Chapter One of Capital is to explicate the relationships con- 
necting a [«]) the general realm of social production; b [ß]) a specific mode of 
social production; and c [y]) the category that is the first determination of that 


followed suit. Furthermore, Marx had barely finished his models at the time of his death, 
so perhaps he just never got round to embedding them in his dialectics. These points are 
elaborated upon in the introduction to Section 3 of this chapter. 

35 Smith ıggo and 1993; Arthur 1993 and 2002. 

36 Reuten and Williams 1989. 

37 Smith 2014; compare Murray 1993, p. 41. 

38 Marx 1968 [1890%, 1867!], Ch. ı, p. 49. 
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specific mode”.3° This «) general realm of social production is termed “socia- 
tion” by Reuten and Williams and Arthur adopts this terminology.*° 

a) Sociation is the one word answer to the question of what a viable society 
is when conceptually isolated from other categories and processes. To be vi- 
able it must socialise production somehow, ensure that women conceive and 
that children receive sufficient care and education. Sociation refers to any 
and all situations in which these requirements are somehow met, but it makes 
just as much sense to talk about a sociate society as to talk about a Being that is. 
The very existence of a society implies that it has somehow fulfilled the men- 
tioned requirements to a sufficient degree. So sociation is a universal ahistori- 
cal characteristic of any and all societies. 


2.2 Dissociation 

6) Having established the general requirements for any and all societies, we 
must move on to the specific capitalist mode of production. The paradox is 
that although each society must somehow socialise its produce, capitalist pro- 
duction is undertaken in private units that are separated from the site of con- 
sumption. So capitalist production is expressed in the world as the antithesis 
of social production: dissociation. 

Arthur has again adopted this terminology from Reuten and Williams.*? 
Smith seems to have a similar idea in mind when he describes the capitalist 
mode of production as being characterised by indirect and unrestricted soci- 
ality. Capitalism is indirectly social in that production serves private instead 
of social goals and unrestrictedly so in that, for example, the market may be 
unboundedly extended.*3 


2.3 Association: The Exchange Relation 

y) Given that society can only survive if it socialises its produce to be used (2.1) 
and that capitalist production is a private affair (2.2), there must be some third 
mechanism that articulates dissociated production as social: the association. 


39 Smith 1999, p. 62. 

40 Reuten and Williams 1989, p. 56; Arthur 1993, p. 71. 

41 Reuten and Williams 1989, p. 56; compare Arthur 1993, p. 71. In abstraction, whether a 
society is viable of course has nothing to do with whether its members are happy. Since 
we have abstracted away from human volition and freedom for now, what matters are 
the needs of the system instead of the needs of its members. From this point of view, the 
mass raping of women, taking care of them until they give birth, and the state raising the 
offspring will be just as effective as falling in love, courtship rituals and marriage, culmi- 
nating in a significant probability that the couple will think it cute to “take” children and 
provide loving care for them. 

42 Arthur 1993, p. 71; Reuten and Williams 1989, pp. 56-7. 

43 Smith 1990, pp. 63-5. 
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In Capitalism association takes the form of y) the exchange relation. If private 
produce is exchanged it is taken from the site of the producer to that of the 
consumer, thus bridging the gap between the two.** 

Just like sociation and dissociation, the term association was first coined in 
this context by Reuten and Williams and was subsequently adopted by Ar- 
thur.*5 Since the exchange relation is the first condition of existence of the 
capitalist dissociated mode of production, Arthur claims that “the presenta- 
tion proper |...] starts with exchange”*® Indeed, although dissociation is capi- 
talism’s defining characteristic, this mode of production only stands a chance 
when mediated [aufgehoben] by the exchange relation. 

When products are produced in private units that are generally separated 
from where they are consumed, engaging in the exchange relation is an imper- 
ative and thus (Hegel's) Free Will is relegated to the margins of Marx’s system 
right from the start. Thus the first condition (as identified in Section 1.3 and 
reiterated in Section 3.2.1 above) that Marx’s starting point should fulfil is met, 
since it clearly allows for the existence (and persistence) of unresolved contra- 
dictions and antagonisms. Since Marx arrived at his starting point by way of 
an analysis of the historically specific category of the commodity, the second 
condition is clearly met as well. 


2.4 The Commodity, Exchangeability and the Bargain 

If the site of consumption is generally separated from that of production, goods 
are not produced for one’s own use, but to be exchanged. y) As such, they are 
more properly called commodities, because this type of good has some peculiar 
characteristics that goods generally do not necessarily have. Thus, commodities 
are a subspecies of goods in general. 

a) First of all, commodities must be exchangeable. This requires a degree 
of perceived usefulness on the part of the consumer. Furthermore it must 
be possible to own and part with a commodity in delimited amounts. That is, 
exchange of them will only commence when the consumer assesses such and 
such an amount of it as potentially useful and is able to strike a ß) bargain, ex- 
changing this amount of x for that amount of y. The unit (e.g. weight, volume, 
hours, or whatever) in which these amounts are delimited is immaterial to the 
bargain struck: the ratio of exchange appears as a pure number.” 


44 Marx1968 [1890+, 1867'], Ch. 2, pp. 99-108. 

45 Reuten and Williams 1989, p. 59; Arthur 1993, pp. 71-2. 
46 Arthur 1993, p. 72. 

47 Arthur 1993, pp. 74-5. 
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In short, y) commodities are inherently «) exchangeable because they em- 
body use values and can be owned and sold in discrete quantitatively delimited 
units, but when they are ß) bargained over in the exchange relation, they pres- 
ent themselves as exchange values.*® Arthur mainly emphasises the opposi- 
tion between exchangeability and the bargain in this respect.*? Marx discusses 
these characteristics of commodities in terms of use value and exchange value 
respectively and Reuten and Williams seem to have followed his lead in this 
respect.50 


2.5 Value in Exchange 

In itself, a commodity is exchangeable if it is sufficiently divisible and perceived 
as useful. But only when it is confronted with at least one other commodity a 
bargain can be struck. So bargaining expresses two or more qualitative use val- 
ues in a quantitative ratio of exchange. y) In the ratio of exchange qualitatively 
distinct - and as use values incomparable — commodities are commensurated 
as values in exchange?! 


2.6 The Simple, Expanded and General Commodity Form and the Money 
Form of Value 

a) In one-off, barter exchanges value in exchange appears only fleetingly during 
the exchange itself. It is alien to the exchanged commodities and as soon as the 
transaction is complete and the bargain fulfilled, it is gone. This is the simple 
commodity form of value.52 

ß) But since the site of consumption is institutionally structurally separated 
from that of production in capitalism, exchanges are an integral part of social 
life in capitalism. Hence, each (conceptually) isolated act of exchange can be 
expanded to all other commodities. Thus, some n (metres) linen does not only 
exchange for z (kilograms) corn and the other way round (as in the simple 
commodity form), but also mediately or immediately for k (kilograms) iron, 
m (sacks) potatoes, c (litres) milk, p (hours) Internet access, q (hours) escort 
services, etc. This is the expanded commodity form of value.?? 

y) Since the value of any commodity can thus be expressed in terms of each 
and every other commodity and the other way round, each and any commodity 


48  Marx1968 [1890+, 1867'], Ch. 1, pp. 49-55. 

49 Arthur 1993, p. 74. 

50 Reuten and Williams 1989, pp. 62-3. 

51 Arthur 1993, pp. 75-6; Marx 1968 [18904, 1867!], Ch. 1, p. 62. 

52 Arthur 1993, pp. 79-80; Smith 1990, p. 80; Marx 1968 [1890+, 18671], Ch. 1, pp. 63-76. 
53 Arthur 1993, p. 80; Smith 1990, pp. 80-1; Marx 1968 [1890%, 1867!], Ch. 1, pp. 77-8. 
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can in principle be singled out to serve as a general equivalent of value. This 
single commodity then serves as the general commodity form of value.>* 

y) However, as soon as a significant part of a community singles out the 
same commodity to serve as general equivalent (gold being the most likely 
candidate in Marx’s time), its character changes for then it is no longer a com- 
modity amongst other commodities but the commodity: money. As soon as 
money is established, value is no longer just a relative thing to be bargained for. 
It now has a tangible pendant in the world.5° Thus at this point in the exhibi- 
tion, value is established through money as an abstraction-in-practice.?® 

Marx illustrates all these forms of value with numerical examples. Thus the 
simple commodity form is illustrated by the formula: “20 yards of linen = 1 coat”, 
which is next expanded by “...or = 10 lb. tea or = 40 Ib. coffee or = 1 quarter of 
corn or = 2 ounces of gold or = % ton of iron or = etc’.5” He also gives us 
these first two formulas in a more algebraic form: “z commodity A=u com- 
modity B or =...”58 But when he illustrates the general commodity and the 
money form, Marx reverts to the numerical examples of amounts of units of 
goods cited above, adds “x commodity A [etc.]” and equates them to 20 yards 
of linen and 2 ounces of gold respectively.?? As said, all this is purely illustra- 
tive. Marx’s numerical examples at this point play no part in driving his 
systematic-dialectical exhibition onwards, nor do they help him to form a bet- 
ter understanding of his categories. So they play no part in Marx’s categorial 
explorations [Forschung] either. 


2.7 Money as Measure of Value, Means of Circulation and End of 
Exchange 

a) With money serving as a general equivalent, value is no longer just a relative 

thing to be determined through ever so many bargains as there are commodi- 

ties. Instead “[e]ach separate commodity [now] has its unique value expressed 

in monetary terms prior to coming into contact with any other commodity”.60 


54 Arthur 1993, p. 80; Smith 1990, pp. 81-2; Marx 1968 [1890*, 18671], Ch. 1, pp. 79-83. 

55 Marx 1968 [1890%, 1867!], Ch. ı, p. 84. 

56 Compare Reuten 1993 ; compare Murray 1993, 2000 and 2014. 

57 The references for the quotes are: Marx 1968 [1890%, 1867!], p. 63; 1976 [1867F], p. 141 and 
Marx 1968 [1890+, 1867!], p. 77; 1976 [1867F], p. 155 respectively. 

58 Marx 1968 [1890%, 1867!], p. 77 and 1976 [1867F], p. 154. 

59 The references for the quote are: Marx 1968 [1890%, 1867'], pp. 79, 84; 1976 [1867F], pp. 157, 
162 respectively. Surprisingly, the abbreviation “etc”. does feature in Marx’s illustration of 
the general commodity form of value, but is absent from his illustration of the supposedly 
even more general money form. 

60 Smith 19990, p. 87, my emphasis. 
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So when there is money, the seller just has to name his price and the buyer can 
take it, leave it or haggle over it. At any rate the bargain is between 1 unit of 
commodity A and the monetary expression of its exchange value, i.e. its unit 
price. Thus, money first and foremost serves as measure of value.®! 

ß) But money, like all essential categories in capitalism, ultimately sprang 
forth from the necessity of exchange predicated upon the institutionalised 
separation of the sites of production and consumption given in dissociation. 
Thus, although considered in itself it is a static measure of value, it must medi- 
ate exchange between commodities in the capitalist world out there. So it just 
as much serves as means of circulation. The end of circulation is re-establishing 
dissociated production as socially useful, sociate. Thus in the first instance 
money appears to mediate between commodities, giving us the circuit of com- 
modity (C) > money (M) — different commodity (C’).62 

y) However as soon as money is determined as the general equivalent of all 
commodities, it can be immediately exchanged for any commodity, while 
commodities can do so only mediately via money. So from the introduction of 
money in the systematic-dialectical exhibition onwards, it makes more sense 
to have a stock of money than a stock of commodities. This means that 
C > M > Č, breaks down into M—C— M and acquiring money instead 
of qualitatively different commodities, becomes the end of exchange.®? 


2.8 Capital 

Institutionalised dissociation means that privately undertaken production is 
only socialised when it is exchanged, but the aim of this exchange in turn is not 
to acquire another useful product but to acquire money. But of course no one 
would be bothered to take products to market just to end up with the same 
amount of money one started out with. People would only take this trouble if 
on average their money holdings grow in the process. Thus the aim of produc- 
tion is exchange and the aim of exchange is acquiring a higher sum of money. 
The first of these goals must be reached to ensure social recognition of capitalist 
production, whilst the attainment of the second is required to ensure continuity 
of production. Thus it seems that capitalist units of production are continu- 
ously throwing off value, more precisely surplus-value, A M, over and above 
the sum of money, M, originally laid out. So the circuit M —>C —> M is now 


61 Smith 1999, p. 87; Arthur 1993, pp. 81-2; Marx 1968 [1890%, 1867!], Ch. 3, pp. 109-18; Reuten 
and Williams 1989, p. 65. 

62 Marx 1968 [1890+, 1867!], Ch. 3, pp. 18-43; compare Smith 1990, pp. 87-8; compare Arthur 
1993, pp. 82-3. 

63 _ Smith 1990, pp. 89-91; Arthur 1993, pp. 83-4; Marx 1968 [1890%, 1867!], Ch. 4, pp. 163-4. 
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superseded (“aufgehoben”) by the expanding circuit (or spiral of valorisation) 
M > C > M' (more money).®* 

y) With this, capital can be introduced as “money which begets money” or 
self-valorising value.°° Capital finally endows the capitalist mode of produc- 
tion with a structural ground for ongoing production. One can find unlimited 
usages for more money, but only limited ones for the commodities one hap- 
pens to be able to bargain for at any one time, so only production for money 
is potentially continuous.®® Note that, with the introduction of capital, our 
starting point, the necessity of exchange to socialise dissociated production, 
has all but vanished from the scope of the systematic-dialectical exhibition, 
whereas value, first introduced as a necessary facilitator of exchange, has now 
become the overriding motive of exchange as money. From this point onwards, 
the quality of what is exchanged is therefore subordinate to the quantity of 
money it exchanges for.67 


2.9 Constant and Variable Capital 

From the perspective of capital itself the realisation of surplus-value is the 
end of exchange (M > C > M’). From the point of view of society, however, 
money as a means of circulation mediates between different commodities 
(C + M > C^). So whilst capital requires surplus-value to survive, society 
merely requires resocialisation of dissociated produce to take place (through 
C + M > C’).Hence capital can only be capital (i.e. self-valorise) if it also aims 
for a qualitative difference between its inputs, C (bought for M), and outputs, 
C’ (sold for M’ ). With this, the focus clearly shifts towards production. 

a) As self-valorising value capital appears as a material process: a sum of 
money buying certain commodities that undergo, as worked up by labour, a 
qualitative transformation in production so they can be exchanged for a higher 
sum of money than was originally laid out. As soon as commodities enter pro- 
duction this way, they function as constant capital. Tools and raw materials thus 
take the (historically specific) form of constant capital However, the reverse 
does not necessarily hold: tools and raw materials not engaged in potentially 


64 Marx 1968 [1890%, 1867!], Ch. 4, p. 165. 

65 Marx ı968 [1890+, 1867!], Ch. 4, p. 169; 1976 [1867F], p. 256; Arthur 1993, pp. 82-4, 87, and 
2002, p. 51. The expression “money which begets money” is to be found in Marx 1968 
[18904, 18671], Ch. 4, p. 170 and 1976 [1867F], p. 256. 

66 Smith 1990, pp. 98-9; Arthur 1993, pp. 83-4. 

67 The weirdness of this situation and the kind of inverted reality to which it can lead is aptly 
illustrated in the Cree Indian prophecy quoted in footnote 120 of Chapter 1. 
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self-valorising circuits (i.e. in capitalist production with a view to exchange at 
a premium) are no form of capital but just (dormant) means of production. 

6) The picture we have drawn so far is that commodities bought to enter 
production as constant capital somehow get transformed into qualitatively dif- 
ferent commodities that can then be sold at a premium. But to understand 
how this transformation comes about, the self-possessed and conceptually 
isolated material process must once again call upon an external and intangible 
input: labour power. As soon as labour power is employed to further the aims 
of capital, it functions as variable capital. So, variable capital relates to labour 
power in the same way that constant capital relates to means of production: 
all variable capital consists of labour power but not all labour power usually or 
necessarily functions as variable capital. 6* 


210 Accumulation 
In summary the previous subsection stated that the fact that capitalist 
production is undertaken in private dissociated units together with the private 
ownership of constant capital, necessitates a form of production in which in- 
cremental growth of money is the driving force, but this incremental growth 
requires a qualitative transformation to be realised in production. This trans- 
formation comes about by applying labour power to the production process as 
variable capital. Thus, all the requirements for an ongoing spiral of valorisation 
have now been determined, laying the basis for y) accumulation, the produc- 
tion of commodities on an ever-expanding scale.®° 

To expand production is to expand capital. When the ratio between con- 
stant and variable capital remains the same, labour power and constant capital 
employed both grow at the rate of accumulation. This form of accumulation 
is extensive in that the increase in productive capacity is brought about solely 
by an increase of constant and variable capital employed. It is, however, much 
more effective to boost accumulation by means of qualitative improvements 


68 Marx 1968 [1890%, 1867!], Ch. 6, pp. 214-25; compare Murray 2014. 

69 Reuten and Williams 1989, p. 78; Arthur 2002, pp. 51-2. According to Arthur, capital's self- 
valorisation “is materially grounded in exploitation” (Arthur 2002, p. 51). Also he says that 
labour “is a difference from capital that remains in contradictory unity with it” (ibid) and 
he regards constant and variable capital as “two distinct fractions that play particular 
roles in the process of valorisation” (ibid). Supposedly these are the roles of instruments 
of exploitation and exploited respectively. Since exploitation can only result in valorisa- 
tion if the exploited can be made to part with something not originally owned by the ex- 
ploiters, at least the something the exploited are made to part with must originate outside 
the valorisation circuits. However, Arthur never makes this argument. In effect, he only 
mentions the chief categories involved in self-valorisation, exploitation and accumula- 
tion, but never explains how these processes come about. 
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in constant capital, i.e. by means of technological innovations. According to 
Smith these innovations can have four types of effects. First, they may “save 
constant capital while eliminating labourers from the work process’.”° Sec- 
ond, they may save labour while keeping “the costs of constant capital level”.”! 
Third, constant capital may be saved while the variable capital requirements 
are kept level and finally constant capital might be saved while the labour force 
required expands (as long as there are net gains this still saves costs).7? At face 
value it may seem that the net effect of these changes solely determines which 
technological changes are implemented, but it must be noted that wages fluc- 
tuate with unemployment and that labour resistance increases with falling 
unemployment. So employment of labour (variable capital) is more risky than 
that of constant capital. As a result, the first type of innovation mentioned is 
preferred over the second which is preferred over the third, which in turn is 
preferred over the fourth. This preference not only determines which of the 
available options are selected for implementation but also determines which 
innovations get developed in the first place.’? As a result, intensive growth 
leads to a relative decline in the importance of variable capital in the produc- 
tion process over time.’* 


2.11 The Money Capital, Production Capital and Commodity Capital 
Circuits 

a) In categorial isolation, accumulation appears as an influx of money into a 

dissociated unit of production, followed by an efflux and reflux of more money 

into production and so on. That is, since dissociated production is motivated 


70 Smith 1999, p. 145. 

71 Ibid. 

72 Ibid. 

73 Smith 1990, pp. 144-5. 

74 Marx1968 [1890+, 1867!], Ch. 25, pp. 762-81. Marx goes on to argue that these two forms of 
accumulation together produce an industrial reserve army (Marx 1968 [1890*, 1867!], Ch. 
25, pp. 781-94). This is, however, only true when population growth is equal to or higher 
than employment growth. Due to technical change, employment growth is likely to fall 
short of accumulation, but there is no inherent reason why population growth would 
always be higher. The relative decline of the role of variable capital in itself, therefore, is 
a necessary, but not a sufficient, condition for the emergence and growth of this “reserve 
army”. The debate surrounding this is elaborated upon in the next section of this chapter. 

A further consideration in this respect is the rate of depreciation. The higher this rate 

is, the faster old and relatively labour-intensive constant capital can be replaced with new 
less labour-intensive constant capital and the higher the rate of relative labour expul- 
sion will be. The consequences of all these considerations are determined algebraically 
in Chapter 4. 
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first and foremost by the acquisition of ever higher sums of money, accumu- 
lation considered in itself appears as the money capital circuit, schematically 
summarised as: 


M —> C{mp; lp}... P... C’-—> M’ 
Ne 


This is to be read as: a sum of money M buys means of production (constant 
capital) and labour power (variable capital) {mp; Ip}. In the phase of produc- 
tion P , labour as variable capital transforms the means of production to create 
qualitatively different commodities C, which sell for a higher monetary value 
M'than was required for the inputs (i.e. M). This increased sum of money is 
reinvested into production only to accumulate an even bigger money capital. 
So the money capital circuit represents accumulation as a relation of money 
capital to itself. Thus from this point of view, labour power, means of produc- 
tion, production itself and commodities appear only as instruments of mone- 
tary accumulation.”6 

B) How much money capital can be accumulated, however, crucially de- 
pends upon the effective control of money capital over its instruments, in the 
first place its interaction with production capital. Thus, if we stress how capital 
relates to the world, the circuit looks more like this:7” 


P... C>M. M > C{mp’; Ip’)... p’ 


Marx calls this the production capital circuit.”® What this stresses is that, 
although a bigger money capital (M^) is still the end goal (hence the full stop 
behind M’, this money must be reinvested if accumulation is to continue. In 
particular, it must engage in a new round of purchasing more variable capital 
(labour power) to transform more constant capital (means of production) into 
more qualitatively different commodities. Thus ongoing monetary accumula- 
tion requires an ongoing expansion of production capital. Production capital 
is a dynamic determination because in the process of production commodi- 
ties undergo qualitative change. Thus, as production capital, labour power and 
means of production appear mainly as use values. As constant capital confronts 


75 Marx 1963 [1885], Ch. 1, pp. 56, 67; adapted from Reuten 2002b, p. 466; compare Arthur 
1998, pp. 100-8. 

76 Compare Arthur 2002, pp. 53-4. 

77 Adapted from Marx 1963 [1885], Ch. 2, p. 90; compare Arthur 1998, pp. 100-8. 

78 Marx 1963 [1885], Ch. 2, p. go. 
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variable capital during this process, this is where exploitation occurs and sur- 
plus-value is created.”9 

y) Whether this surplus-value can be realised, however, depends on success- 
ful valorisation of commodity capital. Thus, next to the money and production 
capital circuits, we also have a commodity capital circuit:8° 


C> M. M > C{mp’;lp’}...P..C” 


Whereas the money capital circuit relates money only to money as the tangible 
embodiment of exchange value, the production capital circuit relates it to the 
use values of labour power and means of production only. This tension is re- 
solved in the commodity capital circuit, because as means of production com- 
modities potentially associate capital's produce with capital, but as means of 
subsistence they associate it with labour. So the commodity capital circuit uni- 
fies the overtly self-possessed money capital circuit with the overtly outward 
oriented (that is, from the point of view of capital’s overriding motive) produc- 
tion capital circuit. 


212 Fixed and Circulating Capital 
Now that we know that all capital must in one way or another be engaged in 
a circuit, our attention is drawn to turnover times. On the basis of their re- 
spective turnover times capital can be classified as either fixed or circulating 
capital.82 

a) Means of production may either be used up within a single capital circuit 
or last several circuits. While the longer lasting means of production are used 
in the productive process their exchange values diminish in proportion to their 
use, and when their use value is exhausted, so is their exchange value. All of 
their value is then transferred to the commodities they helped produce. But 
until that happens, they perform the same function over and over. As such, 
they are fixed capital in the form of use value. Like all capital, fixed capital is 
socially validated only through the circuits it enters, but it enters those circuits 
only mediately by means of piecemeal transfers of its value to commodities. 

ß) Labour power, and those means of production that are used up in a single 
process, circulate in their entirety (or not at all). They are circulating capital 
in that all of their use values and all of their exchange values are transferred to 


79 Compare Arthur 2002, pp. 53-4. 

80 Critically adapted from Marx 1963 [1885], Ch. 3, pp. 91, 99; compare Arthur 1998, pp. 100-8. 
81 Marx 1963 [1885], Ch. 3, pp. 100-3; compare Arthur 2002, pp. 53-4. 

82 Marx 1963 [1885], Ch. 8, pp. 158-62. 

83 Marx 1963 [1885], Ch. 8, pp. 158-9; compare Arthur 2002, p. 54. 
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the produced commodity in one go, so they need to be replaced in every new 
productive cycle. This part of capital therefore circulates at the same pace as 
the commodities it helps produce.®* 


2.13 Simple Reproduction, Means of Production, Consumption Goods, 
Total Social Capital and Expanded Reproduction 

To stay in business all capital is necessarily engaged in circuits. These circuits 
can only be renewed if the efflux of money from the money capital circuit M’ is 
at least equal to the original influx M , so that production capital can be main- 
tained and commodities produced at the same scale as before. To achieve this 
y) simple reproduction of the circuits, the valorisation of commodity capital 
must at least cover its cost of production.$° 

Commodity capital may either be valorised by selling commodities to con- 
sumers as 8) consumption goods, i.e. as subsistence for labour, or by selling 
them to producers as «) means of production. In the former case they disap- 
pear from the macroeconomic circuit, whereas in the latter they re-enter the 
circuit as inputs at the same time that they leave it as outputs.86 From the point 
of view of capital's reproduction, therefore, replenishment of means of produc- 
tion is an internal affair (hence classified as «), while selling consumption goods 
requires capital to bridge the institutional separation of the site of production 
from that of consumption and thus requires capital to engage in external rela- 
tions (hence the classification of consumption goods as 8). 

Marx schematises (nowadays we would say models) the internal and exter- 
nal interactions between the production department of means of production 
and that of consumer goods and shows how wages, prices and quantities must 
be exactly proportionate to enable simple reproduction, i.e. ongoing produc- 
tion on the same scale. These proportionality requirements show that the two 
major departments mentioned are systematically dependent upon one an- 
other and can therefore be treated as one organic whole: y) total social capi- 
tal.8” However, given the necessity of accumulation, simple reproduction is not 
enough for capital to stay in business. Thus we require y) expanded reproduc- 
tion (of total social capital), the proportionality requirements for which Marx’s 
schemes (or models) show to be even more forbidding.®® Both Marx’s simple 
and his expanded reproduction schemes are elaborated upon in detail in the 
next section. 


84 Marx 1963 [1885], Ch. 8, 159-60; compare Arthur 2002, p. 54. 

85 Compare Arthur 2002, p. 54. 

86 Arthur 2002, p. 54. 

87 Marx 1963 [1885], Ch. 20, pp. 391-465. 

88 Marx 1963 [1885], Ch. 21, pp. 485-518; compare Arthur 2002, p. 54. 
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2.14 General Rate of Profit, Many Capitals, Competition and Minimum 
Prices of Production 

a) Expanded reproduction (of total social capital) means that there is a general 

rate of profit.8° This rate of profit is essentially an expression of capital's self- 

valorisation. Since this was the first (preliminary) definition of capital given, 

the rate of profit is essentially an expression of capital's relation to itself, an 

almost tautological definition of what it means to be capital.9° 

ß) Yet the very existence of specialisation, foreshadowed in dissociation, 
means that there must be many capitals differing in all of the respects catego- 
rially exhibited thus far. So, for example their ratios between e.g. variable and 
constant capital may differ, they may produce on different scales, they may sell 
to consumers or to other capitals, etc.?! 

y) However, all these capitals are engaged in competition for the same funds 
(i.e. macroeconomic wages or companies’ funds for replacement and accumu- 
lation of means of production). (They may even produce the same or similar 
products, but this is contingent from the present theoretical perspective). Cap- 
ital responds to competition by trying to drive its cost of production down (e.g. 
by expulsion of labour and accumulation, i.e. production on an ever increasing 
scale (so that more profit can be made at a given price)) and its prices down (so 
as to secure a higher share of the market). y) Thus, minimum prices of produc- 
tion tend to emerge. 

From the categorial interactions of all categories exhibited so far, we can 
derive the laws of motion of capital (such as the falling rate of profit and pe- 
riodic crises).?3 But this is a slightly different ballpark, for they deal with how 
the institutions and their motives interact as a whole, rather than with the 
systematic-dialectical determination of that whole. Therefore, I will not go 
into them in any more detail. 


3 The Role of Mathematics in Marx’s Investigation and Exhibition in 
Capital: the Case of Marx’s “Schemes of Reproduction” 


Karl Marx was both extremely ambitious and a perfectionist. “By 1858 he 
planned to write six books” together containing “a complete systematic analy- 
sis of society: economic, social, political and historic”.%* By the end of his life 


89 Marx 1983 [1894], Ch. 9, pp. 164-81. 

90 Arthur 2002, pp. 54-5. 

91 Compare Arthur 2002, p. 55. 

92 Marx 1983 [1894], Ch. 10, pp. 182-209; Arthur 2002, p. 55. 
93 Marx 1983 [1894], Chs. 13-15, pp. 221-77; Arthur 2002, p. 55. 
94 Reuten 2003, p. 149; compare Vygodski 1973 [1965]. 
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in 1883, he had written enough material for the first of these books, which by 
then had grown to “the three volumes of Capital that we now have’, but he still 
thought of most of it as rough drafts unfit for publication. In his opinion only 
Capital I really came of age during his lifetime: its first edition was published 
in 1867 and a second one in 1873. Luckily for us, however, Marx did recognise 
that his rough incomplete drafts were too valuable to disappear along with him 
and thus he asked his friend and publisher Friedrich Engels “to do something 
with them” after his death. Engels got to work and Capital 1 was published in 
1885, followed by Capital 111 in 1894. Notwithstanding Engels’s intentions to 
refrain from interpretation while editing Marx’s drafts, he hardly left any of 
Marx’s sentences untouched (but given Marx’s perfectionism, this may have 
been exactly what Marx would have wanted). 

It has long been impossible to flesh out exactly where Marx’s text stops and 
Engels’s editing begins. This situation started changing when work began on 
the Marx/Engels Gesamtausgabe (MEGA) in the 1970s. In essence the MEGA 
is a letter-by-letter and word-by-word transcription of all of Marx’s almost il- 
legible original manuscripts into readable form.> The only editing that the 
editorial teams of the MEGA have undertaken is the completion of certain ab- 
breviated words. However, if a certain abbreviation allows for several possible 
completions, the several possibilities are meticulously acknowledged and the 
arguments contributing to the choice finally made spelled out in “das Apparat” 
(the apparatus) that goes along with every volume in the MEGA.” 

Engels edited Marx’s schemes of reproduction into the last chapters of Part 
Three of Capital 11. In these schemes Marx has endeavoured to model the 
conditions for reproduction and accumulation pertaining to departments (or 
sectors) producing production and consumption goods respectively and was 
thus able to establish some necessary relationships between the two. In sharp 
contrast to contemporary economists, political economists at the time hardly 
made use of any mathematics at all.?” So Marx’s endeavour was a pioneering 
venture and — considering that Marx could not build on the works of others 
in creating his models — an extremely creative one at that. Marx’s schemes of 
reproduction were the first two-sector macroeconomic model and as such in- 
spired generations of (political) economists to come. Samuelson, for instance, 


95 The MEGA is only available in German. Hence, all quotations taken from it are my own 
translations unless stated otherwise. 

96 As such, I consider the apparatus (“Apparat”) as secondary literature in its own right and 
not as a variation or edition of Marx’s or Engels’s works. I therefore refer to pages in the 
apparatus to the MEGA by citing “MEGA” as author and the publication year — 2005 for 
Engels’s editorial manuscript (i.e. 2005 [1885E]) or 2008 for Marx’s (2008 [1885M]) manu- 
scripts to Capital 11 — as date. 

97 Morgan 2012; compare Morgan 2003, pp. 283-8; compare Morgan and Knuuttila 2012. 
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claims that “from the viewpoint of pure economic theory, Karl Marx can be 
regarded as a minor post-Ricardian ... anot uninteresting precursor (in Volume 
2 of Capital) of Leontief’s input-output analysis of circular interdependence’, 
and would later state that on the basis of his schemes of reproduction “one 
can claim immortal fame for Marx”.® Furthermore, “they have been widely 
acclaimed as providing the forerunner to modern growth theory, and in par- 
ticular to the Harrod-Domar growth model”.?? 

Usually, however, those inspired by Marx’s schemes of reproduction dis- 
cuss Marx’s models in isolation of the structure of the systematic-dialectical 
exhibition in the whole of Capital. This is quite possible in this case, because 
Marx himself used his models mainly to analytically explore some of the cat- 
egories that he used in his systematic-dialectical exhibition. So he probably 
thought of his modelling exercise as sidestepping his dialectical exhibition to 
do some appropriative work [Forschung] and by definition appropriative work 
is not and need not be integrated into the whole yet and can also be developed 
further without synthesising it into the whole (although a systematic dialecti- 
cian would always aim to eventually achieve the latter).1°° This is not to say 
that it would have been impossible for Marx to integrate these models into his 
systematic-dialectical exhibition proper, just that he never got round to that 
stage. 

In drawing up his models, Marx felt he had to call upon a number of as- 
sumptions that he usually defends by appealing to some sort of negligibility 
clause (i.e. along the lines: “removal of this assumption will not change any- 
thing in the problematic or its solution”). Thus, Marx’s social theory makes use 
of systematic dialectics to further its categorial development from the abstract 
to the concrete, but also uses mathematical models for categorial analysis at a 
given level of abstraction. However, he hardly calls upon his dialectical exhi- 
bition of the capitalist system as laid out in Capital 1 and 17 (and in Sections 
2.1-2.13 above) to defend his choice of assumptions (note though that the text 
under consideration is a draft, or in fact a text based on several drafts by Marx). 
Thus, the exact dialectical status of the modelling choices Marx makes is still to 
be evaluated, as I intend to do in this section. This assessment will allow me to 
reconstruct the models along dialectical lines in Chapter 4 and thus provides 
a foundation for articulation of these models on a dialectically sound basis. 
On successful completion of this reconstruction, it can be claimed the models 
have left the stage of appropriation and can be considered mathematical (and 


98 Samuelson 1962, p. 12 and 1974, p. 270 respectively. 
99 Trigg 2001, p. 2; compare Reuten 1999, pp. 197-8. 
100 Reuten 1998, pp. 221-2. 
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more precisely — as it will turn out — algebraic) depictions of two necessary 
moments in Marx’s systematic-dialectical exhibition. 

The ground material for Engels’s edition of Marx’s “schemes of reproduc- 
tion” is to be found in his Manuscript 11, written between 1868 and 1870, and 
Manuscript VIII, conceived of between 1877 and 1881.!°! Both of these were, if 
not unfinished in terms of their content, at least hardly organised when Marx 
bequeathed all his writings to Engels. Between the two, Manuscript II was 
more rigorously structured and in this sense “complete” than vııı. Towards the 
end of it, however, Marx starts rambling off in all directions, discusses ever 
more authors, and seems to lose track of his main topic.!0? 

Manuscript vIII (conceived of almost ten years later), by contrast, is much 
more focused, but according to Engels it “too is only a provisional treatment 
of the subject, the main point being to set down and develop the new per- 
spectives arrived at since Manuscript 11, ignoring those points on which there 
was nothing new to say”.!03 Thus, vi11 provides a more detailed, adequate and 
thought-through account of the reproduction of total social capital than 11, but 
is less structured than 11 and consciously omits all topics on which Marx had 
“nothing new to say”. 

Understandably, then, Engels, tasking himself “to prepare the second vol- 
ume of Capital for publication [...] in such a way that it appeared not only as an 
integrated work, as complete as possible, but also as the exclusive work of its 
author, and not its editor”, based most of this part of Capital 11 on Manuscript 
VIII and only inserted passages from Manuscript II when vııı was silent on 
that specific topic.!°* 

All in all, although Engels sometimes seems to have seriously misrepre- 
sented Marx’s position with regard to systematic dialectics, he has tried to ab- 
stain from interpretation while organising the two mentioned manuscripts.!05 
He has, however, ventured to make Marx’s manuscripts more accessible by 
replacing some idiosyncratic jargon with more everyday terminology and by 
(sometimes poorly) translating foreign language quotes into German.!°6 The 
terminological changes in particular often downplay Marx’s frequent use of 


101 MEGA 2008, p. 907 and MEGA 2008, p. 1606 respectively. 

102 MEGA 2005, p. 506. 

103 Engels 1978 [1885F], p. 12. 

104 See Engels (1978 [1885F], p. 7) for the quote. The rest of the sentence is based on MEGA 
(2005, p. 542). 

105 Formore information on the alleged misrepresentations, compare Fraser and Burns 2000, 
pp. 1-23; Rockmore 2000, pp. 95-105; McCarney 1999, pp. 17-38. 

106 MEGA 2005, pp. 51, 519-20, 522. 
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unmistakably dialectical jargon. Hence, I have based this section’s appraisal 
of Marx’s “schemes of reproduction” on Marx’s text, while adopting Engels’s 
restructuring, 


3.1 Simple Reproduction 

3.11 The Model 

Marx’s systematic-dialectical exhibition leading up to the introduction of 
simple reproduction as described in Sections 2.1-2.12 has shown, among other 
things, that y) capital (Section 2.8) can only throw off surplus-value (as it must) 
if it employs labour power as ß) variable capital to transform certain means of 
production, functioning as «) constant capital (Section 2.9), into more valu- 
able commodities. Furthermore, Section 2.10 showed that the various forms 
of capital can only exist when they are engaged in circuits comprising both 
production and exchange. By articulating production and exchange together, 
these circuits reproduce the capital that built them. 

Since constant capital necessarily takes the form of commodities that must 
be produced and both labourers and capitalists require commodities to sus- 
tain their livelihoods, the question becomes how reproduction of constant capi- 
tal (more specifically means of production) is mediated by the requirement to 
present capitalists and labourers with an ongoing stream of commodities for 
their private use (more specifically means of consumption). This is the prob- 
lem that Marx sets out to investigate in his schemes.!° Thus, the problematic 
depicted in his schemes is clearly inspired by his dialectics. That is, the exhibi- 
tion thus far seems to be insufficient (in systematic dialectics this is always 
the drive to introduce a new moment) because the necessity of capital's ap- 
propriation of means of production and labour power to function as constant 
and variable capital respectively has been established, whereas the respective 
origin or sustenance of these component parts, and hence their fundamental 
relations, are not, leading to apparent contradictions that Marx hopes to re- 
solve through his schemes. 

Since we are primarily interested here in the function of the commodities 
(i.e. their use value), we evidently have to analyse the commodity capital cir- 
cuit (see Section 2.10 above), Marx says.!0® This also was the last of the capital 
circuits to turn up in our exhibition and now it too appears to be lacking in 


107 Marx 2005 [1885E], pp. 312-17, and 2008 [1885M], pp. 340-3. 

108 Marx 2008 [1885M], p. 368 and 2005 [1885E], p. 356. More literally, Marx’s sentence is the 
following: “It is evidently the 3rd circulation schematic: W’_G’_W+w_P_W’, that we 
have to analyse here and for our current goal we have to do this from the point of view 


of the renewal of the value and substance of the individual components of W’” (2008 
[1885M], p. 368). 
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concreteness. Hence, closer scrutiny is warranted. Thus, with these remarks, 
Marx is off to a dialectically defensible start.1°9 

Since the two passages referred to above are more than 20 pages apart (and 
even more in Engels’s editorial manuscript), I ought to explain why they nev- 
ertheless can be taken together so as to constitute a starting point for Marx’s 
elaboration of his schemes. As indicated, the very problem Marx wants to re- 
solve is identified in a dialectical manner in his introduction. Then follows an 
excursus on the topic of “money capital as a component part of total social 
capital” that, by Marx’s own admission, should actually be addressed later 
on." Following that, Marx discusses other political economists’ take on the 
matter, thus once more departing from his main line of argument." He is 
back on track when he begins the exhibition of his model proper by pointing 


109 The word ‘start”, or even “order” for that matter, is subject to numerous qualifications in 
the case of these unfinished manuscripts of Marx’s. Apart from the matter of organising 
materials pointed out in the introduction to Section 3, there is the related matter of which 
materials to include in the editorial manuscript and which to dismiss. For instance, the 
part in Manuscript 11 entitled the societal circulation of constant capital, variable capital 
and surplus-value (2008 [1885M], pp. 348-68) is largely missing in Engels’s editorial manu- 
script. Most of it discusses and criticises (or ridicules) Adam Smith’s take on the matter 
(2008 [1885M], pp. 350-8), just like the opening section of Manuscript VIII (2008 [1885M], 
pp. 698-726), and apparently this led Engels to supplant the mentioned passages in 11 
with those in vii. 

This may be a missed opportunity, for Marx casually introduces no less than three of 
his assumptions (respectively labelled assumption f, b, and c in this section) at the very 
beginning of this part of Manuscript 11: “Were [...] the rate of surplus-value = 100% [as- 
sumption f] [...]. Fixed prices of the elements of production [assumption b] and a fixed 
scale of production [assumption c] assumed, [...]” (2008 [1885M], p. 348). Considering 
the context of these assertions and the casual way they are uttered, it seems likely that, 
when Marx wrote these lines, it had not yet occurred to him that he would retain these 
assumptions throughout. At any rate, these assumptions are more formally introduced in 
several distinct passages later on, so perhaps Engels’s judgement that this part of Manu- 
script 11 could be dispensed with, is sound after all. 

110 Marx 2008 [1885M], pp. 343-7: 

111 2008 [1885M], pp. 350-68 (from 11), 698-728 (from v111); compounded by Engels into one 
chapter: 2005 [1885E], pp. 322-55. Please bear in mind that what Marx labelled “chapters” 
Engels christened “parts”. Marx inserted some captions here and there in his manuscripts, 
but there is no indication of a structural attempt at organising the material within his 
chapters. It follows that all of Engels’s chapters are his own inventions, although he paid 
close attention to Marx’s casual captions in deciding where to break off one chapter and 
start the next one. 

112 Such departures from Marx’s main line of argument can hardly be held against him. After 
all, Marx wrote his manuscripts in longhand in notebooks, so he could not move whole 
blocks of text to somewhere else as soon as he felt it appropriate, the way that modern 
word-processing technology allows us to. So he had to make do with little editorial com- 
ments in the text that he often placed between square brackets (like his admission that 
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out the (dialectically) correct starting point for the analysis, viz. the commodity 
capital circuit. In effect then, when speaking of “Marx’s dialectically defensible 
start” I have focused on Marx’s main argument and skipped the rest. 

The first assumption that Marx introduces to delineate his model is 
dialectically defensible: 


a. “Furthermore it is not only assumed that products are exchanged ac- 
cording to their values, [... ]”13 


That is, the level of abstraction that Marx’s model pertains to is below the level 
of capital in general (that at this level turns out to be departmentalised by ne- 
cessity), but above the level of many capitals. Hence, there is no competition 
between many capitals yet that could induce a divergence of prices from val- 
ues. However, this is not Marx’s argument. Instead he defends this assumption 
by pointing out that a divergence between prices and values cannot influence 
“the movement of social capital” in that the mass of products to be produced 
and exchanged is not altered by such divergence." In effect then, Marx con- 
siders it to be a negligibility assumption. 
The next assumption is introduced in the same sentence as the first: 


b. “[...], but also that no revolution in values takes place in the compo- 
nent parts of the productive capital”!"6 


At first sight, this assumption does not seem to be dialectically defensible. 
Since accumulation has been identified as the driving force for capital, we 
must expect the one (departmentalised) capital to take every measure avail- 
able to accelerate the process. Clearly, the appropriation of new and improved 
means of production is among the most prominent of these measures. Hence, 
technological innovation geared towards accelerating accumulation is essen- 
tial to capitalism. Thus, technological advances will inevitably increase the 
mass of products that can be produced with a given combination of constant 
and variable capital and their occurrence will therefore always correspond to 
a revolution in value. 


“[a]Ithough the following belongs in a later part of this chapter, we already want to inves- 
tigate it here” (Marx 2008 [1885M], p. 343)). 

113 Marx 2008 [1885M], p. 369. 

114 Ibid. 

115 Anegligibility assumption is an assumption that assumes something away, whose influ- 
ence on what the model sets out to show - such as the movement of total social capital 
within and between its constituent departments - (or predict) is negligible. 

116 Marx 2008 [1885M], p. 369. 
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On the other hand, the mentioned assumption was introduced in the con- 
text of simple reproduction. Hence, capital circulates, but all surplus-value and 
all wages are consumed and the total value produced stays constant (see as- 
sumption c below). Therefore any technical advances do not change the total 
value of any type of commodity produced (be it means of production or con- 
sumption goods), and as we will see below this implies that the value of every 
capital component is constant as well." All in all, assumption b is dialectically 
defensible as long as we are considering simple reproduction (assumption c). 

Considering Marx’s justification for the adoption of this assumption, how- 
ever, it may even be upheld in the case of expanded reproduction. He writes: 


[A]s far as revolutions in value are concerned, they change nothing in the 
relationships between the component parts of the annual social capital, 
as long as they are general and evenly distributed. In as far as they are, by 
contrast, partial and unevenly distributed, they represent disturbances, 
which firstly can only be understood as such in as far as they are regarded 
as divergences from fixed value relations; secondly however, given proof 
of the law that one part of the value of the annual product, for instance 
constant capital, replaces another variable capital, then a revolution in 
values [...] would alter only the relative magnitudes of the portions of 
value that perform the one or the other function.!8 


From this quote one may infer that the intended emphasis in assumption b is 
on “in the component parts” rather than “values”. Thus, although value revolu- 
tions due to technological innovation are part and parcel of capitalist produc- 
tion, these value revolutions leave the value relations within “the component 
parts of the productive capital” unaffected, although they may very well al- 
ter the value relations between these parts (i.e. “the relative magnitudes of 


117 This is so because assuming that the value of the means of production produced does not 
change and that all surplus-value and wages are consumed (assumption c below) means 
that constant capital employed cannot rise and that the sum of constant and variable 
capital is constant. Since offsetting a fall of constant capital with a rise in variable capital 
is alien to the nature of capitalism (see Section 2.10), constant capital must stay constant 
over time under these circumstances. As a result, there can be no redistributions among 
these two capital components as well (as long as we are considering simple reproduction, 
that is). 

118 Marx 2008 [1885M], p. 369. Where I have said “relationships’, the original German speaks 
of “Verhältnisse”. The German term is more adequate, for it refers to both ratio and rela- 
tionship. In this case that double meaning is particularly fitting, because - as the repro- 
duction schemes will show - the ratios concerned are unaffected by general and unevenly 
distributed revolutions in value, because the relations between the component parts of 
capital remain unaffected. 
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the portions of value that perform the one or the other function”). On this 
interpretation there is nothing undialectical about the assumption. After all, 
constant and variable capital (Section 2.9) and the necessity to realise surplus- 
value have all been dialectically determined prior to the exhibition of the mo- 
ment of simple reproduction (in Section 2.12). Since one of the central tenets 
of systematic dialectics is that what (immediately) holds for the system con- 
sidered in the abstract must also mediately hold at more concrete levels, these 
component parts must always be present in capitalism, no matter what revolu- 
tions the system undergoes. 
In his next assumption Marx defines simple reproduction: 


c. “The assumption is that a social capital of a given value, like the pre- 
vious year, supplies the same mass of commodity value anew and 
satisfies the same quantum of needs, even though the forms of the 
commodities may change in the reproduction process”.U? 


Another variant of this assumption is to be found in a part of Manuscript 11 
which never made it into Engels’s editorial manuscript (and hence was kept 
from the public until the 2008 publication of the MEGA). It reads: “[...] since 
simple reproduction [is] assumed, so it is assumed that the full wage of the 
labourers and the full surplus-value of the capitalists is consumed”.!20 This 
means that the sum of constant and variable capital in each department will 
stay the same each year. If one combines this with the better known phrasing 
of the assumption given in the block quote, one has to conclude that surplus- 
value is constant as well, since the constant value of the produce minus the 
constant value of the sum of the capital components, leaves surplus-value no 
room to manoeuvre. 

Bearing in mind our discussion of accumulation in Section 2.10 above, as- 
sumption c states that extensive accumulation is abstracted from for now. 
Intensive accumulation resulting from technical change is not explicitly as- 
sumed away here, since “the forms of the commodities may change”. As the 
model takes shape, however, we will see that the fact that the value of means 
of production produced does not change, implies that neither does the total 
value of constant capital that can be employed, since all capital employed is 
produced in one department (assumption d below). So, because both the sum 


119 Marx 2008 [1885M], p. 728. The Fernbach translation (1978 [1885F], p. 471) is very similar 
but has rendered the German Quantum as Quantity. Bearing Hegel’s distinction between 
Quantity and Quantum and Hegel’s influence on Marx in mind, I wanted to preserve the 
word Quantum here. 

120 Marx 2008 [1885M], p. 373. 
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of constant and variable capital as well as total constant capital do not change 
from year to year, neither can the value of variable capital employed.!?! As a 
result, the magnitude of all capital components is fixed in the model of simple 
reproduction. 

Dialectically, this seems to be a strange assumption to (re)introduce here. 
We have long since identified accumulation (both extensive and intensive) as 
an essential characteristic of capitalist production, so by explicitly ignoring 
extensive accumulation (and intensive accumulation by implication), Marx’s 
model separates itself from the capitalist basis. However, accumulation is of 
course only possible if simple reproduction is secured.!2* Hence, it makes sense 
to study the maintenance of capital (i.e. its reproduction on the same scale) 
before moving on to full-fledged accumulation. One might say that Marx first 
investigates a stationary system so as to make sure his analysis of capitalism’s 
essentially dynamic reality starts from a correct vantage point. In essence then 
assumption c secures that we focus on the relationships inherent to capitalist 
production before we set them in motion. This does not mean that dynamics 
are entirely absent from the category of simple reproduction, just that the cat- 
egory does not emphasise this aspect. In mathematical models this lack of em- 
phasis is achieved by rigorously assuming the unemphasised aspects away (for 
the time being or indefinitely).'23 As a result, models can alternate between 
Something’s Presence and its Motion but have trouble capturing them at the 
same time. So by formally capturing the emphasis conceptually intended for 
simple reproduction the model separates itself from the capitalist base, even 
though the category does not. 


121 Algebraically formulated the model is the following (see Chapter 4 for details): 


dc, +V, +S, =X, (A) 
OC. + VetSe=X, +/+ (B) 
O,+V4F+S=X (C) 


The requirement is that both dc, + v, (i.e. the sum of constant and variable capital em- 
ployed in the production of means of production) and dc, + v, (those capital components 
employed in the production of means of consumption), as well as the value of the total 
produce of both departments, are constant over time. Furthermore, x, should by defini- 
tion be equal to dc, + dc, = 6c. From a purely mathematical standpoint these equalities 
can all be satisfied simultaneously as long as redistributions in favour of constant capital 
in one department are offset by an equal and opposite change in the other department, 
but when technical change favours constant capital in both departments (as we deter- 
mined it would - see Section 2.10), all variables in the model for simple reproduction are 
fixed. 

122 Marx 2008 [1885M], p. 728. 

123 If this is done indefinitely the assumption that does so is usually referred to as a negligibil- 
ity assumption. If it is done only temporarily, it is referred to as a heuristic assumption. 
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This procedure is slightly reminiscent of Hegel’s analysis of static Presence 
after his introduction of dynamic Becoming and is perfectly reconcilable with 
the general systematic-dialectical appraisal of Capital developed in this chap- 
ter. That is, if one asks ~) what something is in categorial isolation, the an- 
swer points to a situation at rest that can only be given room to move through 
the means or medium stipulated in answering 6) (how is a expressed in the 
world?).!4 So, as long as capital is able to renew itself, its conceptually isolated 
nature is unaffected (and the moment « secured) and only then can it find 
room to express its nature in the world through accumulation. In effect then, 
assumption c) is a dialectically defensible heuristic assumption. 

Next, Marx formally introduces the dialectical distinction between soci- 
ety’s two main production departments: 


d. “Society's total yearly product breaks down into two great depart- 
ments” — 1) “means of production, commodities that possess a form 
in which they either have to enter productive consumption, or at 
least can enter this”, and 11) “means of consumption, commodities that 
possess a form in which they enter the individual consumption of the 
capitalist and working classes”.\?? 


This departmentalisation follows almost immediately from the locus of the 
schemes of reproduction within Marx’s overall systematic-dialectical exhibi- 
tion. Marx presents his “schemes of reproduction’ at the end of Part Three of 
Capital 11, i.e. after the several capital circuits (Part One) and the categories of 
fixed and circulating capital (Part Two) have been introduced into his general 
systematic-dialectical framework. Thus, it has been established that at any 
point in time, a part of capital is invested in means of production (i.e. as con- 
stant capital) and another part in labour power (i.e. as variable capital) while the 


124 This footnote explains why I said that this procedure is slightly reminiscent of the way 
Presence [Dasein] was introduced in Chapter 2. After establishing that everything is nec- 
essarily engaged in a process of Becoming, we could only regain our footing by insisting 
that a static snapshot could nevertheless be taken. Only our careful analysis of this snap- 
shot and the others that followed it eventually allowed us to give a somewhat compre- 
hensive analysis of a system that in essence is dynamic through and through. So such a 
procedure is basically legitimate as long as it is only used to “set the stage”. A static picture 
must be the first and not the last word in any serious account of actuality. 

125 2008 [1885M], p. 370; compare 2005 [1885E], p. 359. Textually, all this is translated from 
Marx’s Manuscript 11 {1868/71}. Throughout this manuscript, however, Marx labelled the 
means of consumption department 7 and the means of production department 17. Since 
he does this the other way round in his Manuscript v111 {1877/81} and since Engels based 
his editorial activities on the latter manuscript as much as possible, it seems prudent to 
follow Engels’s lead in adopting Manuscript vi11's labelling throughout. 
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rest represents potential (as P or C’) or temporal (as M’) surplus-value.!2® Fur- 
thermore, the fact that means of production do not cross the institutional di- 
vide between the site of production and that of consumption that we have 
posited as the universal principle of capitalism (i.e. through dissociation), 
whereas consumption goods do, makes the distinction between the production 
department of means of production and that of consumer goods dialectically 
meaningful. 

In his next assumption, Marx effectively sets depreciation costs equal to the 
value of replacement expenditure: 


e. “From the point of view of social capital [...] - with a problem, where 
the question arises how the capital used up during the year can be 
replaced out of commodity production - only that part of the value of 
the employed fixed capital can initially be considered, which actually 
must be partially or completely replaced by new items of the same 
kind. Note therefore, that it is assumed in the following determination 
[Darstellung] of the yearly value product (in means of consumption) 
that the fixed part of the value of the constant capital transferred to 
the product is only equal to that part of the value of the fixed capital 
that must be replaced in kind in order to start the reproduction anew 
at the same scale”.!27128 


After Engels’s editorial work, this reads much more bluntly: “[...] it is necessary 
to abstract at least provisionally from the portion of value transferred to the 


126 Understood naively, the capital circuits may be taken for step-by-step descriptions of the 
stages capitalist production has to go through. From such a diachronous understanding 
of the capitalist production process, the phrase “at any point in time” may seem incorrect. 
After all, if one step is taken at a time, the capitalist is either buying C, producing (P) or 
selling C’. But the crux of ongoing production is that no stage ever terminates: all com- 
modities C that enter production P are replaced and when an end product C'is sold, it too 
is replaced by fresh produce. So from this point of view, the circuits must be understood 
synchronically, rather than diachronically and the aforementioned phrase is perfectly le- 
gitimate (the terminology of synchronic and diachronic was introduced by Reuten (2002c, 
pp. 8-9)). 

127 Marx 2008 [1885M], p. 372. Given the importance of the term Darstellung in systematic 
dialectics (see page 13-14 above), the fact that Engels has done away with this term in 
extensively rewriting the quoted sentences (compare 2005 [1885E], p. 360) may be a sig- 
nificant fact with respect to the reappraisal of Marx’s methodological stance. 

128 Even though Engels indicates in the table added to his Preface to Das Kapital 11 that this 
assumption was taken from Manuscript 11 (1978 [1885F], p. 104), Reuten writes it was tak- 
en from Manuscript VIII (1998, p. 195). But the table of origins [Provenienzverzeichnis] 
in the apparatus [Apparat] that accompanies Engels’s editorial manuscript shows it was 
really taken from Manuscript 11 (MEGA 2005, p. 925). Indeed, the block quote above was 
taken from the latter manuscript. 
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annual product during the year by the wear and tear of the fixed capital, in 
as much as this fixed capital is not replaced again in kind in the course of the 
year”.!29 It is this version that led Reuten to comment that “Marx next assumes 
temporarily [...] that there is no fixed capital”.13° But in the light of Marx’s orig- 
inal text (unavailable in 1998), this is not the most likely interpretation. Rather, 
it appears that Marx assumes that “the wear and tear of the fixed capital” is 
transferred in full to the value of the product and equals the fixed capital re- 
placed “in kind in the course of the year”. 

In contrast to the assumption “that there is no fixed capital”, this assumption 
is very likely to hold at least on average and in the aggregate. This is because 
yearly depreciation allowances — by which depreciation hoards are created 
(see assumption j below) are accounted for as depreciation costs that must 
somehow be made up for in the revenues of the yearly produce. Thus depre- 
ciation allowances transfer to the value of the product. Although Marx does 
not explicitly say so, the existence of depreciation hoards implies that the 
value of constant capital is now composed of two components: 1) means of 
production used up within one capital circuit; 2) depreciation allowances for 
means of production that last longer than one circuit (see Section 2.12 above). 
Even though the time it takes to complete a capital circuit depends largely on 
production time (compare Capital 11, Part Two), Marx decides to adopt the 
convention of opening and closing the financial accounts yearly and in what 
follows his comments are interpreted accordingly.!3! 

The assumption under scrutiny here, says that depreciation costs incurred 
in any given year are equal to the value of replacement investment that year. 
On the current level of abstraction a capital department must be very big 
and hence employ a lot of very diverse means of production as fixed capital. 
Since all of these are most likely in different phases of their respective life 
cycles, the sum total of replacement expenditure is very likely to equal the sum 
total of depreciation allowances (and hence depreciation costs incurred) for 
any given year (i.e. ), depreciation, = }, replacement expenditure,).!32 Thus, 
macroeconomically, the depreciation costs that are contained in the value of 
a commodity (“the fixed part of the value of the constant capital transferred to 
the product”) are indeed likely to be equal to total replacement expenditure 


129 Marx 1978 [1885F], pp. 472-3. 

130 Reuten 1998, p. 195. 

131 Marx1963 [1885], Ch. 17, p. 321. 

132 The famous Leontief input-output table interpretation of Marx’s reproduction schemes 
stems from this observation. (Incidentally, the observation is still valid when e.g. a depre- 
ciation method based on historical cost is used, although part of a replacement in kind, 
would then be taken to reflect accumulation rather than replacement, so that accumula- 
tion of value would not coincide with accumulation in volume.). 
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(“that part of the value of the fixed capital that must be replaced in kind in order 
to start the reproduction anew at the same scale”) in each department. So, at 
this level of abstraction (where our investigations is concerned with macro- 
economic global aggregates only) this assumption is very likely to hold and 
therefore dialectically defensible. 

Just before Engels moves on to the basic schematic for simple reproduction, 
he introduces another assumption in a rather offhand way: 


f. “For our investigation of simple reproduction, we intend to use the 
following schema, in which c = constant capital, v = variable capital, 
s = surplus-value, and the rate of valorisation s/v is taken as 100 per 
cent’, for both departments.!33 


Following conventional Marxist terminology, rate of valorisation is dubbed 
rate of surplus-value in the remainder of this book unless I am quoting Marx 
directly. In the original Manuscript vi11, Marx did not even bother to introduce 
assumption f in a proper sentence. He simply states: “Percentage of valorisa- 
tion = 100%”.13* This absence of comments and qualifications is surprising, be- 
cause the statement is by no means self-evident. 

Since, as we have seen, the appropriation of surplus-value is predicated 
upon the existence of variable capital, the assumption that the ratio of s over 
v exhibits some degree of resilience can be granted on dialectical grounds 
provided that the average labour productivity is constant and given (which 
must be the case in simple reproduction because the sum of variable and con- 
stant capital is constant as is total constant capital - see assumption c above). 
However, we did not need assumption f to tell us this, since our discussion of 
assumption c already led to the conclusion that the magnitude of all capital 
components is fixed in the model of simple reproduction. So this assumption is 
redundant in the current context (but we will see below that we do require it 
in the context of expanded reproduction). Either way, there is no dialectical 
reason for the ratio of s over v to be 100 percent (so I will just call it £ in my 
reconstruction in Chapter 4). 

The equality of s/v in both departments is another matter. It may be argued 
that in Marx’s mind this was dialectically defensible because of workers’ resis- 
tance to exploitation. That is, as we have seen, the general separation of the site 
of consumption and that of production (i.e. dissociation) forces those who do 
not command means of production into selling their labour power. Since no 
differences between different types of labour have been exhibited at this level 


133 Marx 2005 [1885E], p. 360 and 1978 [1885F], p. 473. 
134 Marx 2008 [1885M], p. 728. 
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of abstraction yet, workers will choose solely on the basis of wage level and la- 
bour intensity (to be operationalised roughly as energy expended per hour 
worked times the length of the working day in hours - that is, calories expended 
in a working day). Hourly wages and labour productivity being more or less 
equal, workers would then move from one department to another if a smaller 
part of the value of the product in the latter department fell to the capitalist and 
a larger part was paid out in wages. So, differences between s/v would tend to 
even out over time.!?5 This reasoning is sound, except for the crucial assump- 
tion that labour productivity would be more or less equal. Without it, there is 
no reason to assume that the lowest exploitation rate would coincide with the 
highest wage level per calorie expended. So as long as some products by their 
very nature are more labour-intensive than others, there is no (dialectical) rea- 
son for exploitation rates to even out (not even at this level of abstraction). 

Engels introduces the basic schematic for simple reproduction from Manu- 
script VIII in almost the same sentence as assumption f. It is best summarised 
as follows: 


“u 


c v s x 

I. 4000 + 1000 + 1000 = 6000 (means of production) 

II. 2000+ 500+ 500 = 3000 (means of consumption) 
6000 + 1500 + 1500 = 9000 (social gross product) 


where: 

I = department I, producing means of production (6000); 

II = department 11, producing means of consumption (3000); 

c = constant capital, the value of the means of production applied; 

v = variable capital, the value of the social labour power applied; 

s = surplus-value, the value that is added by labour minus the replacement 
of the variable capital advanced”.!36 


135 Marx 1968 [1890+, 1867!], pp. 323-30 and 1976 [1867F], pp. 417-28; compare Reuten 2004b. 
136 Reuten 1998, p. 196; compare Marx 2008 [1885M], pp. 728-31 and 2005 [1885E], pp. 360-1. 
Marx’s original notation is a mess (but since it was all taken from draft scribblings, one 
cannot necessarily hold this against him). The figures are the same, but in a space com- 
prising only three lines, we find three different notations: 
1. c) v) 
4000 + 1000; K = 5000 
2. K = 5000; = 4000c + 1000V 
3. [...]= 4000, + 1000, + 1000,, (2008 [1885M], p. 728). 


MARX’S SYSTEMATIC DIALECTICS AND MATHEMATICS 123 


When one recognises that in general — and quite apart from the particular 
values of the variables chosen — the value of the constant capital employed 
in any one year, must be equal to the value produced during that year (giv- 
en the absence of accumulation), it follows that c;+ Cy = x; = c;+v,+ sr. By 
eliminating terms found on both sides of the equal signs, the following propor- 
tionality condition is obtained: 


(v+s))= cn.” 


Next, Marx assumes the value composition of capital (vcc), (which is 


usually defined as c/v, but for the purpose of this book is mostly defined 


c ; 
as: = —— ), to be equal, constant and given across departments: 


c+v 14+£ 
Vv 


g. “What is arbitrarily chosen here, for both departments ı and 11, is the 
ratio of variable to constant capital; arbitrary also is the identity of this 
ratio between the departments [...]. This identity is assumed here only 
for the sake of simplification, and the assumption of different ratios 


Of these, only the first is partially compatible with mathematical conventions. Physicists 
and mathematical economists (among others) would be inclined to interpret the third as: 
“in the case of c the value of this variable is 4000” and not as: “c = 4000”. The second 
seems to say: “4000 times c + 1000 times v ’, which of course is not the interpretation 
intended. Engels considerably clears up Marx’s mess and renders the schemes much 
more insightful, but he also adopts this strange second notation (compare 2005 [1885E], 
pp. 360-1). 

137 Compare Marx 2008 [1885M], p. 734 and 2005 [1885E], p. 365. Marx’s notation is the fol- 
lowing: (v + s)J = c(II). Engels rewrote this as: /(v + s) = Hc. In print, the v’s, s’s and c’s 
were rendered subscripts. The printed version apparently led Reuten to comment: “Gen- 
eralising the schema, Marx uses the notation: 


I,+f,+1=1 
I+II, +T =H 


In what follows, we adopt the notation that has become conventional in modern Marxian 


economics: 
c,+v, +s, = x, [etc.]” (1998, p. 197). 


The former is not true. Looking at the notations quoted above, it may be concluded that 
the notation that Reuten attributes to Marx (and that Engels attributed to Marx) is actu- 
ally Engels’s, while Marx leant towards the now conventional notation, although he used 
Roman numerals instead of (the western notation of) Arab ones. 
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would not change anything at all in the conditions of the problem or 
its solution’.!88 


By the same token as assumption f above, this assumption is mathematically 
and dialectically redundant in the case of simple reproduction, because the 
definition of simple reproduction effectively fixes all of the variables in the 
model for simple reproduction. When all of the variables are constant and 
given, it follows that all ratios between them are constant and given as well. 

But in contrast to the ratio of s over v that was under consideration in as- 
sumption f, there is no dialectical reason to ascribe any resilience to the value 
composition of capital when considering expanded reproduction. This is so, 
because expanded reproduction allows for both intensive and extensive value 
accumulation. And as we have seen in Section 2.10, intensive accumulation 
tends to increase the amount of constant capital employed relative to variable 
capital. When no revolutions in values take place (assumption b), these in- 
creases in relative volume imply that the value composition of capital also 
tends to rise each year when considering expanded reproduction. In sum, al- 
though Marx fails to integrate technological change into his subsequent 
schemes of expanded reproduction, assuming a constant and given ratio v/c 
is at least justifiable as long as simple reproduction is under scrutiny. 

At first sight, the assumption that this ratio is identical across departments 
appears to be just a simplification indeed (as Marx stated).!°9 There is, howev- 
er, a possible escape route. We have long since identified the profit motive as 
the overriding motive shaping the course of capitalist development. Hence, we 
can safely posit at this level of abstraction that capital moves into the more 
profitable department until profitability evens out across departments.!#0 If, 
following Marx, we define the profit rate as s/(c + v), equalisation of s/v (as- 
sumption f above) implies equalisation of c /v .'*! The upshot of this is that 


138 2008 [1885M], p. 739; compare 2005 [1885E], p. 370; 1978 [1885F], p. 483. In this rare in- 
stance, Engels took over Marx’s sentence without any alterations, except for dispensing 
with Marx’s underlinings (rendered italic throughout the MEGA, as well as in my quota- 
tions). Hence, I could rely on Fernbach’s translation for once. 

139 Moreover, Reuten (1998) calculates the x’s for the two departments that Marx 
implicitly uses in his schemes of expanded reproduction as x; = 0.8 and xy = 0.67. Since 
0.8 # 0.67, not even approximately, we may conclude that Marx implicitly dropped this 
part of his assumption when moving on to expanded reproduction. 

140 Marx himself postponed explicating this until he had reached a way more concrete level 
of abstraction in Volume 111 of Capital. Moreover, he posits it as the outcome of the equal- 
ities between departments he had assumed all along (i.e. as the outcome of assumption f 
and g) (1983 [1894], Part1, Ch. 3). Nevertheless, all elements that justify this statement are 
already in place here. 

141 This is so because the posited equality between the profit rates may be formalised as: 
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acceptance of the thesis that profitability evens out, means that either both 
the rate of surplus-value and the value composition of capital are identical in 
both departments or that they are both different. So if this element is dropped 
from assumption fit must also be dropped from g. Similarly, if it is accepted for 
the one ratio, it must be accepted for the other. 

Immediately after the introduction of assumption g Marx discusses the re- 
sults of his models and especially the implications of the proportionality con- 
ditions. Only after he has presented his conclusions, Marx makes it explicit 
that he has abstracted from foreign trade all along: 


h. “Capitalist production never exists without foreign trade. |[...] Bring- 
ing foreign trade into an analysis of the value of the product annually 
reproduced can [...] only confuse things, without providing a new mo- 
ment of the problem or its solution at any point. We therefore com- 
pletely abstract from it”.142 


This assumption follows directly from the locus of the schemes of reproduc- 
tion within Marx’s overall systematic dialectics. That is, since the existence of 
many capitals, let alone foreign capitals, has not yet been determined, foreign 
trade is not even possible at this level of abstraction. Marx, however, argues 
for the adoption of this assumption on the grounds that the value relations 
between the two great departments would be unaffected by foreign exchange. 
So, in his mind, this too is best considered a negligibility assumption. 


E1 EnV 


Cr+ Vy Cy + Yır 


from which we can derive: 


Cr 2 SR. CH ENE 
vr En Yu Eu 


So, c; /v; can only equal cy /Vy if &r= £y (so that ¢€,/€,=1). Either way, the difference 
between the value composition of capital in both departments is proportional to the dif- 
ference in the rate of surplus-value between the two. 

The same conclusion can be drawn if variable capital is neglected (which seems em- 
pirically warranted, but should not be presumed in the abstract), but the expression is a 
little simpler: 


EV, _ ENYN 


cr Cır 


which can be rewritten as: 


Cr_ E Cn 


v7 En Yr 


142 Marx 2008 [1885M], p. 772; compare 2005 [1885E], pp. 433-4. 
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By means of conclusion, Marx writes that although the ratios mentioned 
in assumption (f and) g may be arbitrarily chosen, the relationship described 
in the proportionality condition is a necessary one, which, it might be added, 
clearly brings out the interdependence of the two departments.'43 With the 
proportionality condition we get a first glance at the fundamental relations 
between the two great departments ensuing from capitals necessary appro- 
priation of means of production to be employed as constant capital and of la- 
bour power employed as variable capital. Since the whole analysis was geared 
towards this goal, this is an important intermediate result, the implications of 
which Marx analyses at length in the next 30 odd pages.!** 

After his lengthy elaboration of what the proportionality condition entails 
for capitalist productive relationships, Marx reintroduces the possibility of a 
mismatch between calculated depreciation costs that as such transfer to the 
value of the product and actual depreciation expenditure required (i.e. he 
drops assumption e above) and retains this for the remainder of his analysis of 
both simple and expanded reproduction. Concerning simple reproduction, the 
result of this is that capitalist crises would ensue from either rising or falling 
depreciation rates, because department I would then respectively under — or 
overproduce. Hence, even in the assumed absence of accumulation, crises can 
easily occur.!45 


3.1.2 Conclusions 

In my discussion of Marx’s model for simple reproduction, particular atten- 
tion has been paid to the way and order in which he conceives of and defends 
his choice of assumptions. As we have seen, assumptions a, c, d, e and h can 
certainly be defended dialectically, while the dialectical defensibility of b de- 
pends on how it is interpreted. Bearing in mind that all constant capital is pro- 
duced in department I, assumptions f and g have been shown to be implicit 


143 Marx 2008 [1885M], p. 739. At this point Engels apparently decided that a few lines of 
clarification were in order. He writes: “If it [(v + s),] were smaller than M, [i.e. cy], then 
department JJ could not completely replace its constant capital; if it were larger, then an 
unused surplus would be left over. In both cases, the assumption of simple reproduction 
would be injured” (2005 [1885E], p. 371) (yes, “injured”, not “destroyed” as Fernbach curi- 
ously translated the German word verletzt). Thus, Engels emphasises the potential for 
crisis more than Marx does. 

144 Marx 2008 [1885M], pp. 740-68; compare 2005 [1885E], pp. 370-84, 401-30. The fact that 
Marx does not use algebraic means of generalisation, but instead tries to infer general 
relationships from specified numerical examples, greatly contributes to the number of 
pages Marx requires for his analysis. 

145 Marx 2008 [1885M], pp. 768-9; compare 2005 [1885E], pp. 430-2. 
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in simple reproduction as defined in assumption c (see the table below for a 
short explanation - or reminder — of what these codes stand for). This dialecti- 
cal appreciation of the model assumptions and the main arguments for that 
appreciation in the context of simple reproduction are summarised in Table 2 
below. Table 2 also shows what type of assumptions Marx thought he made. I 
have labelled them negligibility when Marx says that dropping it would leave 
the results unaffected; heuristic, where Marx intends to drop the assumption 
later; or simplifying, where simplification (of e.g. his numbers) is his only argu- 


un» 


ment. When Marx did not give any classification I have filled in 


TABLE 2 Marx’s assumptions and their (dialectical) appraisal regarding SR 


Marx Appraisal Argument 
a Values = prices Negligibility Dial + Prior to many 
capitals 
b No revolution in Negligibility Dial + If simple > c,v 
values & s constant 
c Fullsurplus-value Heuristic Dial + Static existence 
and full wage analysed before 
consumed dynamic actuality 
d Only two great - Dial + Dissociation sepa- 
departments rates the site of 
consumption from 
that of production 
e Depr.cost=replace- Heuristic Dial + Macroeconomic 
ment expenditure aggregates even 
out individual 
mismatches 
f  s/v=100%, constant — Redundant Definition SR => c, 
and equal in I&II v & s constant 
g  Ratiov/cconstant Simplification Redundant DefinitionSR > c, 
and equal in I&II v & s constant + 
equality changes 
nothing 
h No foreign trade Negligibility Dial + Prior to many 


capitals = no 
foreign capitals 
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Of all the assumptions Marx makes, only c, d, e and h need to be called upon 
to justify the proportionality condition and the potential for crisis when actual 
wear and tear in department 11 does not match the demand for replacement 
of constant capital expected by department I. This is shown more clearly in the 
next chapter. 

All in all then, Marx has made more assumptions than were required, but if 
anything this means that the model results are even more general than Marx 
thought they were. Even though the applicability of these results is question- 
able because of the high level of abstraction to which they pertain, the model 
certainly serves its dialectical purpose of illuminating the fundamental rela- 
tions between the two great departments ensuing from capital’s necessary ap- 
propriation of means of production to be employed as constant capital and 
of labour power employed as variable capital. Moreover, since these relations 
could be established on the basis of dialectically defensible assumptions only, 
they must mediately hold on all of the more concrete levels as well. Thus, as 
alluded to in the introduction to this section, these relations (and the potential 
for disproportionate development inherent in them) are a force to be reckoned 
with in all models that have empirical aspirations and the praise Marx received 
regarding them bears testimony of this. The discussion here has shown that 
this praise is justified. Indeed, the relations Marx has shown are necessary and 
inescapable in a functioning capitalist economy. 

This intermediate achievement notwithstanding, the models can only be 
considered successful if accumulation can be brought back in first, for only 
then is our formal analysis back on a par with all preconditions for capitalism’s 
reproduction dialectically determined so far. To this end, Marx next draws up 
and analyses a model for expanded reproduction, which will be evaluated in 
the next subsection. 


3.2 Expanded Reproduction 

3.2.1 The Model 

For his analysis of expanded reproduction, Marx retains the assumptions in- 
troduced above, except the major part ofthe one defining simple reproduction 
(i.e. c) and the one assuming equality of depreciation costs and replacement 
expenditure (i.e. e). Regarding assumption c Marx only retains the idea that all 
wages are consumed in full. This is dialectically defensible as long as all com- 
modities, including labour power, are produced “at their values” (assumption 
a). In unadulterated capitalism such as is under consideration at this level of 
abstraction, the average value of labour power cannot be much higher than a 
subsistence wage, so there is not much room for labour to save any substantial 
sum of money and hold on to it. Of the assumptions Marx retains in full, b (no 
revolution in values), f (s/v = 100%, constant and equal in 1&11) and g (v/c 
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constant and equal in 1&11) were deemed dialectically justifiable (but also 
redundant) in the case of simple reproduction. But would this verdict still hold 
in the case of expanded reproduction? 

Regarding assumption b it was already indicated that it “may even be up- 
held in the case of expanded reproduction’ if the assumption is interpreted as 
saying that “value revolutions leave the value relations within ‘the component 
parts of the productive capital’ unaffected”. Regarding fI have said that assum- 
ing some resilience regarding the ratio of s over v is dialectically defensible, 
although pinning a definitive number (100%) on it is not. When suitably gen- 
eralising the schemes algebraically there is no need for such numbers either. 
But since Marx presents his schemes in the form of numerical examples, this 
number is as good as any other. The trickiest one to maintain is g. If it is not 
relaxed or dropped when considering expanded reproduction, we are effec- 
tively focusing exclusively on extensive accumulation while ignoring the in- 
tensive aspect of that phenomenon. When modelling expanded reproduction 
in Chapter 4 I will therefore relax this assumption.!46 

Marx adds four more assumptions that he apparently considers specifically 
needed in the case of expanded reproduction. The first of these is: 


i. there has “already [been] production on an expanded scale”.!#7 


According to Marx, this must be assumed because the means of production 
required by accumulating capital must somehow be on offer, before capital 
can decide to expand its scale of operations.!*#3® Hence, someone must have 
somehow already brought them to market. Since systematic dialectics aims at 
understanding a given system in its entirety (i.e. as an object totality), assum- 
ing this is dialectically warranted in the sense that it formally explicates one 
of the characteristics of full-blown capitalism. Full-blown capitalism of course 
requires there has “already [been] production on an expanded scale”. So, as- 
sumption i is dialectically defensible as it formally explicates that systematic 
dialectics aims to tackle the systematicity of particular systems and not transi- 
tions between systems (the latter is the task of historical dialectics). So this 


146 Chapter 4 presents three generations of models: 1) a model for simple reproduction; 2) a 
model for extensive growth (i.e. with extensive accumulation only); and 3) a model for ex- 
panded reproduction (including both forms of accumulation). The first two reconstruct 
Marx’s models in algebraic form. Thus my model for extensive growth is akin to Marx’s 
for expanded reproduction, but since Marx’s model for the latter is not on a par with his 
category, I relabelled it. The third goes beyond Marx’s models and as such provides a pos- 
sible model for Marx’s category of expanded reproduction. 

147 Marx 2008 [1885M], p. 791; compare 2005 [1885E], p. 452. 

148 Marx 2008 [1885M], p. 791; compare 2005 [1885E], p. 452. 
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assumption formally explicates the necessary requirement for all systematic 
dialectics that it must tackle the systematicity of a given or thinkable object 
totality (in this case capitalism) rather than its historical development. 
Contemplating this assumption Reuten remarks: “Apparently Marx does 
not aim to set out the transition from simple to expanded reproduction’.*9 Al- 
though this is a dialectically defensible choice to make, it is a missed chance, 
for later on Marx does describe the transition from a steady 9% growth rate to 
a steady 10% rate of growth. If generalised, this description might just as easily 
apply to a steady growth rate of 0% (as is the case for simple reproduction) ac- 
celerating to some positive number — the technique and algebra involved would 
be exactly the same (see Chapter 4). Thus, it could have been shown how the 
dynamics of expanded reproduction are predicated upon static simple repro- 
duction and the other way round, thus mutually validating each other. Hence, 
setting out the transition from simple to expanded reproduction would have 
brought out the model's dialectical roots and development more explicitly.!°0 
This, in turn, would have indicated how assumptions in mathematical mod- 
els can be informed by the systematic-dialectical exhibition leading up to the 
model, while the model results illuminate how and why the exhibition so far 
is still insufficiently concrete. At any rate, assumption i is redundant if Marx’s 
schemes are suitably generalised algebraically, as is done in the next chapter. 
After the introduction of assumption i, Marx goes on to explain that year- 
ly turnover must be hoarded in gradual lumps of depreciation allowances 
(“one-sided sales”) and discrete lumps of investment (“one-sided purchases”) 
and assumes the two cover each other.!?! Thus, the money required for 
maintenance is on average available from previous hoards, so that it may be 


149 Reuten 1998, p. 204. 

150 These comments on Marx’s models emanate from his systematic dialectics as I have ex- 
hibited them in the previous section. y) Simple reproduction (Section 3.12) was introduced 
there as a moment in the systematic-dialectical exhibition. Reflection on this moment led 
us to distinguish between the «) department of means of production and the ß) department 
of means of consumption. Modelling the circuits that these two departments engage in led 
Marx to formulate proportionality conditions that show the interdependencies between 
the two departments. These interdependencies in turn led Marx to speak of the two de- 
partments together as y) total social capital. So in my view the categorial transition of 
simple to expanded reproduction is a systematic-dialectical one, partially informed by the 
model of simple reproduction. By modelling this transition, Marx could have developed 
his models parallel to and in sync with his systematic-dialectical exhibition. Because sim- 
ple reproduction to me is a dialectical moment, such a modelling exercise would result in 
a model of a systematic-dialectical and not a historical transition. 

151 Marx 2008 [1885M], p. 795; 2005 [1885E], p. 456, and 1978 [1885F], p. 570; compare Reuten 
1998, pp. 202-3. The German terms are “bloßer Verkauf” and “bloßer Kauf” respectively. 
“Bloß” would literally translate as “naked”, “bare” or “only”, but certainly not as one-sided. 
But I admit the translation is actually clearer. 
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assumed that whatever part of surplus-value is invested that year is indeed 
used to expand a department’s productive capacity. In Marx’s words: 


j- “The value of one-sided purchases (from cH [i.e. cjr]) = one-sided 
sales (at cH [i.e. c,,])’.52 


Since depreciation allowances and depreciation costs are mirror images, this 
assumption is likely to hold at this level of abstraction by the same token as 
assumption e (i.e. depreciation cost = replacement expenditure). That is, if the 
values of depreciation allowances and replacement expenditure are aggregated 
over a whole department, the conclusion that surplus-value is only used for ac- 
cumulation and capitalist consumption must hold, because many capitals, let 
alone capitals performing different functions — such as financial capital — have 
not been introduced yet at the level of abstraction the reproduction schemes 
are supposed to analyse. So for now, the system must be analysed without re- 
course to credit. Marx does allow for accumulation being paid for out of previ- 
ous money hoards (but explicitly assumes that away in the quote above) but 
given that the business cycle has not yet been dialectically introduced, there 
is no reason at this level of abstraction to assume any fluctuations in a depart- 
ment’s rate of hoarding or dishoarding.!°? Consequentially, the only source of 
funds available to either department is yearly turnover. Thus, macroeconomi- 
cally, the value of the fixed capital used up during a given year, equals that year’s 
total replacement expenditure and hence the conclusion that accumulation is 
paid for out of surplus-value is warranted on systematic-dialectical grounds. 
Next, “Marx assumes a sufficient monetary accommodation for expanded 
reproduction”!°* From the vantage point of the early twenty-first century, this 
is almost a no-brainer. After all, a company that decides to expand its pro- 
duction will in almost all cases borrow the necessary funds from the bank. In 
essence, banks conjure these funds into existence ex nihilo: they just print — 
or rather, credit — the money requested.!?° If the funds a company has thus 


152 Marx 2008 [1885M], p. 795, and 2005 [1885E], p. 456. 

153 If business cycles were considered, assumption j would still hold if the size of hoards 
were averaged out over a complete business cycle. In Capital 1, Part Seven, Marx does not 
systematically introduce the business cycle, although he makes an empirical reference to 
the cycle (see Reuten 2004c, pp. 274 and 294-5). 

154 Reuten 1998, p. 203. 

155 Regarding the recent bailouts of American banks, the story goes that the FED president 
was asked where they got all that money from. This is not a strange question to ask from 
the perspective of a civilian who has just lost almost everything to the failing banking 
system and has no way of getting it back, but Bernanke clearly had trouble understanding 
the question, as his reply was: “Why? We punched the number into a computer and cred- 
ited it to their account”. 
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acquired are invested successfully, it is able to return the principal sum plus 
the required interest. Thus, one might say our money is essentially covered by 
production, so successful expansion of production goes hand-in-hand with a 
successful expansion of the money. But in Marx’s time things were not that 
straightforward, since money was still covered by gold to some degree. So Marx 
had to make his assumption explicit: 


k. “The only thing assumed here is that the amount of money present in a 
country is sufficient for both hoarding and accumulation”.!56 


From a dialectical point of view, however, neither empirical reality (be it that 
of Marx’s time or our own) needs to be fully accommodated yet (after all we 
have not introduced financial capital at this level of abstraction yet).!5” So far, 
it has been established that capital must accumulate to survive, is departmen- 
talised by necessity, and that neither department can survive without inputs 
from the other (indirectly so for department 11). If we aim to set out to de- 
termine how these abstract requirements can be upheld at the next stage of 
concretisation (which is still far removed from empirical reality, however), the 
aforementioned assumption is fully warranted as an anticipatory assumption. 
For, if it is not satisfied in the abstract (i.e. in this case, in the aggregate and on 
average), accumulation would sooner or later grind to a halt. So even though 
we might not yet have a dialectical basis to argue for the adoption of this as- 
sumption, we know that it must hold somehow in concrete capitalism. So by 
making this assumption we are anticipating later stages of concretisation. 
Marx defends this assumption by giving four reasons why expanded reproduc- 
tion requires sufficient monetary accommodation to function.!5* Thus, at least 
from a systematic-dialectical perspective, his defence is similar to mine. 
Before Marx starts analysing the effects of accumulation on the relations 
between capital’s two great departments, he makes one final assumption: 


l. “It has been extensively explained in ‘Capital’ (Book 1) etc., that labour 
power [is] always available on the basis of capitalist production and 
how, if necessary, more labour can be made available without ex- 
pansion of the employed amount of labourers or the mass of labour 
power. At this moment [it is] therefore not necessary to elaborate on 
this further, much more to assume that the part of the newly created 


156 Marx 2008 [1885M], p. 800; compare 2005 [1885E], p. 461. 

157 Ofcourse, the categories and language available to dialecticians cannot surpass the latest 
insights of the dialectician’s time and are thus moulded by empirics, but this influence is 
only an indirect one, until the most concrete stage of a dialectical exhibition is reached. 

158 Marx 2008 [1885M], pp. 800-1, and 1978 [1885F], p. 576. 
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money capital that can be transformed into variable capital will al- 
ways find the labour power on hand to transform itself into”.159 


At first glance, the (possible) argument for adoption of this assumption seems 
to be similar to that regarding assumption k. That is, sufficient labour power, 
like sufficient monetary accommodation, must be on offer if accumulation is 
to be possible at all. Since assumption g (stating that the ratio of constant to 
variable capital is constant) implies that variable capital must tag along with 
the accumulation rate for constant capital, this argument seems warranted. 

However, in the quote above, Marx refers back to Capital I to justify his 
assumption. But in Capital 1 his chief argument is that labour-expelling tech- 
niques result in a rising technical composition of capital ( tcc ) — defined as the 
ratio “between the mass of the means of production | mp | employed on the 
one hand, and the mass of labour necessary for their employment on the other 
[ / |” -so the role labour plays relative to means of production in accumulation 
is an ever diminishing one.!6° The problem with this argument is that it can 
only be adopted if assumption g is either dropped or modified. 

If we interpret Marx’s assumptions that “products are exchanged according 
to their values” (assumption a) and that “no revolution in values takes place in 
the component parts of the productive capital” (assumption b) to mean 
that values do not diverge from prices and are relatively constant in the period 
under consideration, a rising tcc should translate directly into a rising value 
composition of capital (vcc, usually defined as vcc = c/v, but defined here as 
x =c/(c + v)).61 So with these assumptions in place the vcc can be used to op- 
erationalise the tcc . Having thus operationalised the tcc, we may try and grasp 
the problem formally. 

In formal terms, Marx assumes that the growth rate for available labour 
power An/n is always larger than the growth rate for labour required, that 
at a constant wage per worker - i.e. with assumption a and b in place - is 
equal to the growth rate of variable capital, Av/v. Thus it is assumed that: 
An/n > Av/v. Defining the value composition of capital as, x = c/(c +v) one 
can write for the growth rate of variable capital associated with accumulation 
Av 


acc Im: 


A Vace =. 1/%'-1 


v ı/x-ı 


159 Marx 2008 [1885M], pp. 801-2; compare 2005 [1885E], p. 463. 

160 Reuten 2004c, pp. 286, 287-8. 

161 The definition of vcc as x = c/(c +v) emanates from Reuten (albeit that he labels it 
y) (1998, p. 206) and mainly serves to keep x between o and 1. Keeping it between 
these bounds is useful when interpreting the general algebraic formulas developed in 
Chapter 4. 
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In which g is the steady state growth rate for constant capital and x’ is the 
value composition of capital that goes with the latest technical composition of 
capital. If the latter is rising, so must the former. Hence the following condition 
must hold: 


O<x<K<ı 


Thus a rising x will ensure that variable capital grows at a slower rate than 
constant capital, but given that some variable capital will always be employed, 
x’ will never reach unity and hence positive accumulation will result in more 
variable capital being employed (however marginally). But apart from accu- 
mulation (growth of total social capital), replacement of fixed and circulat- 
ing capital will also lead capital to adopt new techniques. As a result of this, 
variable capital employed falls rather than rises with each round of deprecia- 
tion. So accumulation of total social capital without an increase in variable 
capital employed, is perfectly possible in Marx’s models, but is by no means 
guaranteed.!6 Therefore, without assumption(s) on the development of An/n, 
a rising technical composition of capital is insufficient to justify the conclusion 
that labour power is always on hand. 

A possible way out of this is suggested by Zarembka.!®? In his reappraisal 
of Rosa Luxemburg’s contribution to Marxism, he first identifies the dilemma 
sketched above and reaches the conclusion that Marx’s assumptions can only 
hold when there is either a continual population growth or potential growth of 
the proletariat (now referred to as rate of participation).!6* 

A defence of assumption | (availability of labour power) along those lines, 
however, runs counter to Marx’s professed goal of investigating capitalism 
“in its integrity, free from all disturbing subsidiary circumstances, [so that] 
we must treat the whole world as one nation, and assume that capitalist pro- 
duction is everywhere established and has possessed itself of every branch of 
industry”.!® In short, he wanted to analyse an emerging societal system as if it 


162 The exact determinants of the accumulation and the depreciation effects as well as their 
interaction are algebraically determined in the next chapter. 

163 Zarembka 2009. 

164 “Growth of the proletariat” implies that there is always someone somewhere who is not 
yet a wage worker or who is no longer a wage worker and can be coerced to become 
one. Examples of these people in Marx’s age included housewives, children, and retired 
people, and in non-western societies also autarkic peasants and tribes. In modern times, 
we may add stay-at-home-husbands and self-employed people (in essence they are 
capitalists that can be forced to become labourers again, if the market for their service or 
goods is bad). And indeed, these people still exist. 

165 Marx 1976 [1867F], p. 727, fn. 2. 
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were complete and chart out the structural interactions between the elements 
of this complete system. Although - as Reuten calls it - historical dialectics 
overarches systematic dialectics and “philosophy is its own time apprehend- 
ed in thoughts’, systematic and historical processes should be clearly distin- 
guished if one is to find out whether a system qua system is viable.166 So, from 
a systematic-dialectical perspective I cannot but agree with Marx’s chosen 
standpoint and procedure and thus the problematic stands. 

The bottom line is that without (a) specific assumption(s) concerning the 
development of labour power’s availability (be it by means of population 
growth or by forceful expansion of the proletariat), the availability of labour 
power must be assumed as a condition of existence for accumulation. On clos- 
er scrutiny, the argument in Capital I to which Marx presumably refers is just 
not sufficient to claim that the availability of labour power has been dialecti- 
cally determined. All in all then, it must be concluded that the (possible) argu- 
ment for adoption of assumption l must indeed be similar to that regarding 
assumption k.!67,168 

With all these assumptions in place, Marx introduces the base scheme for 
expanded reproduction (the scheme for year 0, one might say): 


c v s x 
I. 4000 +1000 + 1000 = 6000 
I. 1500 + 750 + 750= 3000 

5500 + 1750 + 1750 =9000 


169 


166 Reuten 2000, pp. 140-52; Hegel 1930 [1821], p. 15; compare Smith 1990, p. 4, and 2003, 
p. 187. This is not to say that one of the conclusions following from a thorough dialectical 
analysis of a system could not be that it is only viable as long as some of its elements resist 
subsumption, but such a conclusion should not be embedded in the premise. 

167 But Iam open to suggestions on how to reinterpret Marx’s reference to Capital 1 in sucha 
way that his arguments may be upheld in both places. 

168 Apart from Paul Zarembka, Jurriaan Bendien and Gerald Levy provided helpful comments 
on this problematic. But since Paul Zarembka actually wrote about it, his comments 
could be used most comprehensively. I am nevertheless very grateful to all three of these 
people. 

169 Reuten 1998, p. 207; compare Marx 2008 [1885M], p. 810; compare 2005 [1885E], p. 471. 
Marx’s notation here is almost identical to Reuten’s, albeit that he did not add up 
his numbers for c, v, and m, but only mentions the total output as: “{ Sum = 9000” 
(2008 [1885M], p. 810). Engels changed this back to the questionable notation 
“I. 4000c + 10007 + 1000m = 6000” (2005 [1885E], p. 471; compare footnote 136 and 137 of 
this chapter). 
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Effectively these numbers imply that constant capital worth 500 (= xz- c) 
is available for accumulation. Next, Marx assumes that department I accumu- 
lates half of its surplus-value, i.e. 500 and spends 400 of this on constant capi- 
tal and 100 on variable capital. Since accumulation in department I effectively 
means it has to buy more of its own produce, it is bound to succeed. Thus, the 
other department has to make due with whatever is left, i.e. an accumulation 
in constant capital worth 100. Due to assumptions f and g we end up with the 
following numbers after accumulation and expanded production has taken 
place: 


c v s x 
I. 4000+ 1100 + 1100 = 6600 


II. 1600 + 800 + 800 = 3200 
‚170 


6000 + 1900 + 1900 = 9800 


If department I continues to accumulate at the same rate next period and de- 
partment II continues to pick up the pieces, then, after the next round of ac- 
cumulation and production the numbers become: 


c v s x 
I. 4840 + 1210 + 1210 = 7260 
II. 1760 + 880 + 880 = 3520 


ee en 1 | 
6600 +2090 + 2090 =10780 


Scrutinising those numbers one can conclude that both departments now ac- 
cumulate at the same rate again, but that this rate is higher than it could be on 
the basis of the first schematic given. But to achieve this, department 11 had 
to diminish its rate of accumulation in the intermediate period (the second 
schematic reveals this). 

“Marx calculates the schema for three more periods” and then introduces a 
second example so as to show the effects of a diminishing rate of accumulation 
in department 1.172 Only after that he verbally formulates the proportionality 
condition for expanded reproduction: 


170 Reuten 1998, p. 211; compare Marx 2008 [1885M], p. 812, and 2005 [1885E], p. 472. Surpris- 
ingly, Marx starts mixing up notations again at this point (Engels’s notation is still spuri- 
ous, but at least consistently so). 

171 Reuten 1998, p. 212; compare Marx 2008 [1885M], p. 813, and 2005 [1885E], p. 473. Marx 
miscalculated here, but Engels comprehensively corrected his numbers. 

172 Reuten 1998, p. 212. 
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It is self-evident that — on the assumption of accumulation, v + m(T) [i.e. 
v, + m] > than clI [i.e c,] and not = cI, as in simple reproduction, since 1) 
I incorporates part of its surplus product into its own productive capital, 
transforms it into constant capital, but cannot simultaneously replace it 
with means of consumption from JI. 2) I has to supply the constant capi- 
tal required for accumulation within I out of its surplus product.!73 


Formalising this, we would get: 
(v +s), - Ac; = Cy + Acy143 


Algebraic methods, of course, would have given Marx this result a lot quicker, a 
lot clearer and in an immediately general form. Moreover, such methods show 
that conditions for transition to either a higher or lower rate of accumulation 
and for steady accumulation at the same rate can be captured in just a few 
formulas. On top of that, careful scrutiny of these formulas shows that a few 
of Marx’s assumptions are redundant and others can easily be relaxed. The re- 
sultant clarity makes the model’s contribution to, and the way it is embedded 
in, Marx’s systematic dialectics much easier to evaluate. All these insights are 
conveyed in the next chapter. 


3.2.2 Conclusions 

As with simple reproduction, I have focused on the (dialectical) defensibility 
of Marx’s assumptions here. Marx drops most of assumption c (defining sim- 
ple reproduction) when discussing expanded reproduction. The only part of 
that assumption he retains is that of no savings out of wages, which is dialecti- 
cally defensible to do. He has already dropped assumption e (depreciation 
cost = replacement expenditure) at the end of his discussion of simple repro- 
duction (despite its dialectical defensibility) and does not reinstate it here. 
Assumptions b (No revolution in values), f (s/v = 100%, constant and equal in 


173 Marx 2008 [1885M], p. 817; compare 2005 [1885E], p. 475. It is surprising that where Marx 
has “transforms it” (2008 [1885M], p. 817, emphasis added), Engels has “transforms five 
sixths” (2005 [1885E], p. 475). Thus, where Marx apparently draws a general conclusion 
from his overtly specific schemes, Engels (perhaps in pride of his superior calculations) 
sticks to a specific number that only holds for the values arbitrarily chosen by Marx. 

174 Amended from Reuten 1998, p. 209. Reuten uses the now conventional notation (see foot- 
note 137 in this chapter), but I wanted to stay in line with the notation Marx originally 
used for the proportionality condition for simple reproduction. 
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1&11) and g (Ratio v/c constant and equal in 1&11) were deemed dialectically 
defensible (but also redundant) in the context of simple reproduction. Assum- 
ing revolutions in value away (assumption b) and assuming s/v constant (as f 
states) still are in the case of expanded reproduction (albeit for different rea- 
sons) but retaining assumption g is not. Retaining g effectively means that in- 
tensive accumulation is never brought back into the model. As a result, Marx’s 
model of expanded reproduction did not fully reveal the conceptual grasp 
Marx had of the phenomenon. Marx adds four assumptions - i (previous re- 
production on an expanded scale), j (accumulation out of surplus-value only), 
k (monetary accommodation) and | (labour abundance) - that he apparently 
deemed specific to expanded reproduction. All of these are dialectically defen- 
sible either because they are well founded on the systematic-dialectical exhibi- 
tion so far or because they anticipate what the exhibition will have to ground 
later on. 

Regarding the latter assumptions, Marx generally seems to agree with my 
appraisal. So, in sharp contrast with his schemes for simple reproduction his 
own defence of assumptions i, j, k and 1 often squares with mine in that it 
appears to be dialectically informed. Table 3 below therefore features more 
labels in the column “Marx” than Table 2 did. When an assumption is defended 
by referring to an earlier result in the dialectic, I have labelled it “necessary”. 
If Marx’s reasoning seems to imply anticipation, I have written “anticipation”. 
Otherwise, Table 3’s set-up and the codes utilised in it are analogous to that of, 
and those in, Table 2. 

To justify the proportionality condition for expanded reproduction and the 
conditions from which disproportionalities arise, Marx needed to call on all 
of these assumptions. So, by contrast to simple reproduction, none of the as- 
sumptions made were redundant in the case of expanded reproduction. But 
most were dialectically defensible. The two exceptions were assumptions 
fand g. 

The problem with f is just that a specific number was assigned to the ratio of 
s over v. This problem can easily be remedied by algebraic means (as is done in 
the next chapter) but doing so does not change Marx’s conclusion at all. This is 
different for g. Modifying it to allow for technical change does make the model 
rather more complex, but also adds yet another source for disproportionality. 
So, the difficulties would only be exacerbated if technical change were factored 
in. Hence, Marx’s conclusion that macroeconomic acceleration of growth is 
extremely difficult is fully warranted anyway. 
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Marx’s assumptions and their (dialectical) appraisal regarding ER 


Marx Appraisal Argument 

Values = prices Negligibility dial + Prior to many capitals 

No revolution in Negligibility Dial + Changes within component 

values parts do not preclude changes 
between them 

Full surplus-value Heuristic Dial + Value of labour power not 

consumed dropped, generally above subsistence 

but ‘no savings by 

labour’ retained 

Only two great - Dial + Dissociation separates the site 

departments of consumption from that of 
production 

replacement- aggregatesevenout- 

s/v = 100%, constant — s/v constant: Labour is ultimately the only 

and equal in I&II dial +; specific source of value 

number: dial - 

Ratio v/c constant Simplification Dial - Constancy means intensive 

and equal in I&II accumulation is never brought 
back in 

No foreign trade Negligibility Dial + Prior to many capitals > no 
foreign capitals 

There has already Anticipation Dial + Expansion requires prior 

been reproduction on availability + complete system 

an expanded scale analysis 

Hoards = replacement - Dial + Macroeconomic aggregates 

expenditure > even out individual mismatches 

accumulation out of 

surplus-value only 

Monetary Anticipation Anticipation If it were not so, capitalist 

accommodation accumulation would not exist 

Labour abundance Necessity (asa Anticipation If it were not so, capitalist 


result of technologi- 
cal development) 


accumulation would not exist 
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Summary and Conclusions on the Role of Mathematics in 
Systematic-Dialectical Investigation and Exhibition 


At the outset of this chapter we posed the question of whether a systematic- 
dialectical exhibition can inform mathematics (or definitions for mathemat- 
ics) or mathematical modelling and/or vice versa. The answer to this question 
depends on whether the subject of investigation is ontologically amenable to 
quantification and on the epistemological prowess one ascribes to mathemat- 
ics as an investigative tool. Chapter 1 has already shown that capitalism and 
capitalist abstractions are quantitatively constituted ontologically. As to the 
epistemological usefulness of mathematical means of investigation for the 
study of capitalism, we can be brief. Section 1 showed that, by the end of his 
life, Marx had 1) become quite conversant with the university textbooks on 
mathematics of his day, 2) endeavoured to reform the basis for mathemat- 
ics (especially the differential calculus) dialectically, and 3) toyed with a lot 
of ideas for the application of mathematical and formal methods to his main 
studies in political economy. So, in sharp contrast to Hegel, he clearly thought 
that mathematics could be improved by dialectical methods and that dialec- 
tical exhibitions could be improved by augmenting them with mathematical 
techniques. 

His most famous attempt at the latter concerns his schemes of reproduction. 
Despite their merits as models, Marx did not succeed in bringing his schemes 
on a par with his technical prowess in algebra, nor to fully integrate them into 
his dialectical exhibition of capitalism, probably because he learned the wrong 
methods at the wrong time and mastery of mathematical techniques does not 
imply mastery of their applications to problems in other realms. Thus, there is 
ample room for improvement here, and in the next chapter some promising 
avenues to this end will be suggested and worked out in some detail. 

Now in order to evaluate the degree to which Marx succeeded in integrat- 
ing his schemes of reproduction into the whole of his dialectical exhibition in 
Capital (and pinpoint possible areas for improvement), we must first come to 
grips with this exhibition itself and properly position these models therein. 
Since Marx was never particularly explicit about his method, such an exhi- 
bition always involves a substantial degree of interpretation. In this respect I 
especially draw on the interpretations of Smith and Arthur, and some of the 
terminology of Reuten and Williams, although the mode of exhibition is my 
own: the a-ß-y format introduced in previous chapters.!75 

Marx’s starting point is that any viable society must ensure procreation 
and socialisation of useful products. In Reuten and Williams’s terminology, a 


175 Smith 1990, Arthur 1993, and Reuten and Williams 1989. 
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society that achieves this (i.e. every society by definition) is a «) sociation. But 
capitalist production is not inherently social, for it is undertaken in private 
units that are separated from the site of consumption, that is in 6) dissocia- 
tion. Dissociate produce in capitalism is resocialised through exchange: y) the 
association. Generalised exchange implies production for exchange and thus 
goods become y) commodities that are inherently a) exchangeable because 
they embody use values and can be owned and sold in discrete quantitatively 
delimited units, but when they are ß) bargained over in the exchange relation, 
they present themselves as exchange values. As soon as a bargain is struck, in- 
comparable use values get commensurated into the same dimension: y) value 
in exchange. 

In one-off barter exchange this value appears only fleetingly during the ex- 
change itself, i.e. it appears in its «) simple commodity form. But as more and 
more products are exchanged, the number of value relationships commodities 
can enter grows accordingly, so we have 6) an expanded commodity form of 
value. Any commodity may next be singled out to serve as a general equivalent 
of value in its y) general commodity form. If a significant part of society singles 
out the same commodity, it starts serving as a tangible embodiment of value: 
y) money. 

With the advent of money values become characteristics of commodities 
prior to the bargain. Hence, money first and foremost serves as &) measure of 
value. But since money sprang forth from the need to resocialise production 
through generalised exchange, it just as much serves as 8) means of circulation. 
As such it appears to mediate between commodities, giving us the circuit of 
commodity (C) - money (M) - different commodity (C’). But since money can 
be immediately exchanged for any commodity, while commodities can do so 
only mediately via money, as of this point in the exhibition it makes more 
sense to have a stock of money than a stock of commodities. This means 
that C-M-C; breaks down into M-C-Mand acquiring money instead 
of qualitatively different commodities, becomes the y) end of exchange. 
However, M-C-M only makes sense if money holdings grow in the process, 
giving us the circuit M — C -M’ (more money). With this, y) capital can be intro- 
duced as “money which begets money” or self-valorising value. As such capital 
functions as a structural ground for ongoing capitalist production. 

This begs the question how this self-valorisation comes about. The answer 
lies in production: a qualitative transformation (of C into C^) to be realised by 
means of capital. This is achieved by employing labour power as ß) variable 
capital to transform means of production functioning as «) constant capital. 
Thus, all the requirements for an ongoing spiral of valorisation have now been 
determined, laying the basis for y) accumulation, the production of commodi- 
ties on an ever-expanding scale. Accumulation entails growth of both variable 
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and constant capital. This is a process of extensive growth if both capital com- 
ponents grow at the same rate, but to the extent that constant capital replaces 
variable capital, it is a process of intensive growth. These processes can be ana- 
lytically separated (as Marx does in his schemes of expanded reproduction), 
but in concrete capitalism the process are inseparably interrelated. 

If the required qualitative transformation and the forms variable and con- 
stant capital have to take (as labour power and means of production respec- 
tively) are articulated together we end up with a circuit. From the point of view 
of capital's overriding motive, this is «) the money capital circuit: 


M —> C{mp; lp}... P... C’-—s M’ 
NS 


This gets expressed in the world as a continuous increase in the scale of pro- 
duction ( P ) and thus as ß) the production capital circuit: 


P... C —M. M—>C{mp lp} ...P’ 


The money capital circuit commences with and culminates in exchange value, 
whereas the production capital circuit commences with and culminates in use 
value. If one takes the stock of finished products as beginning (C’) and end 
(C’) of the capital circuit this tension is resolved since this stock represents 
only ideal exchange value to the potential seller, but use value to the buyer. 
Thus we get y) the commodity capital circuit: 


C’—>M’. M’—>C'{mp’: lp} ...P’...C” 


If means of production can enter into several capital circuits before their use 
value is entirely exhausted and concomitantly their exchange values trans- 
ferred to the commodities they helped produce, they constitute a) fixed capital. 
If their use — and exchange values are thus transferred in one go they consti- 
tute 8) circulating capital. 

Since capital’s existence depends on the circuits it is engaged in, these cir- 
cuits must at least achieve y) simple reproduction. That is, valorised commodity 
capital must at least cover its cost of production by selling either «) means of 
production to other capitals or 8) consumption goods to consumers. Since the 
latter disappear from the macroeconomic circuit, whereas the former re-enter 
the circuit as inputs at the same time that they leave it as outputs, it makes 
sense to distinguish between departments producing means of production 
and consumption goods respectively. Modelling the relations within and be- 
tween these two departments, shows that they are systematically interrelated 
and can therefore be treated as one organic whole: y) total social capital. This 
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whole must accumulate to stay in business and hence it must engage in y) 
expanded reproduction. 

The fact that total social capital is expanding, means that there is «) a general 
rate of profit. But since capitals must be specialised (as was foreshadowed in 
dissociation), there must be ß) many capitals engaged in y) competition leading 
to y) minimum prices of production. 

Marx introduces simple and expanded reproduction (and their models — or 
schemes) in the final chapters of the last part of Capital 11. In Section 3, I have 
evaluated whether the assumptions Marx makes in outlining these schemes 
follow from the systematic-dialectical exhibition in Capital I and Ir up to 
that point. In his chapter on simple reproduction, Marx assumes (in order of 
appearance): 


a. Products are exchanged at their values 

b. No revolution in values takes place in the component parts of the 
productive capital 

c. The value of a department’s yearly produce is constant and all sur- 
plus-value and wages are consumed (so there is no accumulation) 

d. Society’s total yearly product breaks down into I) means of produc- 
tion and 11) means of consumption 

e. Depreciation costs equal replacement expenditure 

f. The rate of surplus-value s/v (i.e. surplus-value over variable capi- 
tal) is 100% for both departments 

g. The ratio of variable to constant capital is equal, constant and given 
across departments 

h. There is no foreign trade. 


Of these, assumptions a, c, d, e and h are dialectically defensible. a and h are 
warranted because at the current level of abstraction we are considering rela- 
tions between the two great departments of capital, but have not introduced 
many capitals yet. Hence foreign countries cannot enter the equations yet 
(assumption h) and there are no competitors yet that could induce a diver- 
gence between prices and values (assumption a). c is acceptable on dialectical 
grounds because it ensures that reproduction of society’s productive capital 
is first considered in «) categorial isolation, before it is given room to move in 
the world through accumulation (a step reminiscent of 6). Thus, in effect it 
is a dialectically defensible heuristic assumption. Assumption d follows from 
the role constant and variable capital play in the capital circuits and the fact 
that means of consumption cross the institutional divide predicated on disso- 
ciation, whereas means of production do not. So, on the basis of the dialectical 
exhibition so far this seems the best way to cut the cake at this juncture. Finally, 
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e is acceptable because we are considering only macroeconomic aggregates of 
depreciation costs and replacement expenditure at this level of abstraction 
and thus any individual mismatches are likely to level out. 

Whether and in what context b is dialectically defensible depends on how 
it is interpreted. If the emphasis is on “values”, it is dialectically defensible 
for simple reproduction only, because by virtue of assumption c the value of 
all capital components is fixed for simple reproduction. Evidently, when val- 
ues cannot change at all, there cannot be a revolution in values either. More- 
over, we have not introduced competition yet, so in the model all factors that 
could induce “a revolution in values” are absent here and justifiably so. In 
the case of expanded reproduction, however, this argument cannot be upheld, 
for accumulating capital is bound to engage in technical innovation increas- 
ing the mass of products producible with a given combination of constant 
and variable capital and such innovations always correspond to revolutions in 
values. On the other hand, if “component parts” is emphasised, the assump- 
tion is perfectly justified for both models. That is, the various forms capital 
takes (variable, constant, fixed, circulating, etc.) and their roles in the circuits 
they must enter have been dialectically determined prior to drawing up the 
models. Thus, these component parts and the way they are interrelated have 
been dialectically determined before the modelling exercise starts, so it is safe 
to say that they will not undergo a revolution. This latter interpretation is 
supported by Marx’s explanatory text, stating: “[A]s far as revolutions in value 
are concerned they change nothing in the relations between the component 
parts”. 

Assumptions f and g are implied by assumption c, in a similar way as b is. 
That is, since assumption c basically fixes all variables in the model to a spe- 
cific magnitude, the ratios between them must also be fixed. So as long as we 
are considering simple reproduction, assumptions f and g are redundant. 

When drawing up his scheme for simple reproduction and its resultant 
proportionality condition, Marx only calls on the constancy of the yearly pro- 
duce (assumption c), its departmentalisation (assumption d), the equality of 
depreciation costs and replacement expenditure (assumption e) and the ab- 
sence of foreign trade (assumption h). The others are actually redundant until 


expanded reproduction is introduced, modelled and analysed. Marx’s scheme 
looks like this: 


c v s x 
I. 4000 + 1000 + 1000 = 6000 (means of production) 
II. 2000 + 500 + 500 = 3000 (means of consumption) 


6000 + 1500 + 1500 = 9000 (social gross product) 
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where: 

I = department I, producing means of production (6000); 

II = department II, producing means of consumption (3000); 

c = constant capital, the value of the means of production applied; 

v =variable capital, the value of the social labour power applied; 

s = surplus-value, the value that is added by labour minus the replacement of 
the variable capital advanced 


Abstracting from the numbers and focusing on the relations between the two 
departments, Marx comes up with the following proportionality condition: 


(v +s);= Cy 


What this says is that department 11’s constant capital must be paid out of 
department I’s wages (i.e. the value of its variable capital) and surplus. Failing 
fulfilment of this condition, at least one of the two departments goes into cri- 
sis. Hence the two form one organic whole: total social capital. 

Since assuming accumulation away (assumption c) is dialectically defen- 
sible as a heuristic step only, accumulation must be brought back in for the 
models to be considered successful. To this end, Marx retains only one element 
of c, drops his assumption on the equality of depreciation cost and replace- 
ment expenditure (i.e. e) entirely and moves on to expanded reproduction. The 
element of c he retains throughout his schemes of expanded reproduction is 
the assumption that wages are consumed in full. When all commodities are 
exchanged at their values (assumption a), the value of labour power is unlikely 
to deviate from a subsistence wage by any significant magnitude, so retaining 
this element of c is acceptable from a dialectical perspective for the same rea- 
son that assumption a is. 

As we have seen, the absence of revolutions in values (assumption b), the 
constancy of s/v (part of assumption f) and of c/v (assumption g) were im- 
plied by simple reproduction (assumption c) and were therefore more or less 
redundant with respect to modelling simple reproduction. With most of as- 
sumption c out of the way, however, this argument can no longer be upheld. 
For b this is no problem, because - as indicated - it is still dialectically defen- 
sible for expanded reproduction if one emphasises “component parts” rather 
than “values”. As to assumption f, although the ratio of s/v it speaks of is a dia- 
lectically defensible element in any context, the assumption as put is way too 
strict. The mentioned ratio makes categorial sense, since the appropriation of 
surplus-value has been shown to be predicated on the existence of variable 
capital. And given assumption b and g it can also be granted that this ratio is 
more or less constant and given. However, the stated 100 percent and the 
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assumed equality across departments are entirely arbitrary choices. Assuming 
different ratios would complicate manipulations of the model, but as long as 
s/v is constant and given in each department, the results obtained will still be 
similar. Assumption g effectively assumes technical change away. Retaining it 
in the context of expanded reproduction therefore effectively means that in- 
tensive accumulation is never brought back in. So this particular assumption 
must be modified to bring the model assumptions back on a par with the dia- 
lectical exhibition so far (see Chapter 4). 

Marx introduces four extra assumptions specifically for expanded repro- 
duction (listed in order of appearance): 


i. There has already been production on an expanded scale 

j. The sum total of replacement expenditure on fixed capital equals 
the sum total of depreciation allowances for fixed capital in each 
department 

k. “[T]he amount of money present in a country is sufficient for both 
hoarding and accumulation’. 

l. There is always enough labour power on hand 


All these assumptions are dialectically justifiable. Assumption i is acceptable 
because systematic dialectics should set out to analyse a complete system: full- 
blown capitalism, in this case. When capitalism as a system is established ev- 
erywhere, “production on an expanded scale” must already have taken place, 
so this can safely be assumed here. At the same time, expanded reproduction is 
predicated upon simple reproduction. By setting out growth acceleration from 
0% to some positive number, Marx could have brought this out more clearly. 
That is, by thus articulating the dialectical development mathematically he 
could have shown how the dynamics of expanded reproduction are predicated 
upon static simple reproduction and the other way round, thus mutually vali- 
dating each other dialectically. Chapter 4 shows how a suitable algebraic gen- 
eralisation of the transitions that Marx does model (i.e. growth acceleration 
of a steady 9% to a steady 10%) directly facilitates modelling this dialectical 
transition. 

The upshot of j - and the argument for adopting it - is that only accumu- 
lation and capitalist consumption are paid for out of surplus-value and all 
other costs are covered elsewhere. Since at this level of abstraction there is 
no financial capital, capital departments have no other sources of funds and 
this conclusion is fully warranted dialectically. Assumptions k and 1 basically 
describe conditions of existence of accumulation and must therefore feature 
in any model that aims to understand the ramifications of accumulation for 
capital's interrelationships. 
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With all these assumptions in place, Marx introduces the base scheme for 
expanded reproduction. This is similar to that for simple reproduction, except 
that the output of means of production is bigger than the constant capital used 
up that year, so that means of production worth x, -c are available for accu- 
mulation. Marx implicitly assumes that department I always fulfils its accumu- 
lation plans and department 11 picks up the pieces, so that all produced means 
of production are sold. As long as we have only determined the existence of 
two capital departments dialectically, department 1 will only need to appropri- 
ate more of its own produce to get its wish in this respect and is therefore in- 
deed bound to succeed. In the same vein as assumptions k and I, the second 
part of this implicit assumption is dialectically defensible as a condition of 
existence of balanced accumulation. That is, we know capital must accumulate 
and if we want to get a handle on the ramifications thereof, we need to assume 
away all obstacles to it in order to be able to eventually find out how this trick 
is pulled off in the real world. 

By calculating the numbers in his scheme for several production periods in 
which accumulation and expansion take place, Marx is able to show that the 
result of this assumption is that growth acceleration in department I leads to 
growth deceleration in 11. But if department 1 sticks to the higher growth rate it 
has accelerated to for more than one period and 11 keeps picking up the pieces 
this effect lasts only one period after which both departments are growing at 
the higher rate. Only after that, Marx verbally formulates the proportionality 
condition for expanded reproduction, which in more formal terms boils down 
to: 


(v+s),-Acp=cy+Acy 


On the basis of the above evaluation, it may be concluded that there are at 
least four types of dialectically defensible assumptions. The first of these are 
foundational: they outline meaningful distinctions (such as that between the 
two capital departments), aggregates, categories and relations or ratios (such 
as s/v or v/c) pertaining to the level of abstraction being modelled. Marx’s 
assumption concerning the departmentalisation of produce (d) (and in their 
most lenient interpretations also those concerning the absence of revolutions 
(b) and constancy of s/v (f)) is (are) of this type. Secondly, it may be that 
some influence (such as foreign trade) is absent at the level of abstraction that 
the model pertains to. a (exchange at value), e (depreciation = replacement 
expenditure), h (no foreign trade), i (prior accumulation) and j (no net hoard- 
ing) are of this type. Thirdly, an assumption may formally mimic the heuristics 
of systematic dialectics, by æ) conceptually isolating a — usually static -moment 
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which is 6) dynamised at the next stage of approximation. The tension be- 
tween a) and 8) may next be resolved in what may be called y) a static dynamic 
model, e.g. describing a steady state, a predictable dynamism. Assumptions c 
(defining simple reproduction) and g (assuming technical change away) are of 
this type (albeit that Marx unjustifiably retains g for expanded reproduction). 
Finally, assumptions may anticipate conditions of existence. That is, if one wants 
to see the dynamics of a moment by means of modelling it, obstacles to the 
dynamics concerned, must be assumed away (for the time being). Marx makes 
this type of assumption when assuming sufficient money (k) and labour power 
(1). The latter type of assumptions especially serve as guides to the further de- 
velopment of the dialectical exhibition, for the conditions of existence as- 
sumed at one level must be materially grounded at a more concrete stage (or 
the consequences - such as crises — endured). 

The former two types of assumptions formally recap results that the 
systematic-dialectical exhibition had previously arrived at. As such, they per- 
form the function of assumptions, but from a systematic-dialectical point of 
view they are better thought of as formally presented conclusions regarding 
the level of abstraction under consideration. Strictly speaking therefore, only 
the latter two types qualify as assumptions in a systematic-dialectical sense. By 
formally mimicking heuristics one assumes some aspects away despite the fact 
that they had been previously exhibited. By anticipating later stages we already 
assume that mechanisms that have specific effects are in place before we have 
exhibited them. So the latter two types of assumptions are as yet ungrounded, 
while the former two only formalise that which has already been exhibited 
thus far (compare Chapter 1, Section 2). 

For Marx’s schemes of reproduction, this typology implies that the 
systematic-dialectically informed heuristic assumption on the absence of tech- 
nical change (i.e. g) should be dropped or modified when the transition to ex- 
panded reproduction is made. Failure to do so will result in a one-sided model 
for expanded reproduction that takes extensive accumulation into account only 
and neglects the intensive aspect of that phenomenon. So before it can be said 
that the model captures all essential characteristics of reproduction as it appears 
at the level of abstraction we are at, something must be done concerning g.176 
A possible way forward regarding this is suggested in Chapter 4.177 


176 In effect g states that technological development is kept out of the model. A neoclassical 
economist would be elated if this were the only partially unjustifiable assumption in any 
of their models. So the approach developed here seems very promising if I may say so 
myself. 

177 It is quite possible to model the development of v/c (or one of its guises as c/v or 
c/(c + v)) independently and integrate it into the reproduction schemes. At the level of 
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Alternatively, one may say that dropping g would not affect the proportion- 
ality conditions or the fact that growth acceleration in I leads to deceleration 
in 11, but would only make the link between the development of variable capi- 
tal and constant capital more stochastic. So, although it may not be the most 
elegant solution, one might also adopt a teleological stance regarding g and 
claim that the adoption of this assumption has not influenced the results the 
model set out to attain (i.e. to chart the relationships between departments 
and the conditions of existence for accumulation) and that therefore there has 
been no harm in its adoption. But such a defence is really an admission of 
weakness. 

In the conclusion to this book the typology just introduced is developed 
into a sort of “cookbook” for model building. By way of illustration Chapter 4 
first develops a recipe for reconstructing Marx’s reproduction schemes along 
dialectical lines using all four forms of dialectically justifiable assumptions in 
a predetermined order. The conclusion will draw on and try to generalise from 
the case evaluated here and reconstructed in the next Chapter. 


abstraction of these schemes v/c would then be modelled to fall with accumulation, as 
less labour-intensive technology is adopted with each round of accumulation. That this 
dialectically determined trend is not borne out empirically (Blaug 1963) is immaterial at 
this juncture. 


CHAPTER 4 


A Formal Dynamic Reconstruction of Marx’s 
Schemes of Reproduction along Dialectical Lines 


Introduction 


In Chapter 3 it has been established that Marx had become quite conversant 
with the mathematical textbooks of his time when (after his 1868-70 investi- 
gations) he continued working on his schemes of reproduction in 1878. Fur- 
thermore, Section 3.3 has shown that though most of the assumptions Marx 
makes in these models can be defended dialectically, he only does so when he 
assumes previous accumulation (assumption i), sufficient monetary accom- 
modation (k), and labour abundance (l) in the context of expanded reproduc- 
tion. He defends i and k by claiming that we know from the analysis so far that 
the conditions assumed must somehow hold in practice, even if we do not yet 
know how they are brought about. The only time he did seem to try and defend 
an assumption by referring to earlier — and in systematic dialectics this must 
imply more abstract - stages (viz. 1 on labour power being always on hand), 
his argument required specific additional assumptions on population growth 
which were not (yet) borne out by the systematic-dialectical exhibition up to 
that point and/or came across a trifle inconsistent with his professed goal of in- 
vestigating capitalism as though it encompassed everyone everywhere. So his 
models could be much more thoroughly integrated with and embedded within 
Marx’s dialectics than Marx did or, given his late coming-of-age in mathemati- 
cal techniques, could have done during his lifetime. Moreover, Marx composed 
his models only in draft form, so their status is exploratory (as in Forschung) 
at best. Had he lived long enough to finish Capital 11, he might have exhibited 
them as part of his dialectics. But as it stands, there is ample room for improve- 
ment in this respect. In this chapter I will try to reconstruct Marx’s models 
along dialectical lines to see if and to what extent dialectical insights facilitate 
model building and if and to what extent the finished model(s) (or some equa- 
tions from it) help further the systematic-dialectical exhibition. 

To do so, this chapter will retain only the assumptions or elements there- 
of that have been shown in Section 3.4 to be dialectically defensible albeit 
(sometimes) in their most lenient interpretation only. In effect this means 
that I will pretty much follow Marx in assuming constant prices (assumption 
a and b), two great departments (d), absence of growth (c), absence of foreign 
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trade (h), accumulation out of surplus-value only (j), sufficient monetary 
accommodation (k), and labour abundance (1). As Section 3.3 has shown, set- 
ting depreciation costs equal to replacement expenditure (assumption e) is 
actually dialectically acceptable when looking at Marx’s original text. Hence 
assumption e is accepted throughout this chapter.! The statement made in 
assumption f that s/v = 100% in both departments is modified so as to allow 
for other ratios of s/v, but the postulated constancy is retained. Assumption g 
(claiming equality and constancy of the v/c across departments) is reformulat- 
ed so as to allow for technical change in the context of expanded reproduction. 
Since assuming previous accumulation (assumption i) is totally redundant 
if an adequate algebraic technique is used, I have dropped this assumption 
throughout (see Table 1). 

The genesis and mathematical expression of the assumptions that are re- 
tained are discussed alternately, rather than separately. Thus, it is shown how 
a systematic-dialectical result can be formalised as a model assumption, a few 
of which, taken together, can be mathematically expressed and interpreted 
by (sometimes) calling upon yet another (set of) assumption(s). An auxiliary 
advantage of this presentation strategy is that it allows one to track exactly 
which assumptions are necessary preconditions for each intermediate result. 
Since systematic dialectics thus takes precedence over assumptions, the order 
in which the latter are presented may differ significantly from Marx’s. 

Furthermore, in what follows, Marx’s formulas are expressed in the most 
general way possible. So I have replaced all of Marx’s numerical values with 
letter-like symbols and refrain from calculating anything. Apart from pre- 
venting the pitfalls presented by (possibly) impractically chosen values, this 
procedure ensures that the model stays general, that is, general at its level of 
abstraction. This is dialectically important, for Marx’s goal is to identify the 
processes, interactions and relationships shaping the course of simple (Sec- 
tion 1) and expanded (Section 3) reproduction of capital. Thus, at this level of 
abstraction, we are looking for qualitative and categorial rather than quantita- 
tive results. Assigning specific values to the various variables may be seen to 
suggest a level of concreteness we have not yet reached by a long shot.? 


1 Itis not difficult to see what happens when assumption e is dropped. Most importantly, tak- 
ing such a measure would imply that the proportionality conditions are even harder to sat- 
isfy and thus dropping it would effectively preclude the algebraic determination of results 
arising from these conditions. 

2 This sentence does not imply that Marx does actually suggest this. Marx’s numbers are ar- 
bitrary and exemplary of the general problematic he wanted to get to grips with. They are 
therefore not treated as concrete numbers in Marx’s analysis. 
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TABLE 4 
taken in this 


chapter 


CHAPTER 4 


Marx’s assumptions, their (dialectical) appraisal, and the reconstructive action 


Marx Appraisal Reconstructive action 
Values = prices Negligibility | Absency Accept 
No revolution in values Negligibility | Foundational Accept 
Full surplus-value Heuristic Heuristic Accept for SR; drop for ER 
consumed, ‘no savings by (but retain ‘no savings out 
labour’ of wages’) 
Only two great - Foundational Accept 
departments 
Depr. cost = replacement Heuristic Absency Accept 
expenditure 
s/v= 100%, constant - s/v constant: Constancy accepted; 
and equal in I&II foundational; specific number dropped 
specific number: dial - 
Ratio v/c constant and Simplification Redundant for SR, Drop for SR; accept for EG 
equal in I&II heuristic for EG, and modify for ER 
foundational for ER (v/c falls each year) 
when modified 
No foreign trade Negligibility | Absency Accept 
There has already been Anticipation Absency Drop in order to formally 
reproduction on an bring out the dialectical 
expanded scale transition of SR tot ER 
Hoards = replacement - Absency accept 
expenditure > 
accumulation out of 
surplus-value only 
Monetary Anticipation Anticipation Accept 
accommodation 
Labour abundance Necessity (as Anticipation Accept 
a result of 
technological 
development) 


SR = simple reproduction 
EG = extensive growth 


ER = expanded reproduction 
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Iam not the first to reconstruct Marx’s numerical schemes into a more gen- 
eral algebraic form: for instance, Sweezy and Koshimura cast Marx’s models 
in terms of matrix algebra and generalise and develop it from there, while 
Reuten - staying a lot closer to Marx’s original numerical schemes — basically 
just replaces Marx’s determinate figures with indeterminate symbols. Harris 
casts Marx’s schemes in algebraic form in order to investigate the conditions 
that determine the possibilities for even or uneven growth and how these con- 
straints can be mitigated when allowing capital to be reinvested in another 
department.* The latter is a useful expansion of the model for later stages of 
concretisation. It is not dialectically possible yet at the level of abstraction to 
which Marx’s modelling exercise pertains. Even though Harris’s objective dif- 
fers from mine, his algebraic reconstructions of the model are often similar 
and will therefore sometimes be referred to in the text below. 

None of these accounts, however, explicitly defines variables as time- 
dependent. This is all the more surprising since Marx’s chapters on the “schemes 
of reproduction” are teeming with dynamic vocabulary. Marx speaks of transi- 
tion, of development, of production periods, etc. Yet his numerical schemes es- 
sentially provide snapshots of intended and realised exchange arrangements, 
each developing from the previous one. The process of development itself is 
described, but never modelled as an integral part of the interactions between 
the two departments. Thus, the systematic-dialectical contention that com- 
prehension of the static requires knowledge of its dynamics and vice versa is 
only present in these models in a rudimentary form. So, from a dialectical per- 
spective there is room for improvement here as well. 

Finally, as we have seen, Marx’s model of expanded reproduction was one- 
sided in that he only reintroduced extensive accumulation into the model 
and generally abstracted from the intensive aspects of that phenomenon (as 
described in Section 2.10 of Chapter 3). This situation will be remedied here 
by providing consecutive models of simple reproduction, extensive growth 
and finally expanded reproduction. As Chapter 3 has shown, Marx was con- 
ceptually quite aware that the capitalist dynamics of expanded reproduction 
necessitate both growth of and technical change in total social capital. In his 
models of expanded reproduction, however, he disregards technical change. 
By so doing his model of expanded reproduction is one-sided in that it 
shows only extensive but not intensive growth. To remedy this situation, I 
have reintroduced technical change by reformulating Marx’s assumption on 
it (i.e. assumption g) when modelling expanded reproduction. So in order to 


3 Sweezy 1942, Koshimura 1975, and Reuten 1998, pp. 214-7. 
4 Harris 1972. 
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bring the model of expanded reproduction on a par with the meaning of that 
category as it appears in the dialectical exhibition, my model for expanded 
reproduction is more comprehensive than Marx’s own (which is akin to 
what I label the model for extensive growth in this chapter). At the same 
time this reconstructive action clarifies the transition between simple and 
expanded reproduction and how it can be understood dialectically (compare 
Section 3.2.13). 

All in all then, the following reconstruction of Marx’s models differs from 
his own presentation and from previous accounts in five distinct ways: 

1) only the dialectically defensible (elements of) assumptions are retained; 
2) dialectical reasoning rather than mathematical ease and rigour deter- 
mine the order in which assumptions and equations are presented; 

3) at its level of abstraction the presentation is general and therefore alge- 

braic throughout; 
4) all time-dependent variables are explicitly defined as such; 
5) the intensive and extensive aspects of accumulation are integrated in a 
comprehensive model of expanded reproduction. 
If none of these points need to be violated in the remainder of this chapter, it 
has been proven that the architecture and specification of Marx’s schemes can 
be presented as completely dialectically informed. It may well be that the re- 
construction presented here also allows for new and/or more rigorous conclu- 
sions to be drawn from the model than Marx was able to do from his numerical 
examples. If so, that would be a nice bonus, but it is beyond the scope and 
ambition of this book. 


1 The Model for Simple Reproduction 


When building a model - any model - it makes sense to start by outlining its 
main categories and distinctions. Hence, in order to reconstruct Marx’s model 
for simple reproduction we have to start by identifying which of Marx’s foun- 
dational assumption(s) are relevant to it. As Section 3.3 showed, the distinc- 
tion between the production department of means of production and that of 
consumer goods is dialectically meaningful. So, the following foundational as- 
sumption in any case clearly flows from Marx’s dialectics: 


1. “Society’s total yearly product breaks down into two great depart- 
ments”: a department producing means of production (i.e. current 
and additional constant capital) (department p) and one producing 
means of consumption (i.e. commodities intended for consumption 
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out of wages paid out to variable capital, and out of capitalists’ sur- 
plus-value) (department c) (compare assumption d in Section 3.3).? 


As both departments employ variable and constant capital but produce use 
values necessary for the reproduction of only one of those factors of produc- 
tion, each department is dependent on the use values produced and supplied 
by the other. Making these departments and the major constituent parts of 
the value of a department’s produce explicit in the model, its general outline 


becomes:® 
Cok Vet Spe hy (4.1 
Cot Vet Sc=Xe+/+ (4.2 
C+Vt+S=X (4.3) 
where: 


c = constant capital, the value of the means of production applied (i.e. used up 
that year); 

v = variable capital, the value of the social labour power applied; 

s = surplus-value, the value that is added by labour minus the replacement of 
the variable capital advanced. 

x = the total value of the yearly produce in a department or the economy as a 
whole, that is, means of production used up plus value added.” 


5 The aim here is to present the assumptions that are indispensable for the models as clearly 
and succinctly as possible. Those that are interested in Marx’s exact words are therefore re- 
ferred to Section 3.3. In what follows I will only provide the letter that was assigned to Marx’s 
original assumption in Section 3.3 (viz. “compare d”). 

6 4.1 and 4.2 describe the decomposition of a department's total product into its main com- 
ponents. 4.3 gives us the decomposition of the aggregate product. Hence 4.1-4.3 can also be 

read vertically, e.g. as s = s, + Sẹ So, following Koshimura (1975), one might also take 4.1-4.3 
for one matrix instead of three separate expressions. However, the aim of the reconstruction 
provided in this chapter is to bring Marx’s models on a par with his dialectics. To this end, 
I want to focus exclusively on the five modifications summed up in the last paragraph of the 
introduction and recasting Marx’s models in terms of matrix algebra was not one of them. 
So since Marx appeared to think of these equations as separate expressions and there is no 
dialectical insight to be gained from changing that, I treat Marx’s equations as separate ex- 
pressions as well and the labelling reflects this throughout. 

7 Note that the model is introduced as an elaboration of the commodity capital circuit (see 
Section 3.1.1). Thus, it should only contain flow and no stock variables. In other words, its 
focus is and dialectically should be on the value of the produce in the period considered. c 
therefore should not be interpreted as the stock of constant capital available at the start of 
the year, but as that part of it of which the value is transferred to the product, i.e. that period’s 
depreciation allowance for fixed capital plus the circulating constant capital. In order to 
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The subscripts „ and . indicate whether we are considering the department 
producing means of production or means of consumption respectively.®° 
When an equation or expression is valid for each department, subscript ; is 
used to indicate indeterminateness. 

The next step in the reconstruction of the model is to identify what may 
safely be assumed absent at the level of abstraction the model exercise per- 
tains to, while factoring in the relevant heuristic assumption(s). Since heuristic 
assumptions may hugely limit the amount of potentially complicating factors 
that may or may not be assumed away in virtue of the level of abstraction the 
model is at, they must be made explicit first (if present). Thus, in this case, the 
definition of simple reproduction must now be made explicit: 


2. Simple reproduction means that 1) the total value of the yearly produce 
of both departments (x „and x.) is constant, 2) all surplus-value is con- 
sumed, and 3) there are no savings out of wages (compare c). 


As we have seen, this assumption implies that all variables and the relations 
between them are fixed in the model (implying that fixed prices (assumption 
b) and/or ratios (fand g) need not be assumed anymore) and do not need to be 
explicitly defined as time-dependent yet. This leaves us with only two further 
assumptions on absence to explicate: 


ensure that a period’s production is sufficient to cover both the replacement needs for circu- 
lating capital and the expansion of fixed capital, the period t should be chosen in such a way 
that all fixed capital is depreciated by the end of it. If this is done, it is dialectically justifiable 
to assume fixed capital away. (Admittedly it is not a very elegant solution, but the models 
would be unnecessarily complex without adding insight without it). 

8 The definitions of c, v and s have been taken from Reuten (1998, p. 196) as have my defini- 
tions of the value composition of capital (x) (1998, p. 195), the rate of surplus-value (e) and the 
rate of accumulation (6) (1998, p. 206). 

9 This notation is not exactly Marx’s. Instead Marx uses the subscripts 1 and 11 to indicate the 
department under consideration, where I refers to the department producing means of pro- 
duction and 11 to that producing means of consumption. 

According to Reuten the Roman numerals were replaced with (the European notation of) 
Arab ones in “the notation that has become conventional in modern Marxian economics” 
(1998, p. 197). Thus, where Marx has C; and Cy , conventional Marxian economists have c, 
and c, respectively (compare Chapter 3, footnote 137). I have replaced these numerical sub- 
scripts with letters in order to facilitate dynamisation of the model later on, i.e. the imputa- 
tion of equations describing the development of c, v and s over time. Such dynamisation, 
of course, requires each term to be augmented with a numerical subscript for time and fitting 
each term with two numerical subscripts can only confuse things. 


MARX’S SCHEMES OF REPRODUCTION ALONG DIALECTICAL LINES 157 


3. There is no foreign trade (compare h). 
4. Aggregate depreciation costs incurred yearly equal aggregate yearly 
replacement expenditure (compare e). 


So what we see here is the decomposition of society’s total product into its two 
main departments (assumption 1) and into its three major constituent parts c, 
y, and s. Since all means of production are produced in department p and there 
is no accumulation (assumption 2) or foreign trade (assumption 3) while the 
value of society’s expenditure on constant capital c equals the value of con- 
stant capital transferred to the value of department p’s and c’s produce (i.e. the 
depreciation costs incurred by each department) in any given production 
period (assumption 4), we have the implication: 


Xp =C (4.4) 


or, conversely: 


xX,=Vv+s (4.5) 


This again implies that the flow of constant capital spent for the production 
of means of consumption (c,), is equivalent to the spending on consumption 
by the workers (v,) and the capitalist (s,) in department p. Thus, in the context 
of simple reproduction, the value of the total produce of each department can 
only be actualised, if the following condition holds:!° 


p p c (4.6) 


The upshot of this condition and the most important conclusion from the 
model for simple reproduction is that the necessary capitalist institutions and 
processes exhibited thus far interact in ways that make smooth and harmonic 
reproduction of these relations apparently unlikely. In fact, nothing short of a 
miracle can prevent either of the two departments from getting into minor or 
severe imbalances. For if the year’s expenditure on c,, is larger than v,+s, or, 
equally, x, 
partment p falls short of the maintenance needs for department c so the latter 


minus the expenditure on c, during that period, production in de- 


is forced to contract its production. If it is the other way round, department p 
gets stuck with a stock of unsold products and thus gets into trouble. 


10 Aswe have seen in Section 3.1.1, Marx calls this a proportionality condition. Since propor- 
tionality can also be taken to imply equal growth rates, Marx’s term shall be avoided in the 
remainder of this book. 
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From a systematic-dialectical perspective, explicating the necessity of hav- 
ing two great departments (assumption 1) and modelling the way they must 
be interrelated has brought out that neither department can exist in categorial 
isolation, so they must be thought of as an organic whole: total social capital. 
However, total social capital has been modelled thus far as being in movement 
but not changing. This means that dynamics must now be brought back in. As 
indicated in Section 2.10 of Chapter 3, the capitalist dynamics of accumulation 
take two forms: intensive and extensive growth. We will now turn to extensive 
growth, where expansion of total social capital is considered, but technical 
change is still abstracted from. As such, the model that follows is an algebraic 
reconstruction of Marx’s model for expanded reproduction. 


2 Extensive Growth of Total Social Capital 


Extensive growth (EG) is accumulation without technical change. Modelling it 
therefore requires us to modify assumption 2 (compare c) so as to strip it of all 
elements that are not dialectically defensible. It thus becomes: 


2a. There are no savings out of wages (compare c). 


So, now there is room for expansion of productive capacity paid for out of 
surplus-value (reflected in the model as increases in c. By contrast to assump- 
tion 2, assumption 2a does no longer imply fixed prices (compare assumption 
a and b) and/or ratios (fand g). Even so, we have seen that the value relations 
within “the component parts of the productive capital” form a foundation for 
the capitalist system being modelled here and that revolutions within these 
parts may therefore be assumed away (so b may still be upheld when there is 
accumulation). We have also seen that divergences of prices from values may 
safely be assumed away (assumption a) prior to the introduction of many capi- 
tals. So, we may posit as an absency assumption: 


5. There are no price changes (compare a and b)" 


11 Assumption 5 is in fact irrelevant with respect to the relations between the model vari- 
ables. However, they are relevant with respect to the interpretation of these relationships. 
The all-important proportionality conditions 4.6 and 4.13, for instance, would still hold if 
prices were not fixed, for then it is still true that the money for maintenance and accumu- 
lation of constant capital in department c must be raised from the department’s sales to 
department p. But one cannot interpret possible mismatches in terms of material over — 
or underproduction and concomitant augmentation of stocks of products when prices 
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It is a bit trickier to maintain that s / v = 100% in both departments (f), but it 
has been dialectically exhibited thats / v displays some resilience. So as a foun- 
dational assumption we may posit: 


6. The ratio ofs / v(notation: £) is constant and given in each department 
(compare f) 


To abstract from technical change (by means of assumption g) is not justifi- 
able in the context of expanded reproduction. But since Marx introduces it, 
I too will do so in order to show how my models emanate from and reconstruct 
Marx’s. With assumption 5 in place, technical changes cannot be offset by 
price changes and so they will always correspond to changing value relations 
between the component parts of the productive capital. This means that heu- 
ristically assuming technical change away implies the following assumption 
may be temporarily adopted: 


7. the value composition of capital (defined as x = c/(c + v)) is constant 
and given for each department (compare g). 


Now, to explicate that no other funds for investment besides surplus-value 
have been exhibited at this level of abstraction, a further assumption has to be 
made as an absency assumption: 


8. All expansion of the value of the yearly produce is financed out of a 
department’s own surplus-value (compare j). 


Thus, a part of each department’s surplus-value will now be invested in 
additional means of production and labour power (whatever is left is still con- 
sumed). So surplus-value is now composed of: 


u = surplus-value consumed by or via capitalists (“unproductive consump- 
tion”); 

Ac = surplus-value accumulated in constant capital; and 

Av = surplus-value accumulated in variable capital. 


are not fixed, just as one cannot say that a rising tcc leads to a rising vcc without these 
assumptions in place. In short, without them a mismatch in values does not necessar- 
ily lead to mismatches in volume, although required revenue may still be adversely 
affected. 
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These definitions imply that the following equations hold for the economy 
as a whole (and with appropriate subscripts, they hold for each department as 
well): 

Cry = Cp + Ac; 
Vio = Ve + AY, 
X ty, =X, + AX, 


Assumption 8 implies three possible uses or destinations of surplus-value (s): 
s,=u,+ Ac, + Av; (4.7) 


Making this explicit in the model yields: 


Cpt + Vong + Upe + A Vp + A Cy = Xpt (4.8) 
Cot + Vt Urt AV + ACH =X +/+ (4.9 
C.+v,+Uu,+Av,+Ac,=x; (4.10) 


If there is room for accumulation, more means of production must have been 
produced than were required for maintenance purposes, so that x,, > C+ 
More precisely, production can only increase by the difference between the 
value of the means of production produced, the row total x,,, and those used 
up that year, the column total c,. 

In Marx’s numerical scheme for the base year this requirement is apparent 
from the difference of 500 between the figure reported in the upper right cor- 
ner and that in the lower left:!? 


Co Vo So Xo 
P. 4000 +1000 + 1000 = 6000 
C. 1500 + 750 + 750 = 9000 


5500 +1750 + 1750 = 9000 


These numbers further imply that in Marx’s example £, = £, = ı (or a 100%) 
and that Xp = 0,8 # x, = 0,67. So, for some reason, Marx does not maintain his 
assumption that the ratio of variable to constant capital is identical between 
departments (part of g in Section 3.3) in the context of extensive growth (or, in 
his own terminology, expanded reproduction). 


12 Compare Marx 1978 [1885F], p. 586. 
13 He does, however, maintain this assumption in the context of simple reproduction, which 
is also where he originally introduced it. 
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The fact that production can only increase by the difference between x, 
and ¢; , implies that the aggregated growth rate g of overall constant capital is 
constrained by the amount of production in department p in the following 
way: 


J= (Xpe - ¢,)/c, = Acic; (4.11) 


and consequentially: 
Cry = Cy +4c,=(1+ ge, (4.12) 


By adding appropriate subscripts, the latter expression can also apply to a 
specific department, as long as total constant capital accumulation does not ex- 
ceed production (X, - c,= Ac,=Ac,, + Ac,;). Since for the purpose of modelling 
this dialectical moment we have abstracted from redistributions between c, v 
and s for now (assumptions 6 and 7), all value components in a department 
will grow at the same rate (i.e. g, or g,) (as we will see, divergences between 
the growth rates g, and g, pertaining to both departments can easily arise), 
provided that the anticipatory assumptions on monetary accommodation (k) 
and labour abundance (I) hold. So the following must now be assumed: 


g. There is always enough money available to finance hoarding for re- 
placement purposes and accumulation at the desired rate (comparek). 

10. An accumulating department will always find sufficient labour power 
on hand to increase the variable capital it employs by as much as its 
growth rate requires (compare 1). 


Now, as we have already seen with simple reproduction, the only funds available 
for use on constant capital spent on the production of means of consumption 
in the base year come from the unproductive consumption of capitalists and 
labourers in department p. In the context of extensive growth this means that 
this influx of money to department c must serve both its replacement and its 
accumulation needs. Given, however, that department p also accumulates and 
hence will hire additional labour power spending its wages on consumption 
goods, this influx of money rises each year. Thus, in the context of extensive 
growth, the value of the total produce of each department can only be actual- 
ised, if the following condition holds:!* 


14 Products are usually bought in the same year as they are produced, so the value of x, will 


only be actualised if x,, = Cpi + Cop + AC pe + AC gy = Cpt + Ye + Upe + AV,, + Ac,,. Eliminating 


pt pt pt 
terms found on both sides of the equal sign yields condition 4.13. 
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Vpt tUpe + AYy= Cop + AC oy (4.13) 
With all ratios between c, v and s given through assumptions 6 and 7, we can 


write: 
Sie=EViti Use= (1 9u)su= (1- Onlemn 
In combination with expression 4.7 these expressions imply: 


Av. + AC ip = Die Sit = OE: Vit 
Av„=(1-%) OnE: Vins AC =X OEM i 


From this it can be determined that the (departmental or macroeconomic) 
rate of accumulation out of surplus-value (@ = (Av + Ac) /s) is proportional to 
that department’s (or the macroeconomic) growth rate: 


Av. /v,=(1-x,)¢€,@: 
Viel Vit ( i) i~i (4.14) 
NC ipl Cig = KiE OVa l Cie = (1 xi) Eiba 


The economy can grow without major disruptions or adaptations by any de- 
partment (that is to say, it experiences balanced growth), if g, = gp = g. Ex- 
pression 4.14 tells us that in that case:g, = (1 - x.) €.8, = (1 - xp) Ep Op = g,This 
expression implies that balanced growth only exists if the following condition 
is met: 


ee (4.15) 


Since department p holds all the means of production, it can simply retain 
more of its own produce in order to change its rate of accumulation. So in 
the context of extensive growth and before exhibiting many capitals, we may 
assume: 


ı1. Changes in department p’s rate of accumulation are always actual- 
ised. Department c’s actualisable rates are therefore constrained by 
the amount left by department p. Anticipating eventual recovery, it is 
assumed department c accumulates in such a way that all of depart- 
ment p’s produce is actually sold. 


So, given the assumption that s = ev, condition 4.13 and the vec for 
both departments in the relevant production period, the maximum rate of 
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accumulation out of surplus-value possible for department c, 9.,,, is a function 
of 9, (see the appendix for its derivation): 


(€,+1-%,&,0,,)(4/%,-1) € 


p pp pt p pt 1 
Be (G Xe Ec i Cet G = JE De) 
Alternatively, given that the relationship 6, = ——— holds for both depart- 


ments (albeit with different parameters) afg actualisable growth rate for 
department c ( g, ) can be expressed in terms of the growth rate set by depart- 
ment p (9, ) (again, its derivation can be found in the appendix): 


Get = Cot x Ipt 1 (4.17)5 


This equation is similar to 14a in Harris.!6 From 4.16, the ratio between the value 


of constant capital employed in both departments ( £” 2 ) required for the exis- 
tence of a steady state can be found by setting g = gpr 


c 1-X,)(1+ € 
pt | (I~ %p)(1 + Ep) 
Get = Ipt= ty x Ipt 1 


p 


Cot x, + Ip) ee) 


Ca (1 - x) + Ep) -Xp Ipit 


Since this expression features only the parameters of department p, we can say 
that department p determines whether the economy is at a balanced growth 
path or not. If it is not, but department c acts in accordance to assumption 11, 
the conditions for balanced growth are restored after just one period. This is so 
because 4.17 can be rewritten to yield: 


15 When Reuten calculates the actual realised rates of growth for both departments from 
Marx’s numerical examples, he inserts them behind the relevant row in Marx’s numerical 
scheme for the next period (1998, p. 211-2). This might leave the impression that these are 
the growth rates to be realised on the basis of the values of the c and v invested and the s 
realised in that period, whereas the numbers he mentions in these places actually refer to 
the accumulation that took place in the previous period. 

16 Harris 1972, p. 512. 
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(1-x,)(1+8,) 
(1 + Get) ct z Coty 7 cpe i 2 Ipd 


We further know that cpt = Cp¢(1 + gpt)» SO 


CHtr Cpe F Ipi) x, * Ip) 


Con (1-%,)(1+ 8,) @- xp)(1 + Ep) -Xp Int 
Gl Ip 


This proves that if all value produced in department p is actualised (i.e. 
assumption 11, formalised as expression 4.16 and 4.17, holds), the steady state 
is restored after just one period. So, when department p sets a different growth 
rate for itself at time t and, anticipating eventual recovery, department c is as- 
sumed to buy up the leftovers, the following holds: 


Got < I: < Ipt = Jin = (Xpt iai om)! Cem z A Cty / Cty = Jotun = Ip,t+r 


In Marx’s numerical example for the transition period, the divergences 
between g,, and g,,and 6,, and 9, are visible as follows: 


OC, Vy Uy Ay, Ac, Xo 
p. 4000 + 1000 + 500 + 100 + 400 = 6000 
ce. 1500 + 750 + 600 + 50 + 100 = 3000 
5500 + 1750 + oo + 150 + 500 = 9000 


Scrutiny of these numbers reveals: 6, = 50% + 0, = 20% and g, = 10% + 
Je =6.7%.!" The formulae presented yield exactly the same results.!® 

All in all, the model for extensive growth (which is in essence an algebraic 
version of Marx’s model for expanded reproduction) shows how department c’s 
accumulation possibilities are interconnected with changes in the rate of ac- 
cumulation out of surplus-value that are initiated in department p if smooth 
adaptation to an altered proportional growth path is to occur. But this is not 
what Marx does with it. Note that, although the model describes how changes 
in one department should correspond to changes in the other department if 


17 Compare Marx 1978 [1885F], p. 587; compare Reuten 1998, p. 211. 

18 As presented, the model connects perfectly with Marx’s numerical schemes. Again, this 
can easily be checked by checking the results of the equations presented against Marx’s 
numerical schemes (1978 [1885F], pp. 586-9). 
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crisis is to be prevented, there is no mechanism in place (nor theorised) that 
would compel any department to make the changes calculated in the model, 
at least not at this level of abstraction. In effect then, assumption u anticipates 
such a mechanism. When such an adaptation mechanism were to be con- 
cretely determined, it is unlikely to produce as smooth an adaptation as the 
model depicts, but we would not be living in a capitalist society anymore if the 
mechanism did not exist at all. So it is safe to anticipate its existence. Accumu- 
lation plans involve rather long-term strategic decisions. Thus, it is unlikely for 
intended purchases to match realised (or even realisable) sales.!? 

From the valorisation requirements it can be inferred that accelerating 
accumulation in department p, results not only in a shortage of means of 
production for department c, but also in deficient sales of consumption goods. 
Thus, department c’s accumulation falls short of the mark, while it is operating 
at overcapacity. Or at least it appears so during transition. If department c were 
to respond to this situation by decreasing its demand for means of production 
(as seems likely), the part of assumption 10 about department c consistently 
picking up the pieces cannot be maintained and instead of smoothly adapt- 
ing to a higher steady growth path, the economy would spiral into recession.?° 
So the first question arising from those models is whether some mechanism 
coordinating accumulation in the two departments can be identified. 

From a dialectical perspective, we may say that when capital’s drive to expand 
(express itself in the world) through extensive growth is considered in isolation, 
we can (at least theoretically) construct a solution in which both departments 
can grow at the same rate. Moreover, the solution allows for changes to be made 
to this rate. But as noted, there is no mechanism exhibited so far that might 
ensure that the solution will also be found and carried out in practice. 

Either way, we cannot return to the systematic-dialectical exhibition, before 
our model has been brought back on a par with its concept. So we must now 
adjust our model further to see how the two departments of total social capital 
would interrelate if they expand and innovate at the same time. To chart this, 
we now turn to the model for y) expanded reproduction. 


19 Early twentieth-century Marxian economists, such as Rosa Luxemburg, had also drawn 
this conclusion. These economists, however, held that this conclusion directly applied to 
actually existing capitalism and therefore held that this result implied the necessity for 
state intervention. From a dialectical point of view, by contrast, this is an intermediate 
result only. Coupled with the fact that the exhibition so far does not adequately capture 
the capitalist system in its full actuality and that at least a partial solution must be found 
at a more concrete level (e.g. by the introduction of many capitals and the concomitant 
divergence of prices from values). See Bellofiore (ed. 2009) for an exposition of Luxem- 
burg’s arguments, the debate surrounding them, and suggested ways forward. 

20 Reuten 1998, p. 210. 
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3 The Model for Expanded Reproduction 


Integrating innovation into the model for extensive growth requires us to allow 
for renewal of existing fixed constant capital (resulting in redistributions be- 
tween c and v in favour of c) and growth of the total value of capital applied 
simultaneously. This means that the vcc must now be assumed to rise every 
year, so we get: 


7a. The value composition of capital rises with each round of accumulation 


Xit 
I- Xy 


ez ; Ci 
If we redefine the value composition of capital as (, = = a we can for- 


malise assumption 7a as: 
Gr =(1+9,) Sit 


In which ¢ is the growth rate of the value composition of capital. Furthermore, 
everything that was assumed for extensive growth is also assumed here.” 

Because of the integration of technical change (intensive growth) into 
the model for extensive growth, the growth rates of the constant and vari- 
z - ee = Qı We further know that 
Av, + AC = Oit Si = Oit € Vip SO WE May write: 


able capital start to diverge by 9 so that 


Acy Avg Acy Avg 
Cit Ye TU? Ce Vit Pit 


Av, 
> ACE Ch V_ T Pit Cit = Ge AV it + Dit Sit Vit 


> Avy + Ac AVi + GAY + Pit Se Vit (4.18) 
= (14+ Gi) Av + it Sie Vie = Fit Es Mt 
O46; -— Ca % Av, O46: - Qik 
=> Avy= ii Pit it Vit and 5 it it “i Pit i 
WEG it 1+ Cy 
048-9; Ney — OnE; - Git Sit 
> Ac,=“~'*"¢,+0,c, and il Eg, 
it 1 +, it Pit it Cit 14+ & Pit 


21 For assumption u this means that department p takes the lead in both innovation and 
setting the rate of accumulation. But this can better be made explicit later on, for this as- 
sumption is not required yet for the first few equations presented. 
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The latter two expressions describe the growth rate of variable and constant 
capital respectively. When integrating intensive and extensive growth, we may 
assume that department p takes the lead regarding both innovation and ex- 
pansion, so assumption 1 becomes: 


ua. Changes in department p’s rate of accumulation are always actualised 
in conformity to the latest technology. Department c’s actualisable 
rates are therefore constrained by the amount left by department 
p. Anticipating eventual recovery, it is assumed department c accu- 
mulates in such a way that all of department p’s produce is actually 


sold. 
As with extensive growth, this again means that the growth rate for constant 
Ac 
capital in department c, << can be written as a function of — via the valori- 


Cot Cot 

sation condition for expanded reproduction (4.13 can still be used for this, as it 
is not affected by technological change ). This function now becomes (see the 
appendix for its derivation): 


AC et Acpe| 1 Cpt 
eG ha Byt)Ep - Pp + a aCe 1 (4.19) 


4.19 implies that constant capital applied in department c in t + 1, Cet,» must be 
determined by the following algorithm if all produce is to be valorised: 


AC oy Ache 
[+ = |C = Coy= 1+ (1 0,)&, Ppt +T | Ye 


Since technical change implies an ongoing shift in favour of constant capital, 
the part of the value of total capital laid out as variable capital will fall through 
time. With e being constant, this implies that s, too, must fall relative to the 
value of total capital laid out (and total output produced) in each period. As a 
result, funds spent on means of consumption fall relative to those spent on 
means of production. So both departments can no longer grow at the same 
rate. Would this mean that department c has to make the adjustments de- 
scribed in 4.19 every period or would it be possible to prevent crises if both 
departments stick to some specific accumulation rate? To find the answer, it 
helps to define the profit rate as ry = =>, = ĉi, With this definition in place 


V 14+ Ge 
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we can say that accumulation rates can only be constant through time if the 
following condition is met and its result constant through time (see the appen- 
dix for its derivation): 


Ac,, 
c 


je = Trl p + Pp / 8] 2I 
pt Cet r[ 0. + Pe/ Ee] Pe 


t 
A x constant 


4.20 
sitel Oa a ead = 


er po (Lt Vp)! Ee 


This can only be true if the ratio of profit rates is constant. The expression 
shows further that for this to be true the value composition of capital has to be 
the same in both departments in all periods, i.e.:p. = 9, = p and Zoo = yo» 
so that Ça = ¢,, Vt. When this condition is not met, department c will have 
to adjust to department p by following 4.19 every period.?? Meanwhile, it is 
unclear how this information could reach the other department and if it did 


22 Understandably, any mainstream trained economist is likely to think that the workings of 
market supply and demand (“the invisible hand”) will go a long way in ensuring that this 
condition is met. A first precondition for this to work is that there are many competing 
capitals. And indeed after the dialectical exhibition thereof and the concomitant vari- 
ability of values and technical compositions of capital, smooth adaptation is perhaps less 
of a miracle. Firstly, the many capitals in department p hustling for customers are less 
likely to be picky as to what sort of company buys their product. So, given many capitals 
department p is likely to be less self-centred, thus limiting the need for department c to 
adjust to department p to prevent crises. 

Harris shows mathematically that modification of the model so as to accommodate 
the fact that capitalists invest surplus-value wherever they expect the highest profits and 
not just in their own business, imparts “greater flexibility to the solution’, thus illustrating 
how furthering the exhibition of Marx’s dialectical framework does indeed produce the 
conditions of existence for reproduction and accumulation (1972, p. 516). 

Secondly, price rises in means of production may help to force department c to lower 
its demand for department p’s produce by the required amount. Similarly, department c 
may be forced to lower its prices in order to get rid of its unsold products. All this dimin- 
ishes the chances of crises occurring; it does not resolve the problem. After all, crises are 
regularly recurring, but not endemic, phenomena. So although crisis tendencies are en- 
demic to capitalism, these tendencies are often temporarily, but successfully, prevented 
from asserting themselves somehow. 

It is a curious fact that Marx had written the notebooks in which he introduced many 
capitals (edited into Capital 111 by Engels), before he had started work on his schemes of 
reproduction (posthumously edited into Capital 11, Part 3). So it does not appear that the 
introduction of many capitals in Volume 11 sprang forth from the coordination problems 
borne out by Marx’s models at the end of Volume 1r. Nevertheless the models - in their 
current reconstruction at least - make the transition more defensible and transparent. 
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somehow, what mechanism would entice it to act upon it so as to make sure all 
produce is valorised. 

At any rate, the results show not only that the model for expanded repro- 
duction is insufficiently concrete to account for all interactions taking place 
within total social capital, but also serves as a guide to furthering the dialecti- 
cal exhibition by pointing out the exact source of the insufficiency as being the 
absence of a mechanism ensuring equalisation of the value composition of 
capital across departments. 

Though Marx also concluded that a mechanism ensuring balanced growth 
was crucial to expanded reproduction (rechristened extensive growth in this 
chapter), his numerical presentation of the models that were algebraically pre- 
sented in this chapter obscures the exact information department c would 
have to act upon (and how) in order to make this miracle happen. In the for- 
mulae presented here, this is directly apparent. Moreover, the formulae clarify 
what further data is needed as the models are brought back on a par with 
Marx’s category of expanded reproduction through successive model genera- 
tions, the last of which was not even considered by Marx. Thus, Marx never 
ventured beyond the model for extensive growth (i.e. accumulation without 
technical change) and therefore never presented the influence of changing 
vce ’s on accumulation anyway. As a result he could not draw the conclusion 
that balanced growth (defined as sustained growth by equal rates in both de- 
partments) is utterly impossible when taking technical change into account. In 
short, my reconstruction ventures beyond Marx and its algebraic formulation 
prevents the inadvertent loss of information on the type of parameters and 
data needed to create the numerical schemes that Marx originally limited him- 
self to. 


Summary and Conclusions 


If Marx’s “schemes of reproduction” are studied from a systematic-dialectical 
perspective, i.e. as moments in the systematic-dialectical exhibition of Capital 
as a whole, most of its assumptions are justifiable (as was already clear from 
Section 3.3). What is more, if one makes due with those that are dialectically 
justifiable one may still formulate the model (and even dynamically so). 

So, just to reiterate: Marx introduces his models into his dialectics after his 
exhibition of technical change, of the accumulation of capital (and again tech- 
nical change in that perspective), of the several capital circuits of capital and 
of the opposition between «) fixed and ß) circulating capital. So it has been 
established that capital can only throw off surplus-value (is self-valorising) if it 
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continuously engages in circuits in which the labour equivalent of variable cap- 
ital physically transforms the means of production equivalent of constant capi- 
tal with a view to exchange. Maintenance and accumulation of constant capital 
in the shape of means of production as well as maintenance and accumulation 
of variable capital in the shape of labour-power together with capitalist’s own 
consumption, requires means of production and consumption goods. Given 
specialisation, the two types of commodities are produced in two discernible 
separate departments (assumption 1). At this level of abstraction capital is 
just partitioned into two departments, and there is no foreign trade (assump- 

tion 3). 

Section 3.3 already showed that it is not warranted dialectically to assume 
technical change away indefinitely. At the same time it has been argued that 
heuristically abstracting from it for a part of the model can be defended dia- 
lectically. These considerations led me to add a model generation to Marx’s 
schemes of simple and expanded reproduction: 

1. Simple reproduction in which all change is absent (after all an under- 
standing of dynamic processes requires us to grasp the static nature of its 
elements first); 

2. Extensive growth, in which capital expands but does not undergo any 
technical change; 

3. Expanded reproduction which allows for both expansion and technical 
change and thus goes beyond Marx. 

Note that Marx’s model for expanded reproduction considers extensive growth 

only and hence bears most similarity to my model for extensive growth. Thus, 

the model for expanded reproduction as presented here gives a fuller account 
of what is involved in that category than Marx’s. 

For the formal representation of Marx’s models the following symbols were 


used: 

c constant capital, the value of the means of production 
applied; 

v variable capital, the value of the social labour power 
applied; 

s surplus-value, the value that is added by labour minus the re- 
placement of the variable capital advanced; 

x the total value of the yearly produce in a department or the 
economy as a whole; 

u surplus-value consumed by or via capitalists (“unproductive 
consumption”); 

Ac surplus-value accumulated in constant capital; 


Av surplus-value accumulated in variable capital; 
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g proportional growth rate; 

gpand g, growth rates for department p and c respectively (during 
transition); 

x, and x, the value composition of capital = c/(c + v); 

5 and & an alternative definition of the value composition of capital 
=c/v 

Es and £, the rate of surplus-value = s/v; 

0 the rate of accumulation out of surplus-value = (Av + Ac)/s; 

Pp and p, the growth rate of & 

r, and r, the profit rate s/(c + v); 

t time, also denoted as a (numerical) subscript where the base 
year = 0; 


The subscripts „ and , indicate whether we are considering the department 
producing means of production or means of consumption respectively. When 
an equation or expression is valid for each department, subscript ; was used to 
indicate indeterminateness. 

Given further that accumulation must be paid for out of surplus-value 
(assumption 10), we may write: 


s;=u;+ Ac; + Ay; (4.7: definition) 


and for the model’s main matrix: 


Cop + Vpt + Une + AV p + AC, = Xpt (4.8) 
Cot + Vet + Uct + Avcı + Acct = Xet +/+ (4.9) 
Ct + vt + ut + Ave + Act = xt 

(4.10) 


From this matrix follows the condition for valorisation of all produce: 


Vv 


pt + Upe + Av 


pt = Cor + AC op (4.13: implication) 
This is (the ultimate abstraction of) the model for extensive growth and ex- 
panded reproduction. The model for simple reproduction, however, can be 
conceived of as the extreme case where all A’s are zero, so that redistributions 
between the value components of total social capital and expansion of its total 
value are both impossible. 

If there is extensive growth and both departments grow at 


Gt = (Xp Cy) /C; = Ac,/c, (4.11) 
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the modelled economy is on a proportional growth path and the value of con- 
stant capital would develop as follows: 


Cry = Cp + AC = (14+ G1) Cy (4.12) 


Since the model for extensive growth abstracts heuristically from technical 
change, all value components in a department grow at the same rate. How- 
ever when department p increases its rate of accumulation, it would leave less 
means of production on offer for department c. If the latter department buys 
up all that is available, its growth is related to the growth rate set by depart- 
ment p as follows: 


Get = Co x Ipt 1 (4.17) 


If department c adjusts to changes in the accumulation rate or concomitant 
growth rate in department p using this formula, Marx’s intuition that a new 
steady state, or balanced growth path will be reached in just one period can be 
proven to be generally true. When intensive and extensive growth are articu- 
lated together in the model (i.e. when moving on to the model for expanded 
reproduction), the growth rate for department c is even more adversely af- 
fected by an acceleration of growth, because growth acceleration would then 
go along with intensifying production so the amount of constant capital that 
stays in department p (and is thus never offered to department c) is higher 
than it would be without technical change. More precisely, the (redefined) 
value composition of capital now grows in time: 


Xx: C; 
ae =I ae = m = (1 + Pit)S; 


In analogy to 4.16 we may then write: 


ee 1+ (1- Opt)Ep - Pp + AT 1 (4.19) 


This result enables one to prove that balanced growth is impossible with ongo- 
ing technical change. 

These models show how the models for the categories of simple reproduc- 
tion, intensive and extensive growth and expanded reproduction can be devel- 
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oped alongside and in line with the dialectics that gave rise to the categories 
themselves. In so doing, the models grow ever more intricate and complex, 
which reflects how our understanding of the way in which the two great de- 
partments are interrelated grows more intricate and complex as well. Finally, 
the algebraic generalisations presented, ensure that the results found (such as 
the equations describing the way that the factors determining g, interact 
during transition) are perfectly general and will work with all numbers. Addi- 
tionally, the algebraic formalisations allow one to see how all vantage points 
taken until we arrived at the model for expanded reproduction can be con- 
ceived of as special cases of this most intricate and complicated model. 


APPENDIX 


Derivations 


Al Accumulation and Growth Rate for Department c as a Function of 
Accumulation and Growth in Department p with Extensive Growth 
(expressions 4.15 and 4.16) 


For this derivation we need the technical and behavioural relationships which deter- 
mine the movement through time of the system: the vcc (x;), the rate of surplus-value 
(&;), and the way in which the accumulation rates determine the spending on p-goods 
and c-goods. Subscript i denotes an indeterminate department and thus may be read 
as either c or p. 

For each department, express v and s in terms of c (omitting the time index for the 


moment): 
€ € Xi H Hagi Pa P 
eis ee k! (kř as in Harris’ expression 2) > 
Lk; H 
vez Ci Or c= k” v; 
Si 1- Xi F 
FS yp se iT = = Ec; ki 


Defining @,, as the accumulation rate in department i at t, the division of surplus-value 
is according to 


Uy = (1 = WARTE Avg = (1 = Rus; Acı= rd 


Which keeps the ratios between c, v and s constant through time. Then apply the con- 
dition for sales actualisation 4.13 and use these expressions: 


Cop + AC og = Voy + Upe + AVe 


Because of the noted constancy of the ratios between c, v and s, the left hand side 
(LHS) of this equation can be expressed as follows: 


ı Harris 1972, p. 508. 
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Coe + ACop = Cop + Xe Bet Sct = Cet + Xe Bet Ec Vet 
8 1-%. 7) 
= Ceot t Xe Ucet Ec Ko Cot = Coe + Uet &.(1 Ka x.) Cot 


= LHS = [1 + 0,&.(1- Xe) | Cee 


Similarly the right hand side (RHs) can be written as: 


Vpt + Upe + AVG = Vpt + (1- Bene +(1- Xp) Spe 


= Ype + E- % Opel Ep Ype= [1 + Ep =- Xp Opt Eppe 


pt P 
8 1-X, 
RHS = [2 + Ep = Xp pt Epl pt 
Setting LHS = RHS, we get: 
1-X, 
[1 + De &.(1 x.)] Car [a + Ep Xp Op Ep] Xp Cot 


Ink, 


Cpt 
OaE- xe) = Hen tH; Ol - 1 


So, one can write (compare expression 4.15 above): 


Cpt Lt Ep- Xp Oy &, 1 - X, E 


Cet €(1 = Xo) %p é,(1 = Xo) 


Oat = 


Then derive 4.16 from 4.15. Note that the (time-dependent) growth rate for department 


iis: 
Git = El- %;)O it 


Multiplying both sides of 4.15 by ¢,(1 - x,)will then yield: 
Cae 1-X, 
Get = Pet EI — x.) = z(t + Ep = Xp Opt & -1 


Cyl -%, 
Ian Tw, LC + Ep) = Xp B peep] -1 
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c„fı-% 

| x, (1+ Ep) (1 Xp) Ope p|-2 
Cy | (1 - x) + E) 

DP Get | 5 r A 1 


Which is expression 4.17.7 


A2 Constant Capital’s Growth Rate for Department c for the Case of 
Expanded Reproduction (expression 4.19) 


Using 4.13: Vpt + Upe + A Vpt = Cy + Å Cot 
And substituting from 4.18: 


Orc — Pet Ca OptEp a Ppt Spt 


AC o = Ct + PC resp. Av y = — —V 
ct 1+ oe ct Pet ct P pt 1+ Bi pt 
yields: 
Dnt Ep -Pah Bop Ee 
pt“p pt >pt ct Ec Pet Sot 
>V,-+U, + Vot = Co + Co t c 
pt pt 1+ pt ct 1+ Či ct Pet ct 


pt 


Bet & = Pet Cot 


Vor = (1+ Pet) Car + Cot 
p C C 1+ a i od 


One Ep = Ppt Sue 


>v,,+ (1-90,,) E V7 + 
pt ( pt) En Vink 1+ 6 


so: 


One Ep — Ppt Spe 
pt Ep — Ppt Sp V 


1+ 


6, Ee- Pa & 
t t | Cot 


= = ß + Pc) + 14a 


> f+ (= 8p) + 


Or in terms of growth rates: 


The latter is expression 4.19. 


2 Compare Harris’s 14a (1972, p. 512). 
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A3 


The Condition for Constant Rates of Accumulation in Case of 
Expanded Reproduction (expression 4.20) 


Mey — OntEy — Py & 0e 
pt _ “pt “pF pt pt pt Ep 7 
= = = + 
pt 1+ Spe Poe Ty St F Petry Gen pE [Fp Pp! 7 
Acet Oot Ec Pet 
+ r [Ou + Perl Ee] 


Ce 14+, 1+l, & 


So, when accumulation rates and 9, are fixed, the ratio between growth rates is propor- 


tional to the profit rates: 


and 


Acp „Acu “rt + Pp!) _ Xp 
Coe Cot Talbet Pele] e 


t 
-x constant Oa = 9. 


Tot €p E+ Got &p 
E 


Ft 1+ 1+ 1+ Gy “ec 


pt 


Cot = Seo (1 + Pe)" 
Tot 1+ Sco (1 + Pe)“ Ep 
Tet < 1+ po G + Pp)’ & 


Ac, Ac, "ul +p, lE 1+ %, (1+ 9,)'§ 
pt = ct _ pil p tp 2 2 (+e ) = x constant 
Cpt u rele + Gel Ec] At po (1+ Yp) i 


Summary and General Conclusions 


The aim of this book has been twofold. First, it has established how a 
systematic-dialectical perspective elucidates the nature of mathematics by 
clarifying the nature of the categories that the mathematical sciences depend 
upon. Secondly, this book has shown how a systematic-dialectical perspective 
on capitalism may inform assumptions for mathematical models and how 
the results of these models can further the systematic-dialectical exhibition 
that gave rise to the assumptions. Thus, it was shown how the two approach- 
es mutually reinforce each other and are far from being mutually exclusive. 
The former was achieved by means of an investigation of Hegel’s dialectical 
account of the mathematical (Chapter 2). The latter aim was achieved by 
a critical evaluation of the assumptions Marx makes when drawing up his 
schemes (i.e. models) of reproduction from a systematic-dialectical perspec- 
tive. Since these models are presented alongside Marx’s systematic-dialectical 
account of Capitalism, an exploration of the way Marx has integrated them 
into his overall account (Chapter 3) and the possibilities for improvement in 
this respect (Chapter 4) have been instrumental in indicating how a tighter fit 
might be achieved between the systematic-dialectical foundations of model 
assumptions, the assumptions themselves, and the model. 

Before Hegel’s dialectical determination of the mathematical could be pre- 
sented, however, a more detailed understanding of Hegel’s and Marx’s histori- 
cal and systematic dialectics was required (Chapter 1). Thus, the book opened 
with a methodological chapter describing Hegel’s dialectics and Marx’s cri- 
tique thereof, as well as its implications for Marx’s own dialectics. In a nutshell, 
the systematic-dialectical method reconstructs the knowledge about a given 
object totality, whose intelligibility is fully dependent upon one category: its 
universal principle. One can, of course, only reconstruct knowledge if one has 
first acquired enough of it (in the phase of appropriation). 

The universal principle is a category without which no sense can be made 
of the totality under scrutiny. A central reference in this book was Hegel’s En- 
cyclopddie der philosophischen Wissenschaften, in which Hegel outlines the 
systematic interconnections between all fields of knowledge in their totality. 
In his view three object totalities can be distinguished within this totality of all 
knowledge: the Logic, the realm of “the idea in and for itself”; Nature, the realm 
of “the idea in its otherness”; and society, the realm of “the idea that returns 
into itself out of its otherness”. Hegel identifies Being, Space, and Free Will as 
their respective universal principles. 
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In order to reconstruct the knowledge about an object totality from such 
a universal principle, Hegel asks himself three questions: «) how does this 
universal principle appear in total categorial isolation (that is, if one tries to 
imagine it without taking recourse to any examples)?; 8) how does it express 
itself in the world (that is, how does it appear if one tries to behold all of its 
instances/examples at once)?; and finally, y) how can the tension between an 
q) abstract thought and its 8) instances be resolved? By asking the questions 
a) and 6) again about the category found under y) the process can start anew, 
until finally some y) is found that is at one with its expression and thus would 
no longer yield oppositional answers to «) and ß). 

After his systematic-dialectical accounts were complete, Hegel applied 
these principles to the philosophy of history, which he describes as a battle of 
the q) “abstract Generality” of the state against the ß) principle of specific Sub- 
jectivity that would eventually give rise to the new nexus of the y) Ideal State. 
In Hegel’s view this process could potentially be completed in the post French 
Revolution society in which he lived. 

Marx’s criticism of Hegel is twofold. First, in his Zur Kritik der Hegelschen 
Rechtsphilosophie, Marx criticises Hegel’s account of society for being too har- 
monious. Secondly, and in my view relatedly, in his Critique of Hegel’s Philoso- 
phy and Dialectics in General he criticises Hegel’s dialectical obsession with the 
resolution of conflicts, for in Marx’s view this precludes Hegel from recognising 
misrepresentations of Nature in thought as well as actually existing conflicts. 
Marx’s historical materialism that largely took shape in Die deutsche Ideologie 
(which Marx wrote in collaboration with Engels) indicates Marx’s partial solu- 
tion to both problems. In response to the first critique, historical materialism 
describes material inequalities as an ongoing cause of change and revolution, 
and thus identifies every society thus far, including capitalism, as a battlefield 
in which Free Will is anything but actualised. In response to the second cri- 
tique, this conflict-ridden take on Capitalism also allows for a description of 
actually existing conflicts. Furthermore, Marx and Engels’s account of history 
takes distance from the received view, thus enabling the recognition of misrep- 
resentations in historical accounts thus far. 

So, if one holds that Marx intended his social theories in the Grundrisse and 
Capital to be systematic-dialectical (as all authors reviewed in Section 1.4 do - 
and I concur) it is likely to differ from Hegel’s in three respects: 

1. The knowledge reconstructed should be appropriated critically, so as to 
allow for the chance that categories developed in the empirical sciences 
misrepresent the matter at hand; 

2. Its starting point should be materially grounded in the relations of pro- 
duction emanating from material inequalities; 


180 SUMMARY AND GENERAL CONCLUSIONS 


3. Its starting point should allow for unresolved conflicts at every stage of 
the dialectical exhibition. 

Whether Marx’s attempt at formulating a systematic-dialectical alternative for 

Hegel’s social theory was successful and the ramifications this has for mod- 

el building can best be discussed after having setting out Hegel's take on the 

mathematical, as was done in Chapter 2. 

Hegel discusses the Quantitative and its moments as part of 1) the Doctrine 
of Being, which is the first of the three subdivisions in his Logic (the other two 
being 2) the Doctrine of Essence and 3) the Doctrine of the Concept). This 
doctrine is itself subdivided into the Sections A) Quality, B) Quantity, and C) 
Measure. The three object totalities Hegel discusses in his Encyclopddie, as well 
as the subdivisions therein and the sections of those, all relate to each other in 
the same way as a, ß, and y do. Hence, the place Hegel reserves for his determi- 
nation of the Quantitative implies that 1) Hegel conceives of the Quantitative 
as a fairly abstract field that is nevertheless indispensable for the understand- 
ing of everything else, and 2) the Quantitative is a reflection on the hopeless 
multiplicity one is confronted with when trying to get to grips with all concrete 
instances and examples of the Qualitative at once. In overview, Hegel reasons 
as follows: On the basis of Quality alone we are unable to make qualitative 
distinctions, so we enter the realm of Quantity, which is governed by external 
reflections on sets of elements. The elements are arbitrarily chosen Units One 
and the sets are Amounts of them expressed through Number in an Intensive 
Magnitude that has its ultimate meaning in the bad potential infinity that de- 
velops in its Extensive Magnitude, but can only be negatively defined as being 
beyond the finite. So just as Quality is not sufficient to understand the abso- 
lute, so is Quantity. So we need both. That is, we need a qualitative Quantum: 
y) Measure. Only though Measure there can be any hopes for practical applica- 
tions of the Quantitative and its categories. 

Since the Qualitative must thus dialectically precede the Quantitative, the 
mathematical requires the Qualitative for its existence in thought (and no one 
can be aware of anything that cannot be thought). The fact that mathematics 
helps us to comprehend reality is a result of this. It does not fit reality because 
“the book of nature is written in the mathematical language” (as if nature is 
somehow ontologically quantitative), but because language has evolved a tight 
fit with reality and by implication so does mathematics. As a result, our knowl- 
edge can take on a mathematical form (epistemologically), but this does not 
imply that the underlying reality is ontologically of that same form. 

As to clarifying the nature of the categories that the mathematical sciences 
depend upon, Hegel’s dialectical treatment of the mathematical, when consid- 
ered in more detail, clarifies the nature of mathematical categories like the One, 
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the successor function and sets and elements from their systematic-dialectical 
relations to other categories in language, rather than from their mathemati- 
cal relationships only. To begin with, our understanding of Hegel’s dialectical 
treatment of the Quantitative and the fact that its thinkability springs from 
the intellect’s failure to comprehend the Qualitative all at once and on its own 
terms, implies further that the One and the successor function have a qualita- 
tive base and need not be assumed, as they usually are in mathematics. 

Secondly, bringing Hegelian terminology to bear on set theory helps the 
mathematically minded to understand what Hegel was probably on about as 
well as helping Hegelians to understand set theory, particularly regarding the 
proper understanding and use of ordinal and cardinal Numbers. The ordinal 
number is the number you are arbitrarily assigning to each element as you 
are counting (that is, ordering) the elements in a set. For Hegel this counting 
operation involves a continuous move from the elements already contained in 
the set we Numerated and thus considered and those for which we have not 
yet done so. The former as Intensive Magnitude determines what the set is 
and as such positively defines it, while the latter determine what it is not and 
thus negatively define it. Numeration then, is expanding an Intensive Magni- 
tude into an Extensive Magnitude. So although these magnitudes change, the 
operation by which this is done (i.e. Numeration by using the successor func- 
tion) does not. This leads Hegel to consider mathematical infinity, o0, as the 
bad potential infinity that is never reached and the operation of Numeration as 
the true philosophical Infinity. When the size of a set's Intensive Magnitude is 
determined by completing the Numeration of all its elements, it no longer mat- 
ters which element was counted first and which second, for no matter where 
you started, the Number reached will be the same for any particular given set. 
From a mathematical perspective we have then reached a cardinal Number, 
which from a Hegelian perspective is best understood as the Intensive Magni- 
tude or size of a finite set. As such, the size of the set is itself a Unit: it expresses 
the Number of elements it contains while denying them autonomy. 

Hegel’s point about the relationship between Intensive and Extensive Mag- 
nitudes not only elucidates the use of finite ordinal and cardinal Numbers, but 
also that of infinite ones. If a set is expanded with all subsets contained within 
it, the size of the new set is found by raising 2 to the power of the number of 
elements in that set. By analogy, since the Intensive Magnitude of the denu- 
merable infinite set of all natural numbers N is defined as 8, , it contains 2% 
subsets, so the size or Intensive Magnitude of the power set of N, P(N) , that 
is of the continuum R, is 2% and that of P(R) is 2°” , etc. It can be proven 
that each set thus obtained is of a higher order of infinity than the previous set. 
This implies that infinite cardinal Numbers may themselves be ranked in a 
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well-ordering. So just as transfinite iterations of a successor function lead a fi- 
nite Intensive Magnitude into the bad potential infinity Hegel associates with 
its Extensive Magnitude, transfinite iterations of the power operation lead an 
infinite Intensive Magnitude into the “worst” potential infinity associated with 
the size of the class of all sets V. In short: even for an infinite Intensive Magni- 
tude there exists an Extensive Magnitude through which it gains meaning. 

‘{S]ince the power set of N [...], contains an enormous Amount of infinite 
sets as elements that therefore must be seen as complete, “finished”, limited 
objects), this way of thinking implies “the existence of an enormous amount 
and enormously big actually infinite sets”! This fact, together with the fact that 
even infinite Numbers can be ordered to fit Hegel’s categorial apparatus, at 
least partially dispenses with the “badness” of Hegel’s bad potential infinity in 
that infinity is no longer just defined as an unreachable Extensive Magnitude 
beyond every finite Intensive Magnitude, but within the well-ordering of the 
infinite cardinal Number associated with that set, can itself also be viewed as 
an Intensive Magnitude. As a result we can now distinguish two principles of 
philosophical infinity: 1) the principle of Numeration that leads a finite Inten- 
sive Magnitude into its potentially infinite Extensive Magnitude; and 2) the 
principle of the power operation that ultimately leads an infinite Intensive Mag- 
nitude into the Extensive Magnitude associated with the set of all sets, V. 
Because the founding father of set theory, Georg Cantor, was born after Hegel’s 
death, Hegel cannot possibly have been aware of these points. 

Chapter 3 next elaborated on Marx’s dialectics. It follows Smith in his iden- 
tification of Marx’s universal principle as being the need for exchange that 
arises from the indirect sociality of capitalist production.? This indirect social- 
ity itself stems from the institutional separation of the site of production from 
that of consumption that is so characteristic of capitalism.? Not only is this 
starting point materially grounded in Marx’s historical materialist account of 
human history up until capitalism, it also allows for unresolved conflicts, for 
producers may fail to sell and consumers may be unable to buy. In either case, 
real people have real problems caused by the other group. Therefore, in Marx’s 
account, capitalist society is not governed by Free Will, but by the imperative 
for exchange and thus by “commodification”. If products are produced to be 
exchanged (which determines them as commodities), they are produced for 
their value rather than their use. Value in exchange does not Measure Qualita- 
tive usefulness (for, according to Marx no such Measure can exist), but rather 


1 Horsten 2004, p. 27, my translation. 
2 Smith 1990. 
3 Compare Reuten and Williams 1989, pp. 56-7. 
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is imposed on the product in capitalism.* As such it does not predate the capi- 
talist mode of production and would cease to exist when that mode of pro- 
duction ceased. As such, the further determination of value in exchange as the 
money form of value is not a Measure in a Hegelian sense at all, for rather than 
pinning a Quantity on a pre-existing Quality it is ontologically quantitative 
through and through. Value in exchange is an abstraction actualised through 
money. It is an abstraction-in-practice that rules our daily lives and arbitrates 
between life and death. 

The exchange imperative not only allows for real conflicts, it also serves as 
an inescapable determinant of human behaviour and thus functions in ways 
that are similar to forces of nature. So, the mentioned imperative implies at 
least a similar potential for the application of mathematical models as is pres- 
ent in the natural sciences. Forces of nature and their determinants, however, 
must be Measured before they can be modelled. Models in the natural scienc- 
es therefore work with quantitative representations of pre-existing Qualities 
(such as length in physics), they are not ontologically Quantitative, whereas 
the entities that go into modelling capitalism are. The upshot of this is, that 
pure mathematical quantities can now be seen as a driving force of human 
behaviour and modelled using purely quantitative techniques and categories. 
As a result, what Hegel holds for determinations on the level of abstract think- 
ing only can be directly applied to the study of capitalism. It is this observation 
that led Arthur to contend that the grand structure of the three volumes of 
Capital is homologous to the structure of Hegel's Logic. 

With indirect sociality the qualities of the product produced are immate- 
rial to the producer. As a result, money as capital must be the end of exchange 
and each sum of money invested in means of production (making it into con- 
stant capital) must be worked up by labour (employed as variable capital) in 
order to be exchanged for a higher sum of money to be reinvested and accu- 
mulated. From a capitalist perspective, this accumulation takes the form of 
constant increments in money (as emphasised in the money capital circuit), 
but from the perspective of reinvestment it seems constant increases in the 
scale of operation are the driving force (as emphasised in the production capi- 
tal circuit). Finally, from the perspective of society the qualitative change in 
the product (from raw materials to a finished commodity) seem to be the main 


4 Value in exchange is not to be confused with exchange value. In my exhibition of the condi- 
tions of existence of the commodity, I have followed Arthur’s (1993) terminology. In his termi- 
nology, commodities can only exist as commodities if they are somehow useful and therefore 
exchangeable and a bargain on them is struck. The former condition is akin to what Marx 
calls use value, while the latter is similar to Marx’s exchange value. If these two conditions are 
met, commodities are further determined as values in exchange. 
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point of production (as emphasised in the commodity capital circuit). The time 

a production cycle takes can vary and so can the number of cycles for which 

particular means of production last. If they last for just one cycle, Marx dubs 

them circulating capital and if they last for more than one he calls them fixed 
capital. At this stage, Marx introduces his schemes of reproduction. 

Though Marx’s schemes of reproduction are commonly considered the first 
two-sector macroeconomic model ever conceived of, they do not live up to 
their full potential as mathematical models of systematic-dialectically con- 
ceived of interrelationships within capitalism. They model the interactions 
between capital’s two main departments: one producing means of production, 
the other consumption goods. As such, the model pertains to a rather abstract 
and general level in Marx’s dialectical account. For the model to reflect that, 
its formulation should refrain from filling in any specific parameters or num- 
bers. Instead, it should be kept as general as possible and therefore formulated 
purely algebraically (as Chapter 4 did). 

Secondly, Marx does not present his model assumptions as though they 
result from his systematic dialectics, even though many of them might very 
well be presented like that. Since Volume 11 of Capital, in which Marx presents 
his schemes, was only posthumously published on the basis of the drafts and 
notebooks Marx bequeathed to Engels, we can only guess whether Marx would 
have done so had he lived long enough to write a more final draft. Either way, 
the schemes being presented as they are, there is room for improvement in 
both respects. 

Specifically, a systematic-dialectical account may inform four different 
types of assumptions: 

1. foundational assumptions, that outline the important categories to mod- 
el and indicate how they are related; 

2. heuristic assumptions that can be used to create ever more concrete 
model generations, for instance by setting out a static model and allow- 
ing dynamics in later (this is what is going on when Marx first models 
simple reproduction and moves on to expanded reproduction later); 

3.  absency assumptions, which stipulate that certain influences, though not 
empirically absent, are absent at the level of abstraction the model per- 
tains to; 

4. anticipatory assumptions that outline conditions of existence and antici- 
pate them. 

Foundational assumptions may follow directly from a systematic-dialectical 

exhibition. After all, such an exhibition shows the categories that have been 

shown to constitute the capitalist system at the level of abstraction reached 

thus far and shows the necessary connections between them, thus providing a 

first indication of a possible model specification. Heuristic assumptions should 
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be sought after next. A dialectical defence of such assumptions can be that the 
(static) possibility of the very existence of a posited relationship should be in- 
vestigated, before the (dynamic) development of such a relationship can even 
be contemplated. If the dialectical account indicates that a dynamic relation- 
ship is imperative, but the model cannot even ground the existence of a static 
one, the dialectical account so far apparently still lacks completeness and thus 
further mediating conditions must be dialectically determined before moving 
on to the dynamic model of the relationship’s development. If, as was the case 
with Marx’s schemes of reproduction, the static model does not preclude dy- 
namics, one may of course move on to drop the heuristic assumption(s) with- 
out first returning to the systematic dialectics. 

Together these two types of assumptions describe rather positively what the 
model is about and by implication this gives a lot of information on what is 
excluded from it. Yet sometimes it is helpful to reflect on the level of abstrac- 
tion reached in the dialectical exhibition and explicate the influences that one 
has not yet exhibited and can thus safely abstract from at the level of abstrac- 
tion depicted in the model (as is the case with foreign trade at the level of 
abstraction Marx’s schemes of reproduction pertain to). The explication of as 
yet unexhibited influences happens in absency assumptions. These, however, 
should be no more than a check on the model specification emanating from 
the foundational and heuristic assumptions. After all, if a certain influence was 
dialectically determined to be important at the level of abstraction of the mod- 
el, it should have been a factor in the foundational assumptions or specifically 
neglected for heuristic reasons. 

Finally, the assumptions that anticipate conditions of existence are in place 
to enable the unhindered expression of a force or tendency whose articulation 
has been dialectically determined to be necessary for the functioning of the 
object totality under scrutiny (for Marx’s schemes of expanded reproduction 
the case in point is that of sufficient monetary accommodation and availabil- 
ity of labour power enabling unhindered accumulation of capital). This type of 
assumption differs from the absency type. The latter explicates the complete 
absence of something at the level of abstraction modelled (such as foreign 
trade). In the case of the former, by contrast, some general tendency or entity 
has been determined to exist in the abstract (such as the need for capital to ac- 
cumulate), but the exact mechanism by which it might concretely come about 
has not yet been. In such cases it is dialectically permissible to anticipate that 
possible impediments to the development that was determined as dialectically 
necessary, will somehow be taken away or rendered harmless at more concrete 
levels (e.g. monetary accommodation must somehow be offered if the abstract 
requirement of accumulation is to hold in the concrete). So instead of stipu- 
lating that something is absent at this level of abstraction, it stipulates that 
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something we cannot yet specify must somehow be present. If the force or ten- 
dency in question can be successfully expressed in a model under this type of 
assumption, but not when it is removed, this indicates the need to introduce 
institutions in the remainder of the systematic-dialectical exhibition that al- 
low the assumption to hold in practice (such as credit). (Of course, if removal 
of the assumption is unproblematic, it should not have been necessary to for- 
mulate it in the first place.) Thus, this fourth type of assumption is particularly 
useful for indicating the road ahead. 

When this categorial apparatus is applied to the assumptions Marx makes 
in drawing up his schemes of simple reproduction, we can identify the fol- 
lowing as foundational (the letters indicate the order in which they were pre- 
sented in Capital 11): 


b. No revolution in values takes place in the component parts of the pro- 
ductive capital. 

d. Society’s total yearly product breaks down into I) means of produc- 
tion and 11) means of consumption. 

f. The rate of surplus-value s / v(i.e. surplus-value over variable capital) 
is constant and given for each department (and set at 100% for both 
departments). 


When we focus on the term “component parts”, rather than values, we can ac- 
cept b as simply saying that productive capital can always be decomposed into 
constant capital, variable capital and surplus-value, a decomposition that fol- 
lows directly from Marx’s dialectical exhibition. Similarly, the institutional di- 
vide between the site of production and that of consumption means d is fully 
warranted dialectically. Though the terms Marx formulates it in are too strict 
(focusing on the 100% I placed between brackets), it is dialectically defensible 
to stipulate that s/v is more or less constant over time since only labour can 
produce value. Except then for the specific number Marx assumes, assumption 
fis defensible as a foundational assumption as well. 
He also makes two heuristic assumptions: 


c. The value of a department’s yearly produce is constant and all sur- 
plus-value and wages are consumed (so there is no accumulation). 

g. The ratio of variable to constant capital is equal, constant and given 
across departments. 


Marx himself treats c as a heuristic assumption. It is in place to focus on what 
the system is when viewed as static, before it is dynamised. When moving on 
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to expanded reproduction he retains only one element in it: all wages are ful- 
ly consumed. g effectively assumes technical change away. Marx retains this 
assumption for expanded reproduction, but since technical change is inherent 
in (the intensive aspect of) accumulation, this is not defensible. 

Furthermore, he explicates the absency of some things in three further 
assumptions: 


a. Products are exchanged at their values. 
e. Depreciation costs equal replacement expenditure. 
h. There is no foreign trade. 


Assumptions a and h follow from the fact that only departmentalisation of 
capital has been dialectically determined, so distinctions within it that might 
induce a divergence between prices and values (such as competition or for- 
eign trade) cannot be made yet. For the same reason, only macroeconomic 
aggregates can be considered at this stage, so any mismatches between depre- 
ciation costs and replacement expenditure are likely to level out and e can be 
accepted as well. 

Since assumption c implies that all values are constant, so too will be the 
ratios between them. As a result, all more specific assumptions on values and 
ratios (i.e. b, fand g) are redundant for simple reproduction. The only assump- 
tions Marx really needed to call upon in order to formulate his proportional- 
ity condition were d (departmentalisation as the foundation of his models), 
c (simple reproduction as the first case to be considered heuristically), e (any- 
thing depreciated gets replaced and thus represents a cost of production), 
and h (the absence of foreign trade). This condition, (v + s); = cy says that the 
value of consumptive expenditure in the department producing means of pro- 
duction is equivalent to the means of production used up in the department 
producing means of consumption. Thus, the condition indicates the interde- 
pendence between the two departments. 

For expanded reproduction Marx adds two more absency assumptions: 


i. There has already been production on an expanded scale. 

j. The sum total of replacement expenditure on fixed capital equals 
the sum total of depreciation allowances for fixed capital in each 
department. 


Previous expansion (i) must be assumed when discussing full-fledged capital- 
ism, for without it, it cannot be considered full-fledged. Assumption j effective- 
ly says that capital has no funds other than the value of their produce available 


188 SUMMARY AND GENERAL CONCLUSIONS 


from which to replace and accumulate capital and indeed the possibility of 
outside finance has not yet been dialectically determined. 

Finally Marx anticipates that possible obstacles to the dialectically neces- 
sary imperative of accumulation will be taken away at later, more concrete 
stages of the dialectical exhibition: 


k. ‘[T]he amount of money present in a country is sufficient for both 
hoarding and accumulation’. 
l. There is always enough labour power on hand. 


Here the argument is that the requirement of accumulation can only materi- 
alise concretely if somehow these conditions are met in later, more concrete 
stages of the exhibition, even though we have not yet determined how this 
might be brought about. 

With all these assumptions in place, the proportionality condition for 
expanded reproduction becomes: 


(v+s);-Acp=cey,+Acy 


So, with expanded reproduction, the funds spent in the other department by 
the department producing means of production are lowered by the amount 
they accumulate, while the capital needs of the department producing means 
of consumption are actually higher, as it too has to accumulate. 

Using the insights developed in Chapter 3, Chapter 4 proceeded to recon- 
struct Marx’s reproduction schemes along dialectical lines. In particular it 
aimed to: 

1) retain only the dialectically defensible (elements of) assumptions; 

2) let dialectical reasoning, rather than mathematical ease and rigour, de- 
termine the order in which assumptions and equations are presented; 

3) present the whole model in its abstract generality and therefore algebra- 
ically throughout; 

4) explicitly define all time-dependent variables as such; 

5) integrate technical change and expansion, or the intensive and extensive 
aspects of accumulation respectively, in a comprehensive model of ex- 
panded reproduction. 

Since Marx never brings technical change back in, a model generation had 

to be added to Marx’s schemes in order to achieve the fifth aim. So Chapter 

4 first discussed simple reproduction, then extensive growth, and finally ex- 

panded reproduction. The first two are algebraically formulated and (where 

applicable) dynamised versions of Marx’s own models of simple and expanded 
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reproduction respectively. My model of expanded reproduction goes beyond 

Marx’s. I nevertheless used Marx’s term, for his category encompasses techni- 

cal change and, in order to achieve as tight a fit as possible between Marx’s 

dialectics and his modelling, the model had to reflect that. 
As indicated, simple reproduction requires just four assumptions, which — 
in keeping with my second aim - were presented in the following order: 

1. Foundational: “Society’s total yearly product breaks down into two 
great departments”: a department producing means of production (i.e. 
current and additional constant capital) (department p) and one produc- 
ing means of consumption (i.e. commodities intended for consumption 
out of wages paid out to variable capital, and out of capitalists’ surplus- 
value) (department c) (compare assumption d in Section 3.3). 

2. Heuristic: Simple reproduction means that: 1) the total value of the yearly 
produce of both departments (x, 
value is consumed; and 3) there are no savings out of wages (compare c). 


and x.) is constant; 2) all surplus- 


3.  Absency: There is no foreign trade (compare h). 

Absency: Aggregate depreciation costs incurred yearly equal aggregate 

yearly replacement expenditure (compare e). 
With these in place, all of Marx’s results could be formulated. Since the model 
for simple reproduction is static, there was no insight to be gained from model- 
ling variables as time-dependent yet. Of course, this changes when modelling 
extensive growth. 

To model extensive growth in a dialectically defensible way, the following 

can be assumed: 


2a. Absency: There are no savings out of wages (compare c). 


Absency: There are no price changes (compare a and b). 


qı 


6. Foundational: The ratio of s / v(notation: e) is constant and given in each 
department (compare f). 

7. Heuristic: the value composition of capital (x = c/(c +v)) is constant 
and given for each department (compare g). 

8. Absency: All expansion of capital is financed out of surplus-value (com- 
pare j). 

g. Anticipation: There is always enough money available to finance hoard- 
ing for replacement purposes and accumulation at the desired rate (com- 
pare k). 

10. Anticipation: An accumulating department will always find sufficient 
labour power on hand to increase the variable capital it employs by as 
much as its growth rate requires (compare 1). 
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u. Anticipation: Changes in department p's rate of accumulation are always 
actualised. Department c’s actualisable rates are therefore constrained 
by the amount left by department p. Anticipating eventual recovery, it is 
assumed department c accumulates in such a way that all of department 
p’s produce is actually sold. 

Of these, assumptions 5 through 7 are consequences from the rewriting of 

assumption 2 into 2a. That is, when all the dialectically indefensible aspects 

of that assumption are dropped, it is no longer a heuristic, but rather an ab- 
sency assumption. That is, at the level of abstraction we are now considering, 
wages are unlikely to exceed subsistence wages by any significant amount 
and so we can safely assume that savings out of wages do not occur. But now 
that capital is explicitly allowed to expand, we do need to rethink the way in 
which this might occur, leading to assumptions 5 through 7. Note that in its 
current formulation assumption 5 integrates the original assumptions a and 

b by focusing on their value aspects, changes in which and price divergences 

of which, they declare absent at this level of abstraction. So the foundation- 

al elements (“component parts”) of assumption b are no longer emphasised 
here and its character too changes. The order in which assumptions 8 through 

10 were presented and the reason they can be adopted has been sufficiently 

explained. 

Finally, assumption u (which Marx never explicates at all) is only called for 
if we want to model the effects that a unilateral decision by department p to 
alter its rate of accumulation has on the other department and the economy as 
a whole. With the original goal being to see what happens to the conditions for 
valorisation when introducing accumulation, we did not need the assumption 
immediately. The assumption can best be viewed as an anticipatory assump- 
tion. With only two departments dialectically determined, a department that 
wants to keep a larger part of its produce for itself (or conversely, sell a larger 
part of it) can do so. But since doing so regarding consumption goods does 
not affect accumulation, department p can take the lead. Department c is to 
respond according to assumption 11 so as to limit the duration of emerging 
capitalist crises, and so assumption u is anticipatory to the extent that crises 
are usually overcome eventually. 

As a result, the maximum rate of accumulation out of surplus-value pos- 
sible for department c, 0,, is a function of 0, 


= BR) Ce 1 
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Alternatively, given that the relationship en holds for both depart- 


1-K;) 
ments (albeit with different parameters) the actualisable growth rate for 
department c (g,) can be expressed in terms of the growth rate set by depart- 


mentp (Ip): 


Ga Cot x. Ipt 1 (4.17) 


This equation shows that when department p sets its g, to Ip during 
the period under scrutiny, the growth rate for both departments starts to 
diverge, but it has also been shown that as long as assumption u holds, 
this effect lasts only one year. Thus, the following would then hold: 


Xp En dc, Ac PR r 
Ico < Jo < Ipo =F: z © = Ja = Ip, But, says Marx, this is utterly unlikely 


since there is no dialectically determined mechanism in place yet that will en- 
tice department c somehow to consistently buy up the leftovers. But even 
though smooth adaptation may be unlikely, some adaptation mechanism must 
exist for capitalism to survive its recurring crises. 

In order to go beyond Marx and model technical change as an integral part, 
heuristic assumption 7 and anticipatory assumption u from the model of ex- 
tensive growth had to be modified to become: 


za. Foundational: The value composition of capital (x = c/(c+v)) 
rises with each round of accumulation (operationalised here as a cal- 
endar year). 

ua. Anticipation: Changes in department p’s rate of accumulation are 
always actualised in conformity to the latest technology. Department 
c’s actualisable rates are therefore constrained by the amount left by 
department p. Anticipating eventual recovery, it is assumed depart- 
ment c accumulates in such a way that all of department p’s produce 
is actually sold. 


Thus formulated, assumption 7 is finally on a par with Marx’s dialectics and is 
therefore no longer a heuristic assumption, but has become foundational. Af- 
ter all, capital’s preference for accumulating low risk constant capital over high 
risk variable capital that leads to a rising vcc has long been shown dialectically 
to ensue from the workings of accumulation. So 7a flows immediately from the 
dialectics leading up to the model. Assumption un is essentially retained, albeit 
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that department p’s accumulation now restricts department c in both setting 
the rate of accumulation and securing the latest technology for itself. 
In analogy to 4.16, we may then write: 


Gee ra Ope) Ep- Pp te p Cet 2 (4.19) 


This result enables one to prove that balanced growth is impossible with ongo- 
ing technical change. 

These models show how the models for the categories of simple reproduc- 
tion, intensive and extensive growth and expanded reproduction can be devel- 
oped alongside and in line with the dialectics that gave rise to the categories 
themselves. In so doing, the models grow ever more intricate and complex, 
which reflects how our understanding of the way in which the two great 
departments are interrelated grows more intricate and complex as well. Final- 
ly, the algebraic generalisations presented ensure that the results found (such 
as the equations describing the way that the factors determining g, interact 
during transition) are perfectly general and will work with all numbers. Addi- 
tionally, the algebraic formalisations allow one to see how all vantage points 
taken until we arrived at the model for expanded reproduction can be 
conceived of as special cases of this most intricate and complicated model. 

So when extensive growth is integrated with intensive growth a solution in 
which both departments can grow at the same rate can no longer be construct- 
ed. The resulting imbalances can only be remedied if department c consistent- 
ly follows rule 4.19 above every year. Meanwhile, the relevant equations have 
grown into quite inelegant monsters and for department c to follow 4.19 it has 
to somehow take into account department p’s rate of accumulation out of 
surplus-value (0), their rate of surplus-value (e,), their vec (¢,,), its growth 
rate (@, ), and the ratio between the value of constant anal employed in 
both departments oH). Meanwhile, it is unclear how this information could 
reach the other deparment and, if it did somehow, what mechanism would 
entice it to act upon it so as to make sure all produce is valorised. 

In overview, it can be concluded that the dialectical move from capital's stat- 
ic renewal to its dynamic expansion can be not only depicted verbally through 
a systematic-dialectical exhibition, but also represented mathematically 
through a series of model generations, the last of which eventually dispenses 
with all heuristic assumptions. All in all, careful contemplation of the dialec- 
tics of a system has been shown to give extra support to assumptions figuring 


SUMMARY AND GENERAL CONCLUSIONS 193 


in formal and/or mathematical representations (i.e. models) of (aspects of) 
it, which in turn makes such mathematical representations more defensible. 
I expect both model builders and dialectically inclined system analysts to ben- 
efit from this result, for in the very least it has been shown here that the two 
ways of reasoning are actually quite compatible. I have high hopes for a fruitful 
debate between the two groups based on the linkages between their fields that 
this book has brought to light. 


References 


Please refer to the Note on the Style of Referencing and the Use of Capitalisation and 
Emphasis in This Work for the meaning of superscripts and straight and curly brackets 
in this reference list. 


Alberts, Gerard 1998, Jaren van berekening; Toepassingsgerichte initiatieven in de 
Nederlandse wiskunde-beoefening 1945-1960, Amsterdam: Amsterdam University 
Press. 

Arthur, Christopher J. 1986, Dialectics of Labour: Marx and His Relation to Hegel, 
Oxford: Blackwell. 

Arthur, Christopher J. 1988, “Hegel's Theory of Value”, in Value, Social Form and the 
State, edited by Michael Williams, Houndmills: Macmillan Press. 

Arthur, Christopher J. 1993, “Hegel’s Logic and Marx’s Capital”, in Marx’s Method in 
Capital: A Reexamination, edited by Fred Moseley, Atlantic Highlands, NJ: Humani- 
ties Press. 

Arthur, Christopher J. 1997, “Against the Logical-Historical Method: Dialectical Deriva- 
tion versus Linear Logic’, in New Investigations of Marx’s Method, edited by Fred 
Moseley and Martha Campbell, Atlantic Highlands, NJ: Humanities Press. 

Arthur, Christopher J. 1998, “The Fluidity of Capital and the Logic of the Concept’, in 
The Circulation of Capital: Essays on Volume Two of Marx’s Capital, edited by Chris- 
topher J. Arthur and Geert Reuten, London: Macmillan. 

Arthur, Christopher J. 2002, “Capital in General and Marx’s Capital”, in The Culmination 
of Capital: Essays on Volume 111 of Marx’s Capital, edited by Martha Campbell and 
Geert Reuten, New York: Palgrave. 

Arthur, Christopher J. 2003a, “The Problem of Use-Value for a Dialectic of Capital’, in 
New Dialectics and Political Economy, edited by Robert Albritton and John Simouli- 
dis, New York: Palgrave Macmillan. 

Arthur, Christopher J. 2003b, “Once More on the Homology Thesis: A Response to 
Smith’s Reply”, Historical Materialism, 1, 1: 195-8. 

Arthur, Christopher J. 2004, The New Dialectic and Marx’s “Capital”, Leiden: Brill. 

Arthur, Christopher J. 2014, “The Practical Truth of Abstract Labour’, in In Marx’s 
Laboratory: Critical Interpretations of the “Grundrisse’, edited by Ricardo Bellofiore, 
Guido Starosta and Peter D. Thomas, Leiden: Brill. 

Baer, Reinhold 1932, “Hegel und die Mathematik’, in Verhandlungen des Zweiten Hegel- 
kongresses vom 18. bis 21. Oktober 1931 in Berlin, edited by Baltus Wigersma and Inter- 
nationaler Hegel-Bund, Berlin and Tübingen: s.n., pp. 104-20. 


196 REFERENCES 


Beaufort, Henri Ellsworth 2009a, Prolegomena 1: Hegel’s Concept of the Quantitative In- 
finite Progress Towards True Infinity, Heidelberg. 

Beaufort, Henri Ellsworth 2009b, Prolegomena 11: Hegel’s Concept of the Quantitative 
Infinite Progress Towards True Infinity, Heidelberg. 

Beaufort, Henri Ellsworth 2009c, Hegel’s Conception of the Infinitesimal: Hegel’s Concep- 
tion of the Infinite within the Lagrangian Paradigm, Heidelberg. 

Bell, John R. 2003, “From Hegel to Marx to the Dialectic of Capital”, in New Dialectics 
and Political Economy, edited by Robert Albritton and John Simoulidis, New York: 
Palgrave Macmillan. 

Bellofiore, Riccardo 2008, “Marxian Economic Thought’, Dialettica e filosofia, available 
at: <http://www.dialetticaefilosofia.it/public/pdf/56marxian_economic_thought 
_bellofiore.pdf>. 

Bellofiore, Riccardo (ed.) 2009, Rosa Luxemburg and the Critique of Political Economy, 
New York: Routledge. 

Bellofiore, Ricardo, Guido Starosta and Peter D. Thomas (eds) 2014, In Marx’s Labora- 
tory: Critical Interpretations of the “Grundrisse”, Leiden: Brill. 

Blaug, Mark 1963, “A Survey of the Theory of Process-Innovations’, Economica, New 
Series, 30,117:13—32, available at: <http://www.jstor.org/stable/2601709?origin=JSTOR 
-pdf>. 

Boumans, Marcel J. 1992, A Case of Limited Physics Transfer: Jan Tinbergen’s Resources 
for Re-Shaping Economics, Amsterdam: Thesis Publishers. 

Boumans, Marcel J. and John B. Davis 2010, Economic Methodology: Understanding Eco- 
nomics as a Science, London: Palgrave Macmillan. 

Brown, Robert F. and Peter C. Hodgson 201, “Editorial Introduction’, in Lectures on the 
Philosophy of World History: Volume 1, Manuscripts of the Introduction and the Lec- 
tures of 1822-3, by G.W.F. Hegel {1823-31}, Oxford: Oxford University Press. 

Bryson, Bill 2003, A Short History of Nearly Everything, New York: Broadway Books. 

Burbidge, John W. 2006, The Logic of Hegel’s Logic: An Introduction, Ontario: Broadview 
Press. 

Carchedi, Guglielmo 2008, “Dialectics and Temporality in Marx’s Mathematical 
Manuscripts’, Science & Society, 72, 4: 415-26. 

Carlson, David G. 2000, “Hegel’s Theory of Quality”, Public Law Research Paper, 17, avail- 
able at: <http://ssrn.com/abstract=241950>. 

Carlson, David G. 2002, “Hegel’s Theory of Quantity’, Cardozo Law Review, 24, 6, avail- 
able at: <http://ssrn.com/abstract=326822>. 

Carlson, David G. 20038, “Hegel’s Theory of Measure’, Public Law Research Paper, 66, 
available at: <http://ssrn.com/abstract=413602. 

Carlson, David G. 2003b, “The Antepenultimacy of the Beginning in Hegel’s Science 
of Logic’, Public Law Research Paper, 74, available at: <http://ssrn.com/abstract 
=425122>. 

Carver, Terrell 1976, “Marx — And Hegel’s Logic”, Political Studies, 24, 1: 57-68. 


REFERENCES 197 


Damsma, Dirk 2001, Systeem en Maatschappelijk Systeem: Over Systeem als vooruitge- 
positioneerd begrip in de dialectiek, Doctoraalscriptie Politieke Economie, Amster- 
dam: Universiteit van Amsterdam. 

Damsma, Dirk 201, “Set Theory and Geometry in Hegel’, in Hegel Jahrbuch zon: Geist?, 
Zweiter Teil, edited by Andreas Arndt, Paul Cruysberghs and Andrzej Przylebski, 
Berlin: Akademie Verlag. 

Dijkgraaf, Robbert 2001, Symmetrie: Een inleiding in de wiskunde, Amsterdam: Faculteit 
Natuurwetenschappen, Wiskunde en Informatica, Universiteit van Amsterdam. 
Ellsworth de Slade, H. 1994, Das wahrhafte Unendliche und die Unendlichkeit der 

Mathematik; Eine Studie zu den Entsprechungen zwischen Hegels Bestimmung des 
wahrhaften Unendlichen in der “Wissenschaft der Logik” und seiner Auffassung 
der Infinitisimal-Mathematik, Heidelberg: Philosophisch-Historischen Fakultat der 

Ruprecht-Karls-Universitat Heidelberg. 

Engels, Friedrich 1978 [1885F], “Preface to the First Edition”, in Marx, Karl, Capital: A 
Critique of Political Economy: Volume 2, translated by David Fernbach, Harmonds- 
worth: Penguin. 

Fineschi, Roberto 2005, “The Four Levels of Abstraction of Marx’s Concept of Capi- 
tal”, paper presented at Marx Gesellschaft e.V. Tagung: “Das Kapital’ - Marx’ Konz- 
eption und Engels” Druckfassung. 21.-23. Oktober 2005, Berlin, available at: <http:// 
www.marx-gesellschaft.de/Texte/1005_Fineschi_Four%2oLevels_Abstraction.pdf>, 
revised version in Bellofiore, Starosta and Thomas (eds) 2014. 

Fleischhacker, Louk E. 1982, Over de grenzen van de kwantiteit, Amsterdam: Math- 
ematisch Centrum. 

Fraser, Ian and Tony Burns 2000, “Introduction: An Historical Survey of the Hegel-Marx 
Connection”, in The Hegel-Marx Connection, edited by Ian Fraser and Tony Burns, 
Basingstoke: Macmillan. 

Harris, Donald J. 1972, “On Marx’s Scheme of Reproduction and Accumulation’, 
The Journal of Political Economy, 80: 505-22, available at: <http://www.jstor.org/ 
stable/1830564?origin=JSTOR-pdf>. 

Hausman, Daniel M. 1992, “Models and Theories in Economics’, in The Inexact and 
Separate Science of Economics, Cambridge: Cambridge University Press. 

Hawking, Stephen 1998, Het Heelal: Verleden en Toekomst van Ruimte en Tijd, Amster- 
dam: Uitgeverij Bert Bakker. 

Hegel, Georg W.F. 1986 [1807], Phänomenologie des Geistes, edited by Eva Moldenhauer 
and Karl M. Michel, Frankfurt am Main: Suhrkamp Taschenbuch Verlag. 

Hegel, Georg W.F. 1986 [1812, 1813, 1816], Wissenschaft der Logik 1; Erster Teil, Die objec- 
tive Logik, Erstes Buch, edited by Eva Moldenhauer and Karl M. Michel, Frankfurt 
am Main: Suhrkamp Taschenbuch Verlag. English translation by A.V. Miller 1969, 
Hegel's Science of Logic, St. Leonards: George Allen & Unwin. 

Hegel, Georg W.F. 1930 [1821], Naturrecht und Staatswissenschaft im Grundrisse or Grund- 
linien der Philosophie des Rechts, edited by Georg Lasson, Leipzig: Verlag von Felix 


198 REFERENCES 


Meiner. English translation by T.M. Knox 1952, Hegel’s Philosophy of Right, Oxford: 
Oxford University Press. 

Hegel, Georg W.F. 1930 [1830°, 1817!], Encyklopädie der Philosophischen Wissen- 
schaften im Grundrisse, edited by Georg Lasson, Leipzig: Verlag von Felix Meiner. 
Alternative German edition: 1986 [1830°, 1817'], Enzyklopädie der philosophischen 
Wissenschaften im Grundrisse 1830. Erster Teil. Die Wissenschaft der Logik. Mit den 
mündlichen Zusätzen, edited by Eva Moldenhauer and Karl M. Michel, Frankfurt am 
Main: Suhrkamp Taschenbuch Verlag. English translation ı: T.F. Geraets, Wallis A. 
Suchting and Henry S. Harris 1991, The Encyclopaedia Logic (with the Zusätze); Part I 
ofthe Encyclopaedia of Philosophical Sciences with the Zusätze, Indianapolis: Hack- 
ett Publishing Company, Inc. English translation 2: W. Wallace 1975 [1873], Hegel’s 
Logic, 3rd edition, Oxford: Oxford University Press. English translation 3: M.J. Petry 
1970, Hegel’s Philosophy of Nature, London: Allen & Unwin. 

Hegel, Georg W.F. 1996 {1823-31} [1837], “Vorlesungen über die Philosophie der Welt- 
geschichte”, in Vorlesungen: ausgewählte Nachschrifte und Manuskripte, Bdı2, edited 
by Karl Brehmer, Karl-Heinz Ilting and Hoo Nam Seelmann, Hamburg: Felix Meiner 
Verlag GmbH. English translation ı: H.B. Nisbet 1975, Lectures on the Philosophy of 
World History: Introduction: Reason in History, Cambridge: Cambridge University 
Press. English translation 2: R.F. Brown and P.C. Hodgson 201, Lectures on the Phi- 
losophy of World History: Volume 1, Manuscripts of the Introduction and the Lectures 
of 1822-3, Oxford: Oxford University Press. 

Hegel, Georg W.F. 1986 {1825-26}, “Vorlesungen über die Geschichte der Philosophie”, 
in Vorlesungen: ausgewählte Nachschrifte und Manuskripte, Bd 9, edited by Pierre 
Garniron and Walter Jaeschke, Hamburg: Felix Meiner Verlag GmbH. English trans- 
lation: E.S. Haldane and F.H. Simson 1955, Lectures on the History of Philosophy, 
Volume 111, London: Kegan Paul, Trench, Triibner & Co., Ltd. 

Hofstadter, Douglas R. 1979, Gödel, Escher, Bach: An Eternal Golden Braid, New York: 
Basic Books. 

Hofstadter, Douglas R. 2007, I am a Strange Loop, New York: Basic Books. 

Horsten, Leon 2004, Eindig, Oneindig, meer dan Oneindig: grondslagen van de wiskun- 
dige wetenschappen, Utrecht: Epsilon Uitgaven. 

Inwood, Michael 1992, A Hegel Dictionary, Oxford: Blackwell. 

John n.d., “The Gospel according to Saint John’, in Moses, Peter, Luke et al., The Holy 
Bible: American Standard Version. 

Kedourie, Elie 1995, Hegel and Marx: Introductory Lectures, Oxford: Blackwell. 

Kennedy, Hubert C. 1977, “Karl Marx and the Foundations of Differential Calculus’, 
Historia Mathematica, 4: 303-18. 

Kol’man, Ernst 1983 [1931], “Karl Marx and Mathematics: On the Mathematical Manu- 
scripts’ of Marx”, in Marx’s Mathematical Manuscripts, edited by Sonia Yanovskaya, 
London: New Park Publications, available at: <www.marxists.org/reference/subject/ 
philosophy/works/ru/kolman.htm>. 


REFERENCES 199 


Kol’man, Ernst and Sonia Yanovskaya 1983 [1931], “Hegel and Mathematics”, in Marx’s 
Mathematical Manuscripts, edited by Sonia Yanovskaya, London: New Park Publi- 
cations, available at: <www.marxists.org/reference/subject/philosophy/works/ru/ 
kolman.htm>. 

Koshimura, Shinzaburo and Jesse G. Schwartz (eds) 1975, Theory of Capital Reproduc- 
tion and Accumulation, Kitchener: DPG Publishing Co. 

Kosok, Michael 1972, “The Formalization of Hegel’s Dialectical Logic: Its Formal Struc- 
ture, Logical Interpretation and Intuitive Foundation’, in Hegel: A Collection of 
Critical Essays, edited by Alasdair C. MacIntyre, London: University of Notre Dame 
Press. 

Kuhn, Thomas S. 1970, The Structure of Scientific Revolutions, 2nd edition, Chicago: 
University of Chicago Press. 

Lacroix, Alain 2000, “The Mathematical Infinite in Hegel’, The Philosophical Forum, 
3-4, XXXI: 298-327. 

Lakatos, Imre 1976, Proofs and Refutations: The Logic of Mathematical Discovery, Cam- 
bridge: Cambridge University Press. 

Marx, Karl 1976 {1843}, “Zur Kritik der Hegelschen Rechtsphilosophie: Kritik des Hegel- 
schen Staatsrechts”, in Karl Marx/Friedrich Engels - Werke, Band 1, Berlin: Dietz 
Verlag. English translation: R. Livingstone and G. Benton 1975, “Critique of Hegel’s 
Doctrine of the State”, in Karl Marx: Early Writings, London: Penguin, available (in 
German) at: <http://www.mlwerke.de/me/meoı/meoı_203.htm>. 

Marx, Karl 1968 {1844}, “Kritik der Hegelschen Dialektik und Philosophie über- 
haupt”, in Karl Marx/Friedrich Engels - Werke, Ergänzungsband, ı. Teil, Berlin: 
Dietz Verlag. English translation: R. Livingstone and G. Benton 1975, “Critique of 
the Hegelian Dialectic and Philosophy as a Whole”, in Karl Marx: Early Writings, 
London: Penguin, available (in German) at: <http://www.mlwerke.de/me/me4o/ 
me40_568.htm>, available (in English) at: <http://www.marxists.org/archive/marx/ 
works/1844/manuscripts/hegel.htm>. 

Marx, Karl 1976 [1844], “Zur Kritik der Hegelschen Rechtsphilosophie. Einlei- 
tung”, in Karl Marx/Friedrich Engels - Werke, Band 1, Berlin: Dietz Verlag. English 
translation: R. Livingstone and G. Benton 1975, “A Contribution to the Critique 
of Hegel’s Philosophy of Right: Introduction’, in Karl Marx: Early Writings, Lon- 
don: Penguin, available (in German) at: <http://www.mlwerke.de/me/meo1/meo1 
_378.htm>. 

Marx, Karl 1960 [1852!, 18692, 18853], “Der Achtzehnte Brumaire des Louis Bonaparte”, 
Die Revolution. Eine Zeitschrift in zwanglosen Heften, edited by Joseph Weydemeyer 
[1852] and Friedrich Engels [18557], reprinted as a book in Karl Marx/Friedrich 
Engels — Werke, Band 8, Berlin: Dietz Verlag. English translation: D. Fernbach 1973, 
“The Eighteenth Brumaire of Louis Bonaparte”, in Fernbach, David (ed.) 1977, 
“Karl Marx: Surveys from Exile’, Political Writings, Volume 2, Harmondsworth: 
Penguin/NLR. 


200 REFERENCES 


Marx, Karl 1983 {1857-58}, “Grundrisse der Kritik der Politischen Ökonomie (Rohent- 
wurf)”, in Karl Marx/Friedrich Engels - Werke, Band 42, Berlin: Dietz Verlag. English 
translation: M. Nicolaus 1973, Grundrisse: Foundations of the Critique of Political 
Economy, London: Penguin, available (in German) at: <http://www.mlwerke.de/ 
me/me42/me42_375.htm> 

Marx, Karl 1983 {1858a}, “Marx’s Letter to Engels of 16 January 1858”, in Marx & Engels 

Collected Works, Volume 40, London: Lawrence and Wishart. 

Marx, Karl 1983 {1858b}, “Marx’s Letter to Engels of 1 January 1858”, in Marx & Engels 

Collected Works, Volume 40, London: Lawrence and Wishart. 

Marx, Karl 1985 {1863}, “Marx’s Letter to Engels of 6 July 1863”, in Marx & Engels 

Collected Works, Volume 41, London: Lawrence and Wishart. 


Marx, Karl 1968 [18737], ‘Nachwort zur zweiten Auflage”, in Das Kapital: Kritik der 
Politischen Ökonomie, Erster Band, edited by Friedrich Engels [18904] and Institut 
fiir Marxismus-Leninismus beim ZK der SED, Berlin: Dietz Verlag. 

Marx, Karl 1968 [18904, 1867!], Das Kapital: Kritik der Politischen Ökonomie, Erster Band, 
edited by Friedrich Engels [1890*] and Institut für Marxismus-Leninismus beim ZK 


der SED, Berlin: Dietz Verlag. 

Marx, Karl 1976 [1867F], Capital: A Critique of Political Economy: Volume 1, translated by 
Ben Fowkes, Harmondsworth: Penguin. 

Marx, Karl 1989 {1873}, “Marx’s Letter to Engels of 31 May 1873”, in Marx & Engels 
Collected Works, Volume 44, London: Lawrence and Wishart. 

Marx, Karl 2003 {1875}, “Mehrwertrate und Profitrate mathematisch behandelt’, in 
Karl Marx Friedrich Engels Gesamtausgabe (MEGA), Zweite Abteilung „Das Kapital“ 
und Vorarbeiten, Band 14: Karl Marx Friedrich Engels Manuskripte und Redaktionelle 
Textezum Dritten Buch des „Kapitals“ 1871 bis 1895, edited by Carl-Erich Vollgraf and 
Regina Roth, Berlin: Akademie Verlag. 

Marx, Karl 1963 [1885], Das Kapital: Kritik der Politischen Ökonomie, Zweiter Band, ed- 
ited by Friedrich Engels [1885] and Institut für Marxismus-Leninismus beim ZK der 
SED, Berlin: Dietz Verlag. 

Marx, Karl 2005 [1885E], Karl Marx Friedrich Engels Gesamtausgabe (MEGA), Zweite 
Abteilung „Das Kapital“ und Vorarbeiten, Band ı2: Karl Marx Das Kapital Kritik 
Der Politischen Ökonomie Zweites Buch Redaktionsmanuskript Vonfriedrich En- 
gels 1884/1885: Text, edited by Izumi Omura, Keizo Hayasaka, Rolf Hecker, Akira 
Miyakawa, Sadao Ohno, Shinya Shibata and Ryojiro Yatuyanagi, Berlin: Akademie 
Verlag. 

Marx, Karl 1978 [1885F], Capital: A Critique of Political Economy: Volume 2, translated by 
David Fernbach, Harmondsworth: Penguin. 

Marx, Karl 2008 [1885M], Karl Marx Friedrich Engels Gesamtausgabe (MEGA), Zweite 
Abteilung „Das Kapital“ und Vorarbeiten, Band 11: Karl Marx Manuskripte zum 


REFERENCES 201 


Zweiten Buch des „Kapitals“ 1868 bis 1881: Text, edited by Teinosuke Otani, Ljudmila 
Vasina and Carl-Erich Vollgraf, Berlin: Akademie Verlag. 

Marx, Karl 1983 [1894], Das Kapital: Kritik der Politischen Ökonomie, Dritter Band, 
edited by Friedrich Engels [1894] and Institut für Marxismus-Leninismus beim ZK 
der sED, Berlin: Dietz Verlag. 

Marx, Karl and Friedrich Engels 1969 {1846}, “Die deutsche Ideologie”, in Karl Marx/ 
Friedrich Engels - Werke, Band 3, Berlin: Dietz Verlag. English translation: C.J. Arthur 
(ed.) 1970, The German Ideology: Part One, with Selections from Part Two and Three 
and Supplementary Texts, New York: International Publishers Co. Inc., available (in 
German) at: <http://www.mlwerke.de/me/meo3/meo3_o09.htm>. 

Matthews, Peter Hans 2002, “The Dialectics of Differentiation’, Middlebury College Eco- 
nomics Discussion Paper, 02-3, available at: <http://www.middlebury.edu/services/ 
econ/repec/mdl/ancoec/0203.pdf>. 

McCarney, Joseph 1999, “Hegel’s Legacy”, Res Publica, 5: 17-38. 

McLellan, David 1973, Karl Marx: His Life and Thought, New York: Harper & Row. 

Meaney, Mark 2002, Capital as Organic Unity: The Role of Hegel’s Science of Logic in 
Marx’s Grundrisse, Dordrecht: Kluwer Academic Publishers. 

MEGA 2005, Karl Marx Friedrich Engels Gesamtausgabe (MEGA), Zweite Abteilung 
„Das Kapital“ und Vorarbeiten, Band 12: Karl Marx Das Kapital Kritik der Politischen 
Ökonomie Zweites Buch Redaktionsmanuskript von Friedrich Engels 1884/1885: Appa- 
rat, edited by Izumi Omura, Keizo Hayasaka, Rolf Hecker, Akira Miyakawa, Sadao 
Ohno, Shinya Shibata, and Ryojiro Yatuyanagi, Berlin: Akademie Verlag. 

MEGA 2008, Karl Marx Friedrich Engels Gesamtausgabe (MEGA), Zweite Abteilung „Das 
Kapital“ und Vorarbeiten, Band 1: Karl Marx Manuskripte zum Zweiten Buch des 
„Kapitals“ 1868 bis 1881: Apparat, edited by Otani, Teinosuke, Ljudmila Vasina and 
Carl-Erich Vollgraf, Berlin: Akademie Verlag. 

Morgan, Mary S. 2003, “Economics”, in The Cambridge History of Science, Volume 7: 
The Modern Social Sciences, edited by Theodore M. Porter and Dorothy Ross, Cam- 
bridge: Cambridge University Press. 

Morgan, Mary S. 2012, “Modelling as a Method of Enquiry’, in The World in the Mod- 
el: How Economists Work and Think, edited by S. Mary Morgan, Cambridge: Cam- 
bridge University Press, available at: <http://www2.lse.ac.uk/economicHistory/pdf/ 
Morgan/Morgan%20Chapı%20Modelling%20as%20a%20Method%200f%20 
Enquiry.pdf>. 

Morgan, Mary S. and Tarja T. Knuuttila 2012, “Models and Modelling in Economics”, 
in Philosophy of Economics: Handbook of the Philosophy of Science, edited by Uskali 
Maki, Oxford: Elsevier, available at: <http://ssrn.com/abstract=1499975>. 

Murray, Patrick 1988, Marx’s Theory of Scientific Knowledge, Atlantic Highlands, NJ: 
Humanities Press. 


202 REFERENCES 


Murray, Patrick 1993, “The Necessity of Money: How Hegel Helped Marx Surpass 
Ricardo’s Theory of Value”, in Marx’s Method in Capital: A Reexamination, edited by 
Fred Moseley, Atlantic Highlands, NJ: Humanities Press. 

Murray, Patrick 2000, “Marx’s ‘Truly Social’ Labour Theory of Value: Abstract Labour in 
Marxian Value Theory”, Historical Materialism, 6: 27-66. 

Murray, Patrick 2014, “The Secret of Capital's Self-Valorisation ‘Laid Bare’: How Hegel 
Helped Marx to Overturn Ricardo’s Theory of Profit”, in Hegel’s Logic and Marx’s 
Capital, edited by Fred Moseley and Tony Smith, Leiden: Brill. 

Nietzsche, Friedrich 2008 [1888], Der Antichrist: Fluch auf das Christentum. Mit 
Beiträgen von Andreas Urs Sommer und Thomas Jöchler, Neuenkirchen: RaBaKa 
Publishing. 

Orwell, George 2004 [1949], Nineteen Eighty-Four, London: Penguin. 

Paterson, Alan L.T. 1997a, “Towards a Hegelian Philosophy of Mathematics”, Idealistic 
Studies, 27, 1/2: 1-10. 

Paterson, Alan L.T. 1997b, “Self-reference and the Natural Numbers as the Logic of 
Dasein”, Hegel Studien, 32: 93-121, available at: <https://sites.google.com/site/ 
apatierson/HEGSTUFR.pdf?attredirects=o>. 

Paterson, Alan L.T. 1999, Frege and Hegel on Concepts and Number, available at: 
<https://sites.google.com/site/apatierson/nnfregh.pdf?attredirects=o> 

Paterson, Alan L.T. 2000, “The Successor Function and Induction Principle in a Hege- 
lian Philosophy of Number’, Idealistic Studies, 30, 1: 25-61. 

Paterson, Alan L.T. 2002, “Does Hegel have Anything to Say to Modern Mathematical 
Philosophy?’”, Idealistic Studies, 32, 2: 143-58. 

Paterson, Alan L.T. 2004/05, “Hegel’s Early Geometry’, Hegel Studien, 39/40: 61-124, avail- 
able at: <https://sites.google.com/site/apatıerson/Heggeom7.pdf?attredirects=0> 

Paterson, Alan L.T. 2007, The Hegelian Concept and Set Theory, available at: <https:// 
docs.google.com/viewer?a=v&pid=sites&srcid=ZGVmYXVsdGRvbWFpbnxhc 
GFoMWVyc2gufGd40jRhYTgoZTMıODU1YjYxMQ>. 

Peperzak, Adriaan 1987, Selbsterkenntnis des Absoluten: Grundlinien der Hegelschen 
Philosophie des Geistes, Stuttgart: Frommann-Holzboog. 

Popper, Karl 2005 [1959], The Logic of Scientific Discovery, New York: Routledge. 

Postone, Moishe 2003, “Lukács and the Dialectical Critique of Capitalism’, in New 
Dialectics and Political Economy, edited by Robert Albritton and John Simoulidis, 
Houndmills: Palgrave Macmillan. 

Priest, Graham 1989, “Dialectic and Dialetheic”, Science & Society, 4, 53: 388-415. 

Reuten, Geert 1993, “The difficult labour of a theory of social value: metaphors and 
systematic dialectics at the beginning of Marx’s Capital’, in Marx’s method in 
‘Capital’; a reexamination, edited by Fred Moseley, Atlantic Highlands: Humanities 
Press. 

Reuten, Geert 1998, “The Status of Marx’s Reproduction Schemes: Conventional or Dia- 
lectical Logic?”, in The Circulation of Capital: Essays on Volume Two of Marx’s Capital, 
edited by Christopher J. Arthur and Geert Reuten, London: Macmillan. 


REFERENCES 203 


Reuten, Geert 1999, “Knife-edge Caricature Modelling: The Case of Marx’s Reproduc- 
tion Schema’, in Models as Mediators, edited by Margaret Morrison and Mary S. 
Morgan, Cambridge: Cambridge University Press. 

Reuten, Geert 2000, “The Interconnection of Systematic Dialectics and Historical 
Materialism’, Historical Materialism, 7:137—65. 

Reuten, Geert 2002a, “Marxian Macroeconomics: Some Key Relationships”, in An Ency- 
clopedia of Macroeconomics, edited by Brian Snowdon and Howard Vane, Chelten- 
ham: Edward Elgar. 

Reuten, Geert 2002b, “Marxian Macroeconomics: An Overview”, in An Encyclopedia of 
Macroeconomics, edited by Brian Snowdon and Howard Vane, Cheltenham: Edward 
Elgar. 

Reuten, Geert 2002c, “Marx’s Capital 111, the Culmination of Capital: General introduc- 
tion’, in The Culmination of Capital: Essays on Volume 111 of Marx’s Capital, edited by 
Martha Campbell and Geert Reuten, Basingstoke: Palgrave. 

Reuten, Geert 2003, “Karl Marx: his work and the major changes in its interpretation’, 
in A Companion to the History of Economic Thought, edited by Warren Samuels, Jeff 
Biddle & John Davis, Oxford: Blackwell. 

Reuten, Geert 2004a, “Zirkel vicieux” or Trend Fall? The Course of the Profit Rate in 
Marx’s Capital 111”, History of Political Economy, 36, 1: 163-86. 

Reuten, Geert 2004b, “Productive Force and the Degree of Intensity of Labour: Marx’s 
Concepts and Formalizations in the Middle Part of Capital 7’, in The Constitution 
of Capital: Essays on Volume 1 of Marx’s Capital, edited by Riccardo Bellofiore and 
Nicola Taylor, New York: Palgrave Macmillan. 

Reuten, Geert 2004c, “The Inner Mechanism of the Accumulation of Capital: The 
Acceleration Triple: A Methodological Appraisal of ‘Part Seven’ of Marx’s Capital 
1’, in The Constitution of Capital: Essays on Volume 1 of Marx’s Capital, edited by Ric- 
cardo Bellofiore and Nicola Taylor, New York: Palgrave Macmillan. 

Reuten, Geert 2005, “Money as Constituent of Value: The Ideal Introversive Substance 
and the Ideal Extroversive Form of Value in ‘Capital”, in Marx’s Theory of Money: 
Modern Appraisals, edited by Fred Moseley, New York: Palgrave Macmillan. 

Reuten, Geert 2019, The Unity of the Capitalist Economy and State: A Systematic- 
Dialectical Exposition of the Capitalist System, Leiden & Boston: Brill. 

Reuten, Geert 2014, “An Outline of the Systematic-Dialectical Method: Scientific and 
Political Significance’, in Hegel’s Logic and Marx’s Capital, edited by Fred Moseley 
and Tony Smith, Leiden: Brill. 

Reuten, Geert and Michael Williams 1989, Value-Form and the State: The Tendencies of 
Accumulation and the Determination of Economic Policy in Capitalist Society, New 
York: Routledge. 

Rockmore, Tom 2000, “On Recovering Marx after Marxism’, Philosophy and Social Criti- 
cism, 4: 95-106. 

Russell, Bertrand 1903, The Principles of Mathematics: Volume 1, Cambridge: Cambridge 
University Press. 


204 REFERENCES 


Samuelson, Paul A. 1962, “Economists and the History of Ideas: Presidential Address’, 
The American Economic Review, 52, March: 1-18. 

Samuelson, Paul A. 1974, “Marx as Mathematical Economist’, in Trade, Stability and 
Macroeconomics: Essays in Honour of Lloyd Metzler, edited by Paul A. Samuelson 
and George Horwich, New York: Academic Press. 

Sayers, Sean 1990, “Marxism and the Dialectical Method: A Critique of G.A. Cohen’, in 
Socialism, Feminism, and Philosophy: A Radical Philosophy Reader, edited by Sean 
Sayers and Peter Osborne, London: Routledge. 

Schnädelbach, Herbert 1984, Philosophy in Germany 1831-1933, Cambridge: The Press 
Syndicate of the University of Cambridge. 

Schumpeter, Joseph A. 1966 [1954*, 1943!], Capitalism, Socialism and Democracy, 4th 
edition, London: George Allen & Unwin, Ltd. 

Sekine, Thomas T. 1997, An Outline of the Dialectic of Capital, Volumes 1 and 2, London: 
Macmillan. 

Sekine, Thomas T. 2003, “The Dialectic, or Logic that Coincides with Economics’, in 
New Dialectics and Political Economy, edited by Robert Albritton and John Simouli- 
dis, New York: Palgrave Macmillan. 

Shaw, William H. 1991? [1983!], “Historical Materialism’, in A Dictionary of Marxist 
Thought, edited by Tom Bottomore, Laurence Harris, Victor G. Kiernan and Ralph 
Miliband, Malden: Blackwell Publishing. 

Smith, Adam 1982 [1776], An Inquiry into the Nature and Causes of the Wealth of Nations: 
Books 1-111, edited by Andrew Skinner, Harmondsworth: Penguin. 

Smith, Cyril 1983, “Hegel, Marx and the Calculus’, in Marx’s Mathematical Manuscripts, 
edited by Sonia Yanovskaya, London: New Park Publications. 

Smith, Tony 1990, The Logic of Marx’s “Capital”: Replies to Hegelian Criticisms, Albany, 
NY: State University of New York Press. 

Smith, Tony 1993, “Marx’s Capital and Hegelian Dialectical Logic”, in Marx’s Method in 
Capital: A Reexamination, edited by Fred Moseley, Atlantic Highlands, NJ: Humani- 
ties Press. 

Smith, Tony 2003, “On the Homology Thesis”, Historical Materialism, 1, 1: 185-94. 

Smith, Tony 2014, “Hegel, Marx and the Comprehension of Capitalism’, in Hegel’s Logic 
and Marx’s Capital, edited by Fred Moseley and Tony Smith, Leiden: Brill. 

Smolinski, Leon 1973, “Karl Marx and Mathematical Economics’, The Journal of 
Political Economy, 81: 1189-204, available at: <http://www.jstor.org/stable/1830645 
?origin=JSTOR-pdf>. 

Struik, Dirk J. 1997 [1948], “Marx and Mathematics”, in Ethnomathematics: Challeng- 
ing Eurocentrism in Mathematics Education, edited by Arthur B. Powell and Marilyn 
Frankenstein, Albany, NY: State University of New York Press. 

Suchting, Wallis A. 1991, “Translating Hegel’s Logic: Some Minority Comments on Ter- 
minology”, in The Encyclopaedia Logic (with the Zusätze); Part 1 of the Encyclopaedia 
of Philosophical Sciences with the Zusätze, translated by Theodore F. Geraets, Wallis 
A. Suchting and Henry S. Harris, Indianapolis: Hackett Publishing. 


REFERENCES 205 


Sweezy, Paul M. 1942, The Theory of Capitalist Development: Principles of Marxian Politi- 
cal Economy, New York: Monthly Review Press. 

Tinbergen, Jan 1940, “Econometric Business Cycle Research’, The Review of Econom- 
ic Studies, 7 2: 73-90, available at: <http://www.jstor.org/stable/2967472?origin= 
JSTOR-pdf>. 

Tinbergen, Jan 1956, “On the Theory of Income Distribution”, Weltwirtschaftliches 
Archiv, 77: 155-75, available at: <http://www.jstor.org/stable/40435398?origin= 
JSTOR-pdf>. 

Tóth, Imre 1972, Die nicht-euklidische Geometrie in der Phänomenologie des Geistes; Wis- 
senschaftstheoretische Betrachtungen zur Entwicklungsgeschichte der Mathematik, 
Frankfurt am Main: Horst Heiderhoff Verlag. 

Trigg, Andrew B. 2001, “Marx’s Reproduction Schema and the Multisectoral Foun- 
dations of the Domar Growth Model”, presented to the Conference Old and New 
Growth Theories: An Assessment, Pisa, 5-7 October. 

Uchida, Hiroshi 1988, Marx’s Grundrisse and Hegel’s Logic, edited by Terrell Carver, 
London: Routledge. 

Vygodski, Vitaly 1973 [1965], The Story of a Great Discovery: How Karl Marx Wrote “Capi- 
tal”, translated by Cristopher Salt, Berlin: Verlag Die Wirtschaft, available at: <http:// 
www.marxists.org/archive/vygodsky/1965/discovery.htm>. 

Wittgenstein, Ludwig 1922, Tractatus Logico-Philosophicus, edited by Charles K. 
Ogden, London: Kegan Paul, Trench, Trubner & Co., Ltd., available at: <http://www 
.gutenberg.org/files/5740/5740-pdf.pdf>. 

Wolff, Michael 1979, “Uber das Verhältnis zwischen logischem und dialektischem 
Widerspruch”, in Hegel Jahrbuch, München: Hegel Gesellschaft. 

Wolff, Michael 1986, “Hegel und Cauchy; Eine Untersuchung zur Philosophie und Ge- 
schichte der Mathematik”, in Hegels Philosophie der Natur: Beziehungen zwischen 
empirischer und spekulativer Naturerkenntnis, edited by Rolf-Peter Horstmann and 
J. Michael. Petry, Stuttgart: Klett-Cotta. 

Zarembka, Paul 2009, “Late Marx and Luxemburg: Opening a Development within 
Political Economy”, in Rosa Luxemburg and the Critique of Political Economy, edited 
by Ricardo Bellofiore, New York: Routledge. 


Author Index 


Alberts 60-1 

Arthur 1,25, 28-41, 43-4, 91, 96-103, 105-8, 
140, 183 

Baer 513, 51, 54-5, 61, 74-6 

Bellofiore 28, 32, 165n19 

Bell 28,33 

Blaug 148n177 

Boumans 48n;, 88nı 

Bryson 16 

Brown 8 

Burbidge 46 

Burns 1,7, 10n9, 18n51, 111n105 


Carchedi 
Carlson 
Carver 


91-2 
16n43, 47, 52, 55, 56n51, 64, 79, 84-6 
28-9 


Damsma 17, 38-40, 56n52 
Davis 48n5 
Dijkgraaf 60-1 


Ellsworth de Slade 
Engels 


5n13, 50-1 
xiii, 8, 25, 109, 11-3, 116, 118n125, 

119-22, 123n137, 124n138, 126n143, 

135n169, 136n170-1, 1371173, 179 


Fineschi 28-9 

Fleischhacker 

82-6, 90 
1, 7, 10n9, 18n51, 111n105 


5n13, 51-2, 60-1, 66, 76, 
Fraser 


Harris 153, 163, 168n22, 174, 176 

Hausman 33n12 

Hawking 12n21, 56n52, 62n73 

Hegel 2-5, 8, 10-22, 26, 36, 46, 50, 53-72, 74, 
79-86, 90, 135 

Heisenberg 56n52 

Hodgson 8 

Hofstadter gn7 

Horsten 77-8, 182 


Inwood xiv, 12n23, 13, 16n43, 20n53, 24n68, 
50, 54, 70 


John ıong 
Kedourie 
Kennedy 89, 91 

Knuuttila 109 

Koľman 5n13, 52, 76, 89-90, 92 
Koshimura 153, 155n6 

Kosok 55 

Kuhn x 


21-2 


Lacroix 5n13, 50-1, 66 
Lakatos 48n5 


Marx 8-9, 10n9-10, 22-5, 27-9, 31, 39, 
89, 92, 95-6, 98-108, 112-26, 129-37, 
160, 164 

Matthews 89, 92 

McCarney m 

McLellan 22 

Meaney 28-9 

MEGA 111, 19n128 

Morgan 95n34, 109 

Murray 1,10, 25, 29-31, 35n120, 36, 39, 96, 
100, 103 


Nietzsche 8n2 


Orwell 54n41 

Paterson 5n13, 48-50, 68-9, 78n131 
Peperzak gn7 

Planck 50n22, 56n52 


Popper 48n5 
Postone 28-9 
Priest 55 


Reuten x, 1-2, 3n11, 10-11, 14—5, 21-2, 
26n77, 29, 33, 36, 39-41, 56n51, 88n1, 
93-4, 96-101, 103, 105, 108, 110, 119n126, 
119N128, 120, 122, 123N137, 124N139, 130-1, 
133, 135-7, 153, 155-6, 140, 163n15, 164-5, 


182 
Rockmore ıu 
Russell 54-5 


AUTHOR INDEX 


Samuelson 109-10 

Sayers 29 

Schnädelbach 8n2 

Schumpeter 25n74 

Sekine 29-30, 33, gınıg 

Shaw 25 

Smith, Adam 36n123, 13n109 

Smith, Cyril 1,91 

Smith, Tony 1, 10-11, 14-5, 16n43, 27, 29, 
33-6, 39-41, 9119, 96-7, 99-102, 104, 
135, 140, 182 

Smolinski 1, 89, 92-3, 95 

Starosta 28 

Struik 88-91, 93 

Suchting 56n51, 62n76 

Sweezy 153 


Tinbergen 5, 88m 
Thomas 28 


Toth 48-9 


Trigg uo 


Uchida 28-9 


Vygodski 


Williams 


108 


X, 1, 29, 10-1, 14-5, 29, 39-41, 


96-9, 101, 103, 140, 182 
Wittgenstein 20n54 
Wolff 51, 58n57 


Yanovskaya 513, 52, 76, 90 


Zarembka 


134-5 


207 


Subject Index 


abstract determination 2,10 

in Hegel 2,10, 20n54, 33-4 

in Marx 2,26-8 
abstractions-in-practice 3, 32-4 
actuality 17, 19, 20n53 
algebra 

and Marx 88-9, 93, 95 

and Hegel 46 

in Marxian models 130, 153, 155n6 
alienation xii, 23, 25, 32-3, 42, 87 
anthropology 18 
appearance 

as category 17,19 

ofcapitalism 35 
appropriation — see abstract determination 
arithmetic 88-9, 93 
arithmetical operations 46,63 

addition 64 

division 64, 84 

multiplication 64, 84-5 

raising to (even) powers 64,85 

subtraction 64 

taking the n-root 64 
assumptions 

absency 147-8 

anticipatory 148 

foundational 147-8 

for expanded reproduction 128-39, 

148-9, 152, 166-9 
for extensive growth 152, 158-65 
for simple reproduction 114-28, 148-9, 
152,154-8 
heuristic 147-8 
negligibility 114 


balanced growth - see steady state 
Begriff - see Concept 

Being 12, 15n39, 16-9, 53-4 
Being-for-self 59, 81-2 

biology 18-9 

business cycles 27n79, 92-3, 1310153 


cardinal numbers 76-8 
categorial isolation (a) 4,14 
categories (in dialectics) xiv, u 


Christianity 10ng, 32n103 
Concept 16-7,19 
concrete determination 10, 11, 14-5, 27 
conservation of energy and mass 58n57 
constructivism 10ng 
contingency 
in Hegel 20n53 
in Marx 27n79 
contradiction 58n57 


Darstellung - see exhibition 
deduction 12n21 
depreciation 10474, 15517, 157 
for Simple Reproduction 19-21, 126 
for Expanded Reproduction 128, 130-1, 
134 
diachronic 119n126 
diagonal number 77128 
difference 14-5, 35 
differential calculus 
in Hegel 50-2, 92 
in Marx 52, 87, 89-92 


empirics 20-1, 132 
in Hegel 2-4, 10, 14-5, 2053-4, 32-3, 
41-2 
in Marx 2-4, 23, 26-8, 32-3, 41-3, 87, 
179 
epistemology 
in Hegel 9, 43, 87 
in Marx 26, 43-4, 87-8, 140 
Essence 16-7, 19 
Estrangement 3n12, 23-6 
exhibition 10, 13-4 
exploration 2, 26-8, 33-4, 100 


Free Will 13-5, 22, 36, 38 
Marx’s critique 22-3, 25, 36, 38, 39n133, 
42, 96, 98 
formal systems 5n13, 9n7, 49-50 
formalisation 5-6, 44-5,140 
of dialectics 54 
of reproduction schemes 150-77 
within dialectics 147-9 
Forschung — see exploration 


SUBJECT INDEX 


geometry 44, 46, 48n8, 66-9 
and Marx 89 
non-Euclidian 48 
Gédel’s incompleteness theorems 9n7 
great departments 
173, 189, 192 
growth 
extensive 
158-65 
intensive 


107, 118, 127, 139, 152, 158, 


103-4, 1291146, 142, 152-4, 


103-4, 142, 153, 166 


of constant capital 133-5 
of variable capital 133-5 
Heisenberg’s uncertainty principle 56n52, 
62n73 
historical dialectics 1, 25n74, 40-1 
in Hegel 7-8, 21-2, 25n74 
in Marx 25,36 


historical materialism — see historical 
dialectics (in Marx) 


homology thesis 30-3, 34n114, ging, 183 
Idea 17,19 

in and foritself 11-2, 16 

in its otherness 12-3, 16 

in Marx 23-4, 31-2 

that returns into itself out of its 

otherness 13,16 

ideality 14-5 
immediacy 16n39 
immunizing stratagems 48n5 
induction 12n21, 75 


infinitesimals — see differential calculus 

infinity 513, 47, 50-1, 53n40, 65-6, 74-5, 
77-8, 80-3, 86 

103-4, 114-5, 144, 166-7 

input-output tables 110, 120n132 

integrals 56n52 


innovation 


Logic xii, 11-2, 15n39, 16-9, 20n53, 22, 
79-86 


manifestation — see materialisation (ß) 
market forces 37 
materialisation (6) 
materiality 14-5 
mathematical discovery 48n5 
mathematical mechanics — see geometry 
MEGA xiii, 109 


414-5 


209 


mediation 13-4, 16n39 
method of the understanding 33n12 
mind-matter dichotomy 54-5 
models 

as predicates 33n112 

in dialectics 44-5, 147-9 

in Marx - see reproduction 

historical development of 95 

of capitalism 36-40 
moment xiv, 15 
monetary accommodation 

139, 152 


131-2, 


negation 47-8, 89, 91 
necessity 5 

in Hegel 20n53 

in Marx 26-27 
Newspeak 54n41 
number theory 46, 75-6 
numeration 63-4 


object totality 11, 18-20 
in Hegel 11-4, 22, 36, 42 
in Marx 35-40, 42-4 

ontology 
in Hegel 10ng, 32, 43, 180 
in Marx 32-4, 40, 43-4, 92, 183 
inmathematics 48-9, 64, 85-6, 92 
of nature 38,180 

ordinalnumbers 76-8 


phenomenological inquiry — see abstract 


determination 
phenomenology of the mind 18 
Philosophy of Mind 
in Hegel 13, 16, 18 
in Marx 32, 34-5 
Philosophy of Nature xii, 12-3, 16, 
18-9, 22, 32-4, 38-9, 42, 44, 57153, 
67-72, 78 
Philosophy of Right xiv, 8, 11,13, 15 
Marx’s critique on 22-3, 26-7, 
42-3 


physics 18-9 

planck’s constant 56n52 

Possibility 15, 20n53 

presupposition 3n16 

price mechanism - see supply and demand 


profit rate xv, 95, 108, 124-5, 143, 167-8, 171 


210 


proportionality conditions 
for simple reproduction 
144-5, 157 
for expanded reproduction 
147, 149, 167-8 
for extensive growth 
psychology 18 


130150, 151n1 
107, 123, 126, 128, 


107, 136-8, 


161-2 


quantification 140 


in Hegel 38-9, 66, 74 

in Marx xii, 3, 37-40, 87-8 
quantum 

in Hegel 17, 50n22, 51, 61-2, 82 

in physics 50n22, 62n73 


quantum mechanics 62n73 
rate of accumulation xv, 103, 136-7, 156n8, 
162-4, 166n21, 167, 171-2, 190-2 
rate of surplus-value xv, 113n109, 121, 124-5, 
143-4, 156n8, 171, 174, 186, 192 
reflection 14 
in itself (a) 14n35 
in others (8) 14n35 
reproduction 88, 95, 140 
simple 107, 12-28, 143-5 
expanded 107, 128-39, 145-7 
resolution (y) 4-5,15 
Russel’s paradox 54-5, 78n131 


Sein — see Being 
self-consciousness 9n7, 21, 25n74 
set theory 5n14, 38-9, 49-50, 54-5, 61, 63-6, 
74-8, 82 
society 40 
in Hegel xii, 8, 1, 13, 15n39, 16, 18-9, 21-2, 
36, 42-3, 87 
in Marx xii, 22-8, 32-7, 42-3, 87, 96-7 
Spirit 
in the philosophy of Mind 
in World History 21 
in Marx 34-5 
steady state 130, 133-4, 137, 148, 164-5, 172 


13, 18-9 


SUBJECT INDEX 


superposition 49 
supply and demand 168n22 
surplus-value 101-2, 105-6, 151-2, 169-71, 186 
with Expanded Reproduction 
136-9, 146-7, 167-9, 192 
with extensive growth 158-60, 162-4, 
189-90 
with Simple Reproduction 
118-9, 121-2, 124-5, 127, 143-5, 154-7 


130-1, 


112-3, 115-6, 


synchronic 119n126 
systematic dialectics 2-5, 41 
in Hegel 3, 9-21, 40-4 


in Marx 3, 26-38, 40-4 


technical change — see innovation 
technical composition of capital 133 
theory of everything 12n21, 56n52 
translations 
of Dasein 56 
remarks on 16n43, 20n53, 22n63, 23n64, 
24n67, 24n68, 55n49, 84n15, 116n119, 
126n143, 130n151 


xiii, 10n11, 12n19, 61n72 


unity 14,35 
unity-in-difference 35 
universal principle 3,11 


of capitalism 3 


oflogic 12 
of nature 3,12-3 
of society 13, 22-3 


value composition of capital 
with Expanded Reproduction 
166-9, 172, 191-2 
with extensive growth 159, 172, 189-90 
with Simple Reproduction 123-5 


XV, 156n8, 171 
124, 133-4, 


Wesen - see Essence 
world history 8, 21-2 


Zeno’s paradox 89-90 


